/ System of Particles and Rotational Motion

Module 3 Dynamics of Rotational Motion

This module is designed to help you to:

e describe the rotational motion of a body as the combination of the motion of its constituent particles;

e cxplain moment of a force (also called torque) and angular momentum for understanding the dynamics of
rotational motion;

e relate the lever arm of a torque and angular momentum,;

e identify analogues terminologies, expression and equations used in dynamics of rotational motion with
that of linear motion;

e apply the principle of conservation of angular momentum in solving problems;

e apply the concept of force and couple in determining the equilibrium condition of bodies.
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7.3.1 Introduction

You must have realised by now that the rotational motion of an extended body such as that of a wheel, a fan, a
spinning top, a merry-go-round, the earth can be considered as a combined motion of all the particles
constituting the body. We have studied earlier the kinematics of angular motion of particles. Now we discuss the

dynamics of rotational motion.

As you know, mass and force play important roles in the understanding of the dynamics of linear motion. They
continue to play similar roles here, but we shall see that they manifest themselves in different forms. In the

process we shall learn about moment of inertia, torque and angular momentum.

First, we shall develop the concept of torque through the idea of moment of a force and then gradually build up
using moment of inertia. We shall introduce the meaning of radius of gyration. We shall also get to know about
the expressions of moment of inertia of different bodies about different axes. We shall apply these concepts to

solve various problems of rotational motion, one of which is rolling with and without slipping.

The study of rotational motion combined with that of linear motion will help us in having an understanding

about equilibrium of bodies. We shall conclude this module with the study of equilibrium of bodies.

7.3.2 Common examples of rotation of bodies

Motion of a wheel, a spinning top, a ceiling fan, the earth are examples of rotational motion. You must have
observed that there is always an axis of rotation. Moreover, every particle constituting the body moves in a
circle about the same axis with the same angular velocity. For example, let us visualise the rotation of the earth.
Take a globe and identify the location of New Delhi on it. This point will lie on a specific latitude, which is a
small circle. Like that every place lies on a small circle and those on the equator lie on a great circle. It is
important to note that every point on the globe moves in circles of varying radii. The axis of rotation in each

case is the polar axis, that is, the line joining the south and the north poles.
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Now, let us take a closer look at a very common everyday event. If you want to close a door, then you should be
able to locate the axis of rotation (Fig 7.3.1). Assume that a force F is applied at point P. Let the radius vector

from the axis of rotation to point P be r.

If r is constant, the force can be applied at different points on the edge of the door. We find that rotation of the

door is easier when a stronger force is applied. That may sound quite obvious. We may say that the rotational

effect on the door depends upon the magnitude of force F.

Hinges

Axis of rotation

Fig. 7.3.1: Closing a door applying rotation
Inference I: Rotational effect is proportional to the magnitude of the applied force.

You may push a door at various points on the door. At what distance from the axis is the closing/ opening of the

door easier?

It is found that if the distance between the point on the door where the force is applied and the axis of rotation is
larger, rotation of the door is easier even if the same force is applied. If the distance is gradually decreased,
closing of the door becomes correspondingly difficult. If someone pushes the door by applying a force at a point
very close to hinges, it will be very difficult to open/close the door whatever be the magnitude of the force
applied. If r is the radius vector from the axis of rotation to the point where the force is applied, we may say that
the rotational effect on the door depends upon the magnitude of r. That is why a carpenter fixes the door handle

near the edge of the door so that when we open or close the door using this handle ,turning off the door becomes
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easier. Although the example of opening/closing a door is used here to explain the rotational effect, this is true

of all rotating bodies.

Inference II: Rotational effect is proportional to the magnitude of the radius vector

Now try opening the door by keeping both the applied force and the distance constant, varying only the angle,
say 6, between radius vector r and force F (Fig. 7.3.1). You will find that the opening/closing of the door is
easiest when the angle 6 is 90°. When the angle is gradually reduced, the rotation of the door becomes
correspondingly difficult. When @ = 0° or 180°, the force is parallel to the door surface, rotation of the door is

not possible. At all other angles, the rotational effect is proportional to sin6.

Inference II1: Rotational effect is proportional to sin0

With these inferences we introduce the idea of moment of force, also called torque.

7.3.3 Moment of a force and torque
From all the above inferences, we find that we need to consider a physical quantity equal to rFsin0, called

torque (7) for studying rotational motion. The torque is also called the moment of force.
We can now state an equation for the magnitude of torque 7

T = rFsino

In vector form, the equation would be

T=r X F

P e
,f‘//—-— 1
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|

(@) (b)
Fig. 7.3.2: Opening lid of a can
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Note that the torque 7 is neither in the direction of » nor in the direction of F. It is perpendicular to both. Its
direction is given by the right hand rule. If you rotate the vector r towards the vector F with your right hand
through the smaller angle between them, the direction of motion of the lid will give you the direction of the
torque (Fig.7.3.2(a)).

Another simple rule may also be used to give the direction of w If one closes the right hand fist wherein curled
fingers show the directions of rotation of a body, then the direction of the extended thumb denotes the direction

of w. This is called the right hand thumb rule.

Wrap the right hand
around the axis of
rotation so that the
fingers are pointing

in the direction of
rotation. The thumb
points in the direction
of the angular velocity

sense of
rotation of
the wheel

vector.
@
Angular The right hand
velocity rule for angular
vector. quantities.

Fig. 7.3.3 : Right hand thumb rule showing the relation between angular velocity and axis of rotation

If the speed is increasing, the angular acceleration a and the torque 7 are in the same direction as w. If the speed
is decreasing, the angular acceleration and the torque are opposite to the direction of the angular velocity.

A similar action can be seen while opening the cork of a bottle by applying rotation about the axis of the bottle.

S

4

Q.7.3.1 Two vectors A and B lie in the x-y plane making an angle 0 (less than 180°) with each other. Using the

Let Us Reflect

right hand screw rule, find the direction of vector C equal to A x B. What happens to the direction of vector C

if the (i) direction of A or B is reversed, (ii) the direction of both is reversed.
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A.7.3.1 According to the right hand screw rule the direction of vector C would be perpendicular to the

Answers

plane x-y along the z-direction. (i) If the direction of one of the vectors is reversed, the direction of C is
also reversed, it is now in the direction of — z. (ii) If the direction of both the vectors is reversed, C would

again be in the z-direction .

Activity 7.3.1-Pulling out a sheet of paper from beneath a water bottle

Fig.7.3.4: Keep a PET bottle turned upside down on a paper laid on a table

We take a bottle with a cap which has a plane surface. We know that the bottle is likely to topple about its
narrow end when a torque is applied about the point of contact between the bottle and the table. Your

activity is to pull out the paper without toppling the bottle with the help of a common writing pencil
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(commonly known as lead pencil) without toppling the bottle. You are not expected to use any other means

to hold or support the bottle.

It is possible to do so by applying the knowledge of torque and using some experimental skills. Keep the
pencil parallel to the breadth of the paper as shown in Fig.7.3.4 and gradually roll the paper around the
pencil skillfully. Rolling of the paper should be done so softly that it does not disturb the position of the
bottle.

When you have rolled the paper sufficiently, the pencil is close to the bottle. Now roll very gently. One may
expect the bottle to fall as soon as the pencil touches the bottle. Surprisingly it does not. Bottle, in fact,
moves steadily along the pencil if you are rolling softly. If you can continue doing so, it may be possible to

roll out the entire paper beneath the bottle.
Now let us understand the physics in this activity.

We know that T =r X F ,For magnitude of torque that acts on bottle is rFsin®. 0 is the angle between
vectors ¥ and F . In our case, force F is due to the pencil that pushes the bottle and r is the distance
between the pencil and the edge near it. Line touching the front edge of the bottle cap will act as the axis
of rotation. Force F is small as you are rolling gently as well as more importantly distance r is small.
Therefore, the torque acting on the bottle is too small to topple the bottle. However, the force acting due to

rolling may push the bottle gradually out of paper and paper can be rolled out.

7.3.4 Lever arm of torque and angular momentum

Perpendicular distance between the axis of rotation and line along which the force is applied is called the lever
arm of the torque. If L is the shortest distance between the two, lever arm has magnitude of Lsin6 , in general.
Consider the following cases for clarity of this concept.

Case I: If force is perpendicular to radius vector, angle 0 = 90°. Lever arm of the torque has

length L (Fig. 7.3.5). It is the maximum value that it can have in a given system.
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6=90°

Fig.7.3.5: Lever arm of torque

Case II: Force makes an arbitrary angle 6 (Fig.7.3.6) with radius vector. Lever arm of the torque is

the perpendicular distance between radius vector and the direction of force. It is equal to Lsin 6.

~
~
~

AN L

F
0

Lsiné

Fig. 7.3.6: Lever arm of torque at angle 0

Case III: Force and the radius vectors are in the same or opposite directions. In these cases 6 = 0° or 180°.
Therefore, the lever arm Lsin 0°= L sin 180° = 0. It is the minimum value of the lever arm for any system.

Similar to the correspondence between the force and the torque, let us look into the correspondence between the
linear momentum and the angular momentum. If a point mass is moving around in a circular path, its angular
momentum may be defined as the cross product of the radius vector r of the particle with its linear momentum

i.e.= mv. Radius vector is measured from the axis of rotation. The angular momentum is given by
L=rx mv=rXp

The angular momentum has a magnitude of mvr and its direction is perpendicular to both r and p. It is
determined by the right hand rule for vector products. The expression of the angular momentum suggests an
alternative name for it. Angular momentum is also referred to as moment of momentum. This is as if we are
taking the moment of the linear momentum mv about the axis of rotation. So, when we say the angular

momentum, we multiply the linear momentum myv by r. We may call lever arm as load arm or effort arm
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depending upon whether force is load or effort. In equilibrium conditions, the moment of the load (a force)
about the fixed point P, the fulcrum, is equal to the moment of the effort (another force) about the same fulcrum.
The jack used for lifting heavy loads is a familiar example. When a metal bolt is opened by a spanner, the length

of the spanner is the equivalent lever-arm, greater its value, more effective is the process of unscrewing.

7.3.5 Similarities between physical parameters related to linear and rotational motion

Rotational motion and linear motion can be studied considering the similarities between physical parameters
related to the two types of motions. We tabulate such corresponding quantities in the Table 7.3.1 given below.
You may note in the Table that a term for radius vector r appears invariably in equations of almost all physical

quantities of rotational motion,.

Table 7.3.1 Corresponding quantities of linear and angular motion

Linear Motion Rotational Motion
Linear Displacement (7) Angular Displacement(6)
Linear Velocity(v) = % Angular Velocity (w) = %
Linear Acceleration (a) = % Angular Acceleration(a) = C;—(:
Force (F) Torque (t = r X F)
Inertia (m) Moment of Inertia (/= }; mrz)
Linear Momentum (p = mv) Angular Momentum (L = rXp)

Vector relation between linear and angular velocity: v = w X r

Vector relation between linear and angular acceleration:a = a X r

We have learnt that force by itself cannot explain rotational motion; an equivalent quantity called moment of
force (torque) is required for it.

Torque depends upon the radius vector r from the axis of rotation to the point of application of force. Similarly,

for other corresponding quantities in rotational motion have radius vector r in their expression. Inertia in linear

Continuous Professional Development

9



Dynamics of

Rotational Motion

motion is represented by mass (a scalar quantity), while inertia in rotational motion is represented by the
corresponding quantity, Moment of Inertia. It is the product of the mass of the particle and the square of the
distance between the particle and the axis of rotation. All physical quantities shown in Table 7.3.1 change when
the axis of rotation changes. Inertia in linear motion is constant (if m is constant), whereas moment of inertia in
rotational motion can change when the axis of rotation changes although the mass remains constant. The
moment of inertia of some regular shaped bodies about specific axes are given in Table 7.3.2.

Table 7.3.2: Moment of Inertia of some Regular Bodies

Axis Figure

Directions of vector quantities in the table of rotational motion versus linear motion, under the rotational motion

column are found by right hand rule.
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Let us discuss the case of a rotating wheel to understand the linear and angular momentum.

1. If one wishes to track the direction of motion of a point on a rotating wheel, it may be inconvenient as the
direction of linear velocity changes at every moment. However, the angular velocity, being a vector quantity,
should have a unique direction. What could be this direction? The direction of the angular velocity is taken
as the direction of the axis of rotation. The magnitude of the angular velocity vector is the speed of rotation
of the wheel. However, the angular velocity vector can change if the wheel is precessing.

2. For a particle moving in a circular path, the direction of its linear velocity is continuously changing, leading
to a changing linear momentum. For a particle moving uniformly in a circular path, the angular momentum
vector, however, is a fixed quantity (both in magnitude and direction) if the axis does not undergo any

precessional motion.

S

4

Q.7.3.2 A spherical block of wax has radius R.what would be its moment of inertia about an axis passing

Let Us Reflect

through its centre. If this block of wax is converted into a cylinder of length L. What would be the moment of
inertia of this cylinder along an axis passing through its centre and perpendicular to its axis. Would the moment

of inertia be the same in both cases? Give reason for your answer.

D

4

Answers

A.7.3.2 The moment of inertia in two cases would not be the same. The reason is that the distribution of

mass around the axis of rotation has changed.

Moment of inertia of the sphere = %MR2
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Moment of inertia of the cylinder about the axis passing through its centre and perpendicular to its length =
1

=ML’ .

3

7.3.6 Rotation and spin

N
Fig. 7.3.7: Earth spins around its axis of rotation and also revolves around the Sun in a nearly circular orbit

A very common statement that all of us are familiar with is ‘the earth spins about its own axis causing day/night
and revolves around the sun causing different seasons’. A spinner bowling to a batter in the game of cricket
applies a torque on the ball in such a way that the ball spins about one of its diameters. This axis of spinning
passes through the ball and we say the ball is spinning. On the other hand, if the ball moves in a circular orbit

about another body, then its motion is called rotation (Fig. 7.3.7).

Both for spin or rotation we need to apply a torque about the suitable axis. All the principles of rotational
motion are applicable in both the cases. For a point mass, however, we cannot have any spin as theoretically a

point mass does not have any spread about any axis passing through it. But, it can still rotate about an axis.

The ceiling fan suspended from the ceiling of a room actually spins about the vertical axis passing through its
centre, and the axis is perpendicular to the plane of spin. On the other hand, in the case of a cabin fan fixed on a
wall and facing towards the floor, the axis about which the fan spins is not vertical but it is perpendicular to the
plane of rotation. The table and pedestal fans usually spin about a horizontal axis. However, the whole system
of blades with metal cage may itself be rotating about an axis of rotation oscillating in a plane, for distributing
air in different directions. So, a table fan or a pedestal fan has both spinning and rotational motion about two

different axes.
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7.3.7 Laws of rotational motion
The law governing the rotation is analogous to the second law of Newton:

The rate of change of angular momentum is directly proportional to the applied torque and it takes place

. . . . Coy . dL
in the same sense in which the torque is applied, i.e., 7 = —.
Some discussions on angular momentum and its conservation

Let us consider the case of a central orbit, that is the motion of a body under a force directed towards the centre

of the orbit as an illustrative example.

A central force is given by,
F=finr (7.3.1)

where r is the unit vector along the direction of the radius vector, r. The trajectory is shown schematically in
Fig.7.3.8. The force F is directed along PO, that is towards the centre; in other words we are considering an

attractive force.

Fig.7.3.8: A body moving under the influence of a central force
The torque is given by

T=r X F
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= rr X f(r)r=rr<f(rr

=0(rxr=020)
. dL
~~7=0andhence ——=10 (7.3.2)
Or L = a constant vector, angular momentum of the body. (7.3.3)

Eq(7.3.2) has two important consequences.
Consequence I
L=rXxXp=rxmy (7.3.4)
where v is the velocity of the body of mass m moving under the influence of a central force.

Now, from Eq(7.3.4)

rrL=rXxp=rxm=r.(rxmv)
= m(r. (r X v))

(r x v)is a vector perpendicular to r.

~r.(r xv)=0
~r.L =20
In other words, L is perpendicular to r, that is the radius vector r is always perpendicular to a constant vector in

orbital motion. So, the radius vector always lies in a plane perpendicular to the constant vector L. So the motion

of a body/ particle under the influence of a central force is confined to a plane.

It means that the motion of a planet about the sun takes place in a plane. So does the motion of an electron

orbiting the nucleus in the hydrogen atom.

Most importantly, the angular momentum of a body moving under the influence of a central force remains
conserved. In general, if the resultant torque acting on a body is zero, its angular momentum is conserved. This

is the principle of conservation of angular momentum.
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Consequence 11

Let us again consider the trajectory of a particle under the influence of a central force. We now know that the
trajectory is a planar orbit. O is the origin of the force. The particle moves from A to B in a time At by an
infinitesimal distance. So, the area swept out by the radius vector in time At is the area of triangle OAB.
(Fig.7.3.9) Since the arc AB is infinitesimally small, we may consider the area swept out as the area of AOAB =

AA, say.

Fig. 7.3.9: A particle sweeping out an area AOB, by describing an infinitesimal angle A&

AA =—{0A X OB| =—|rx(r + Ar)| = 5|(rxr) + (rxAr)|
_ 1 . 4
=5 [rxAr| (v rxr = 0)

AA 1
*ac = ac IPXAT]

Since the division by At is independent of the cross product operation, we may write,

AA 1
At 2

The areal velocity that is the rate at which the area is swept out by the radius vector can be expressed as Z—‘:.

dA

And, =

. A 1. Ar
lim At—0 = lem At—0 |r X =

= % r X lim At—>0 %L as the operation of taking limit as At—0 is independent of the

operation of cross product.
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dA 1

dr

1
| = 2 Ir x vl (7.3.5)

But from Eqs(7.3.3) and (7.3.4), we get

m(r X v) = aconstant
Or, r X v = aconstant

From Eq(7.3.5),

d

d—': = a constant (7.3.6)

Also,as L = r X p = rx mv,

dA

L
we have —— = —— = constant
dt 2m

That is, the radius vector sweeps out equal areas in equal intervals of time, which is Kepler’s second law.

It is interesting to note that the conservation of the areal velocity does not depend on the form of force f(r). It is

only required that the force should be central. As a matter of fact, the expression of f(r) for the Sun and a

planet system is GMZm , where the symbols have their usual meaning, but had the form not even been inverse
r

square, Kepler’s second law would still have been valid.

Angular momentum plays a crucial role in deciding the orbits of an electron in the hydrogen atom through the
Bohr model. In the journey of modification from Rutherford to Bohr model, the latter model had to depend or
a conserved quantity. For a central orbit, angular momentum is indeed a conserved quantity. He chose angula

momentum to postulate the quantum condition as a criteria for permitted or allowed orbits, as:

nh . .
mvr = ——, nisaninteger (7.3.7)

and thereby the orbits got quantized.
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7.3.8 Condition for rolling without slipping

Rolling motion is a general motion which is the combination of translatory and rotational motion. Fig. 7.3.10 (a)
shows pure translational motion, Fig.7.3.10 (b) shows pure rotational motion and Fig.7.3.10 (c) shows the

rolling motion.

A v, A V.=V +wR
+ ;/
B B v

Fig. 7.3.10: (a) Pure translational motion, (b) Pure rotational motion and (c) the rolling motion
Consider three points A (topmost), B (in the contact of ground) and C (at Centre of mass) in Fig.7.3.10
Considering only magnitudes:

For translatory motion
VU, =V =Vgy (7.3.8)
For rotational motion, if angular velocity is w and radius is R, velocity of a point on the circumference will be

= wR (tangential to the circumference) (7.3.9)
For rolling motion,

Vynen= Uy T WR
VUp (NET)= Vg - wR

If now the body rolls and does not slip then point B is at rest at the moment of contact with the surface.

s VpNeT) =0
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orv, — wR =10
or Uz = wR
From Eq(7.3.8)
Vey = WR (7.3.10)

i.e., for rolling without slipping the centre of mass of the body should exhibit translatory motion with velocity

wR.

7.3.8.1 A body rolling without slipping down on inclined plane

P

Fig.7.3.11 : A body rolling down an inclined plane of inclination 0

For a body rolling down an inclined plane of inclination 6 (Fig.7.3.11) with the horizon, the change in kinetic

energy (KE) for coming down a distance s down the incline is smgsin@. It is equal to the sum of gain is KE.

KE = KE of translation + KE of rotational

1 2 1 2
= vaCM+ zla)

I can be expressed as, I = mK”, where K is called the radius of gyration, and

from Eq(7.3.10)
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2

. o _ 1 N PN
- Gain in KE = = (1 + e )mvCM—mg sinf

2 2sgsind
Or v~ = =597

2

K
cM 144
v sin 6
. The corresponding acceleration is given by a = —— = g—Kz
1+
R

By knowing the values of the radius of gyration of several objects of regular shape, we may determine the

velocity and acceleration of bodies rolling without slipping. For example, for a hollow cylinder (HC) and solid

2
cylinder (SC) of the same radius R, K’ = R’ and KT respectively. So, the acceleration of a hollow cylinder and

a solid cylinder are given by,

a = gsinf _ gsin@
HC 141 2
gsin 6 2 .
a. = =-—=gsinf
sc 1+ 39

In general, the radius of gyration is not the distance of the centre of mass from the axis of rotation.

This is a common misconception that the radius of gyration is the distance of the centre of mass from the axis of
rotation. In fact, it is the distance of the point where the whole mass is assumed to be concentrated so that the
moment of inertia (MI) is the same as with the actual distribution of mass. That can be seen from the example of

rod.

MI of a uniform rod about its perpendicular bisector is

_ 1 2 _ 2
1= B ml- =mK

__L
k=T

K = radius of gyration

MI of the rod about an axis through an end is
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1=mK2=§mP

L
K_\El

Hence, it is clear that the radius of gyration is not the distance of the centre of mass from the axis of rotation.
Radius of gyration depends on the axis of rotation and for the same body, the radius of gyration may be different

for different axes of rotation but the centre of mass is the same for all axes of rotation.

For a ring rotating about its axis the radius of gyration is equal to the radius of the ring when the centre of mass

lies on the axis itself.
if K = R, then the distance of the centre of mass from the axis of rotation is zero.
7.3.9 Equilibrium and its types

A system is said to be in equilibrium if the net force and the net torque on it are zero, i.e., Fnet = 0 and

7.3.9.1 Types of equilibrium of moving bodies

(1) Stable equilibrium: For stable equilibrium Fnet =0, T Oand potential energy of system U is

minimum. If the system is displaced from the position of stable equilibrium, then the system tends to return
back to the stable equilibrium at its own.

Example: A marble in a hemispherical bowl] at its lowermost point.

\N
N
[ mg cos 0
mg mg

mg sin 6 1

(a) (b)

Fig. 7.3.12: Stable equilibrium
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In Fig. 7.3.12, if the marble is displaced from the lowermost point and released, then it returns back to the
lowermost point on its own. Also, N cos 6 is equal and opposite to mg, and N sin 8 provides the restoring

force. This leads to oscillations of the marble about the equilibrium position.

2) Unstable equilibrium: For unstable equilibrium, F . 0 and the potential energy of the system,

U is maximum. If the system is displaced from the position of unstable equilibrium, then the system cannot

return back to the equilibrium state on its own.

Example: A marble at the topmost point on the inverted hemispherical bowl.

N N

mg mg cos 0 mg sin 6

(a) (b)
Fig. 7.3.13: Unstable equilibrium

In Fig.7.3.13, if the marble is displaced from the topmost point, it rolls down and never comes back to its
original position at the topmost point on its own. Here, N sin 8 acts as a destabilising force and the marble does

not move towards the equilibrium position and oscillation does not take place.

Neutral equilibrium

A system is said to be in a state of neutral equilibrium if F., and potential energy of the system are constant. If a
system is displaced from neutral equilibrium, it will change its position but there is no accompanying change in
the potential energy of the system.

Example: When a marble placed on a plane level surface is displaced, it does not return to its initial position,

since its potential energy does not change (Fig. 7.3.14).
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Fig. 7.3.14: Neutral equilibrium
7.3.9.2 Position of the axis of rotation and equilibrium

Where should the axis of rotation be taken to solve problems of equilibrium? Let us discuss.

TI r_.

AN /RN
I‘m W, W I(m‘l

e
e

‘|

o
i

e
I
W

—

.

Fig. 7.3.15 Position of the axis of rotation and equilibrium

If the body is rotating, we do not have any choice. The axis about which the body is rotating is to be taken and
all moments of forces are to be estimated about this axis only. But, what if the body is in equilibrium or at rest?
The moment of force is calculated around the centre of mass (or centre of gravity). It helps remove the

misconception that the axis should always be coincident with the axis of rotation. It is not so, for a body at rest.
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We can take the axis of rotation anywhere as per our convenience, so that calculation of moment of force is

easy.

Consider a 70 cm long rod (Fig.7.3.15). Knife edges are 10 m away from each end. A 6 kg load is suspended at

30 cm from one end.
We take the axis of rotation at 30 cm from the end A.
For translatory equilibrium,
R, +R,=(6kg +4kg)g
Or R+ R,=98 N (7.3.11)
For rotational equilibrium, let us consider point G as the point of reference. Here,
Clockwise torque = Anticlockwise torque
Hence, R % (K,G) = W, x (PG) + R, x (K,G)
R, *x (25 cm) = (6 kg) gx (5 cm) + R, X (25 cm)
Or (25 cm) (R,—R,) = (30 kg)g cm
Or R,—R,= (1.2 kg)g
=1.2x9.8 N
ie. R, —R,=11.76 N
Solving this equation with that of (R, + R, ), we get R,=54.88 N, R, =43.12 N.
If the axis of rotation is chosen at a different point, the values of R, and R,

will change.
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D

4

Q.7.3.3 A tight flexible rope of negligible weight is wound round a solid cylinder of mass M and radius R

Let Us Reflect

(Fig.7.3.16). The rope carries a mass m at its free end which is at rest at a height 4 above the floor. Assuming
friction between the rope and the surface of the cylinder to be absent, which keeps rotating about its own axis,

find the tension in the rope and the acceleration of the mass m after its release.

windings of Rope

Axis of Rotation

Fig.7.3.16

D

4

A.7.3.3 The potential energy of the mass m = mgh

Answers

When the mass gets released, the potential energy of the mass is converted into the kinetic energy of its
translation and the kinetic energy of rotation of the cylinder.

We write the energy relation as,

mgh = +mv’ + Lo’ (7.3.12)
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We know that,

I=%MR2 and w=%
1 2 2 1 1 2 2
.-.mghzyme +7.7MR0)

or, 4mgh = a)sz(Zm + M)

2 _ _ _4mgh

R (2m+M)
2 2.2 4mgh
Now, v =w R = """ (7.3.13)

Let the acceleration of the mass be a.

As it starts from rest, v’ = 2ah (7.3.14)

Combining Eqs(7.3.13) and (7.3.14), we get

2mg

5 2m+M

If the tension in the rope is 7, we have from the free body diagram,
mg — T = ma

Or, T =m(g — a)

= m _ 2mg _ Mmg
="MY= Zmim )T mrm

Continuous Professional Development

25



ics of

Rotational Motion

7.3.10 A few illustrative problems on dynamics of rotational motion

Example 7.3.1 Refer to the Fig. 7.3.17(a), (b), (¢), given below-

o, , ®
Jy YU Wz
A
o o &
B
(a) (b) ()

Fig. 7.3.17: Rotational Motion of two discs individually ((a), (b) and combined (c))

In Fig. 7.3.17 A and B are two discs rotating about their axes (passing through their centre and

perpendicular to their planes) with angular velocities w L and w ) respectively. Their moments of inertia about
their axes are [ L and [ ) respectively. They are brought in contact as shown in Fig 7.3.17 (c), with the discs

one above the other and the axis becoming coincident. Find the angular velocity of the combined system.

Is the kinetic energy of the combined system the same as the sum of individual kinetic energies of the two
discs? If not, obtain an expression for the change in kinetic energy.

Solution:

The total initial angular momentum of the system

= Ilw1 + 12w2 (7.3.15)
The moment of inertia of the combined system = [ LT I 5 Let the angular velocity of the combined system be
. Then the angular momentum of the combined system = (I .t I Z)w. Since there is no external torque,

the angular momentum will be conserved.

(11 + 12)w =lo + Lo,

[ w+I w

Or, @ = 2= (7.3.16)
1 2
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We know that moment of inertia is the rotational analogue of mass and angular velocity is the analogue of
. : o . . 2

linear velocity. So, the kinetic energy of a rotating system is %I W .
Now, the sum of the individual kinetic energies of the two discs is,

_ 1 2,1, 2
K1_ > Ilw1+ > Izcu2
And the kinetic energy of the combined system is K ) %I W
. 1 Ilaol+12(u2 2
~K, = 7(11 + 12) I+,
The difference in KE = K K,
1 19, +1 w,
I+,

e
(10,+1,0,) }

~K — K {Ia) +Ia)— 17,

(7.3.17)

Eqn. (7.3.14), i Ay sl o idh K g ed 22 (e |
qn. (7.3.14), is exactly similar to the expression . , =5 mu, +mou, T of the

two-body collision problem wherein the two bodies combine into a single body after collision.

After the necessary calculations, as done in case of Example 7.3.9, we arrive at the result,

L1 2
K —K =—- —= (w —wz) (7.3.18)

C : mm 2 . : :
which is similar to the expression % — (u — uz) , 1.e. loss of KE in a two-body system after their
1

collision.

In both the cases, linear and rotating, there occurs loss in kinetic energy. In the first case, the bodies come in
contact, whereas in the second case, the two discs come in contact. In each case we get a combined system.
In the process of becoming a combination and thereby attaining a common speed, be it linear or angular,
there occurs a loss in energy. This loss is due to frictional forces. The loss in kinetic energy is a consequence

of work done against the forces of friction. The loss is by and large dissipated in the form of heat.
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Example 7.3.2
A cylinder rolls down an inclined plane of slope 8 (Fig. 7.3.18). Find the condition for the cylinder to slip if

u is the coefficient of friction between the surface of the cylinder and the inclined plane.

Cylinder

\ _¥mg cos
\ »

W=mg

Fig. 7.3.18: Free-body diagram of the cylinder rolling down an inclined plane
Solution:
The free-body diagram with all the relevant forces is self-explanatory. Now, let the linear acceleration of the
cylinder down the plane be a. Considering forces along the inclined plane:
mgsinf — mgsin@ — uN = ma
Since the net force is zero in direction perpendicular to the inclined surface, we have
mg cos 8 - N=0. Therefore,
m(gsinf — pugcosf)= ma
or a =g(sinf — pcos@) (7.3.19)
The torque due to frictional force = uNR = umgR cos 8 , where R = the radius of the cylinder.

o : : : 2 .
The moment of inertia of the cylinder about its axis = %mR = | and the torque about the axis of the

cylinder =la, where a 1is the angular acceleration of the cylinder.

~la = umg R cos 6
umg Rcos8 2ugcos 8

152 - R
7mR

S =

If the cylinder rolls without slipping, then its acceleration,

Ra = 2ugcos @ (7.3.20)
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The cylinder slips if,
Ral <a

From Eqs(7.3.19) and (7.3.20), we get 2u g cos8 < (gsin 8 — p g cos9)
~3ugcosf < gsinf

The required condition is u < %tan 0.

torque acting on the particle and (b) the angular momentum of the particle about the origin.

Solution:

A

r=Acos wti+Bsinwt j

A

.-.%=v=—wAsinwt i +wB cos wtj

A A

dv 2 A 2 . "
- —a=— Awcoswti — Bw sinwtj
And, acceleration,

2 5 " 5
=— w (Acoswti + Bsinwtj)

S aA=—wr

So, the force acting on the body = F = ma

F =- mwzr
Torque=r X F

2
=—TrXmwr
=0 (*rxr=0)

Angular momentum L = r X mv

Example 7.3.3 A particle of mass m moves along a curve defined by, r = A coswt i + B sinwt j . Find (a) the

(7.3.21)

(7.3.22)

(7.3.23)

(7.3.24)
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A N

i i k
. L=mw |gcoswt bsinwt 0

-asinwt bcoswt 0

or

= ma)(ab cos® ot + absin® a)t)ﬁ

= maba)(cos2 ot +sin® a)t)ﬁ = mabwk

L is aconstant independent of ¢,

2y
dt

Hence, in the absence of a net external torque, the angular momentum of the system remains constant.

Example 7.3.4 Fig.7.3.19 shows a heavy carriage of weight W and radius a. It is to be dragged over an

obstacle of height /, as shown, by the application of a horizontal force F applied at the centre of the wheel.

Yo
Show that /" must be slightly greater than ai]—l(Zal = lz) .

Solution: The carriage wheel with centre at O, and touching the ground at A, has a weight W. The obstacle
PQ is of height /. In order to be dragged over the obstacle, the moment of the force F about P should be
greater than the moment of the weight # about P. In other words,

F(ON) > W(PN)(7.3.25)

i

A Q
w

Fig. 7.3.19 : Torques are due to applied force F and weight W about the axis of rotation at point P.

In order to just overcome the obstacle F.(ON) has to be slightly greater than 7. (PN)
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So we shall consider the >’ sign in Eq(7.3.25) to read as ‘slightly greater’.
Now, ON=0OA-AN=a-1/

PN =/0P® — ON*
=d - (@a-1D°

\/a2 —ad + 2al- 1

1/2
= (2al- %)

= x/a2 —a*+2al-1
=(2a1 -7’

. From Eq(7.3.25), we get
F(a-1)2W(2al-1*)°

orF >

i (2al 1)

a—1

Example 7.3.5 A particle of mass m is projected at time ¢ = 0 from a point P on the ground with a speed v,

at an angle 45° to the horizontal. Find the magnitude and direction of the angular momentum of the particle

about P at time t = v 0 /g.

Solution: The particle is projected from P (Fig. 7.3.20) . It makes an angle 45° with the horizontal at the time of

projection.
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]
A Q
w
Fig. 7.3.20

It reaches A(x, y) at time, 7 (= V 0 /g). Let its velocity at A be making an angle with the horizontal.

We have,

X = v, cos 45°. t

Yo

A

v, = vsinf = vosin45° — gt

v =v cos 6 =v0cos45° =

—y L _ g
. 9-7

0 2
=21 -+
== ,
which is —ve. It means that vywill point vertically downward. In other words, point 4 is located beyond the

greatest height.
The angular momentum, L=r X mv

=m(r X v)

= m(x? + y/j\) X (vx/i\ + vy/j\)
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o L= m(xvy = yvx) k

L=m (xv)

-mie - 2) - 202 - Dk

LS 5 O P B T
=m— |z 2 k
_ 3 (\2—2—2+1 R
9 \ 22
_ mv03 ~
229 k
_ mv03
22
So, the magnitude of L is vy _Its direction is along (— k)

2429
is perpendicular to the x—y plane pointing in the direction of the advancement of the screw-head when the
screw rotates from ‘x’ towards ‘y’. So it points towards the reader. And(— k) points away from the reader

into the plane of the paper. Hence, the direction of angular momentum will be perpendicular to the plane of

projection pointing in the direction away from the side one observes.

Example 7.3.6 Two strings are wound symmetrically around a cylinder of mass m and radius r. The strings
are vertical when the cylinder is horizontally at rest with the strings wound around it
(Fig. 7.3.21). Then it is let go. Determine (i) the tension in the strings, (ii) the linear acceleration as the

cylinder unwinds itself.

T‘L_fl_;];—- Strings

lf { ] Axis of

rotation

mg Cylinder

Fig.7.3.21: The cylinder held horizontally at rest with two strings tied symmetrically as shown.
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Solution:.

Since the strings holding the cylinder are symmetrically disposed, the tensions in them will be equal, say 7.
They are two equal and parallel forces (Fig. 7.3.21). So the resultant is 27 and it points vertically upwards
through the centre in the direction opposite to mg.

When it starts unwinding, its downward acceleration is caused by the resultant of mg and 27.

Hence,

mg —2T=ma (7.3.26)

a=ra (7.3.27)
where a is the linear acceleration in downward vertical direction, and o is the angular acceleration of
unwinding cylinder

thet
o - the (;rque

b

1 1s the moment of inertia of the cylinder about its axis = %mrz

Torque = The moment of the resultant, 27 about the axis of rotation = 27r

= 12Tr _ AT
mr? mr

mar = 4T

ma = 4T (7.3.28)
From Eqs(7.3.26) and (7.3.28), we get

mg—2T=4T
or 67T =mg,

7=219

6
And from Eq(7.3.28), we get

_ AT _ 49 _ 2g
- 3

m 6
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Example 7.3.7 A string of length / is fixed at one end and carries a mass m at the other end. The string
makes 2/z revolutions per second around a vertical axis through the fixed end. Obtain the value of the angle
of inclination of the string with the vertical and the linear velocity of the mass.

Solution:

The mass ‘m’ revolves in a circle of radius [ sin 6 (Fig. 7.3.22).

So the centrifugal force (CFF) experienced

by it = mw’Lsin @ .

The three forces in action are 7, mg and CFF as shown in Fig.7.3.22

Fig.7.3.22 : The string is fixed at O. It revolves with the mass m making an angle with the vertical

We have,
Tcos8 = mg, (7.3.29)
T'sin§ =mw lsin 6 (7.3.30)
If the linear velocity of the mass is v, then, W = ; S;; P Substituting in Eq. (7.3.30) we get,
_ v? . . omv?
Tsin 8 =m Ten’g [ sin 6= T sin

Again, v = wlsin @ =2mnlsin 6, where n = the number of revolutions per second.
SV = Zn%l sin 8 = 4l sin 6

~v?2=16l%sin %20
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. Tsin 6 = ’;61612 sin 20

l's
=16mlsin 0

~T = 16ml

-~ using Eq(7.3.29) we get

16mlcos 8 = mg

. __g
~ cos @ T

or, 8 = cos (-%)

16l

v =4l sin 6 = 4l\/1 — cos 26
_ _ 9
= 41 25612

fv= 25602 — g?

Example 7.3.8 Two blocks of masses m, and m,, connected to each other by a massless inextensible string of
length / are placed along a diameter of a turntable. The coefficient of friction between the table and m, is u,
while there is no friction between m, and the table. The distance of m, from the centre of the table is . When
the table is made to rotate about a vertical axis through the centre of the table with an angular velocity w, the
masses are found to be at rest on the turn- table with respect to an observer on it. Obtain the following —

(1) The minimum value of the angular speed of the turn-table that will make the masses slip from their

positions.

(i)  The frictional force on m;

(ii1))  The ratio between the distances from the centre of m, and m,, so that the string remains taut and there

is no frictional force on m,.
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Solution:

Fig.7.3.23: The schematic diagram of the turn-table. The masses m; and m, are placed at distances ‘a’ and
‘b’ from O on its two sides.

When the string remains taut, it is under tension. Let the tension be 7, which means m,; will experience a
force T towards its right and m,, a force T towards its left (Fig. 7.3.23). In addition to 7, m, also experiences a
force, F due to friction. We shall first work out (ii). According to the observer on the turn- table, m, and m,

are at rest. The forces on m,are T and the centrifugal force (CFF)
& T = mzwzb = mzwz(l - a) (7.3.31)
The forces on m, are (T + F,) and the CFF,
“T+F =moa (7.3.32)

~F=mo’a-T
Hence, from Eq(7.3.32), we get
F =mo’a—m,0*(I-a)

~F =0 {mla —m, (l—a)}

We are now in a position to work out (1).

The masses will slip from their positions, when

~F <o’ {mla—mz(l—a)}
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They will start slipping when F; just become less than the quantity on the RHS above. Now w is the only
variable quantity on the RHS.
The slipping will start when @ becomes minimum, say o = w,,;, and F; attains the limiting value, 4 m,g

2
H@ min{mla -m,( - a)}= umg

wm, g

mla—mz(l—a)
1/2
S wm, g /
mn = mla—mz(l—a)

(ii1) The condition for the string remaining taut but with no frictional force on m, also is given by

2
W min =

2 2
mwa=mw b

m
. . .
.". The required ratio, -~ = —=

1

Example 7.3.9 A carpet of mass m of inextensible material is tightly rolled along its length in the form of a
cylinder of radius » and is kept on a rough floor. The carpet is made to unroll without sliding on the floor by
way of a negligibly small push provided to it. Calculate the horizontal velocity of the axis of the cylindrical
part of the carpet when its radius becomes one-third. (Assume the mass distribution of the carpet to be
uniform.)

Solution: When the carpet starts rolling, its CM is at a height » above the ground.

Its potential energy, U = mgr

After unrolling to the extent that its radius becomes % , its potential energy now becomes

U’ = m’g—, where m’ is the mass of the remaining part of the carpet.

=l
m'=n|—| xIp,
3 P

where / is the width and ¢ is the mass per unit area of the carpet.
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2
.

m T[*! le 1
then — = — ==
Iz mir’ xIp
m ==
’ 9

Then, ;p —

Change in potential energy

» — SN
U-U = mgr S = 5, mgr

This change in potential energy is converted into kinetic energy of linear and rotational force

(KE) =Ly,

rot — le

1 m 2_m 2
~(KE) =75V =350
1 .72

( )trans_zmv
_1m 2 _m 2
=29V =gV

~(KE) + (KE)

ol L)
trans =mv ( 36 + ) -
From Eq(7.3.33) and Eq(7.3.34), we get

12 - g

2 _ 26x4
Or, v =——gr,

= %x/26gr

(7.3.33)

(7.3.34)
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7.3.11 Summary

e The rotational motion of a body can be considered as the rotation of all the particles constituting the

body about the same axis.

e The torque of a force plays a cardinal role in the study of dynamics of rotational motion and it is given

by the vector product of the radius vector of the point of application of the force with the force itself.

e Angular momentum is defined as the moment of linear momentum and it is obtained as the vector

product of the radius vector and linear momentum.

e In determination of the torque and the angular momentum, locating the radius vector, also called the

lever-arm, is a crucial factor.

e [nertia in linear motion is represented by a quantity called moment of inertia. For a point mass the
moment of inertia is the product of the mass and the square of its distance from the axis of rotation.

For a system of point masses, it is the summation of the above product over all such points.

e The radius of gyration of a body about one axis is the square root of the ratio of the moment of inertia

to the mass of the body.

e The analogies between linear and rotational motions are given in the Table below (symbols have their

usual meanings) .

Linear Motion Rotational Motion
Linear Displacement (7) Angular Displacement(6)
Linear Velocity(v)= % Angular Velocity (w) = %

t
Linear Acceleration (a) = % Angular Acceleration (o) = ‘2—(;’
t
Force (F) Torque (t = r X F)
Inertia (m) Moment of Inertia (/= )’ mrz)
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Linear Momentum (p = mv) Angular Momentum (L = rXp)
Linear Displacement (r) Angular Displacement(6)
Linear Velocity(v)= % Angular Velocity (w) = %

t
Linear Acceleration (a) = % Angular Acceleration () = ‘2_‘:
t

e If the resultant torque acting on a body or a system of particles is zero, then its angular momentum is

conserved.
e For a body rolling without slipping, V= rw, with symbols having usual meaning.
e There can be three kinds of equilibrium of a body-

(a) Stable equilibrium (when potential energy is minimum)

(b) Unstable equilibrium (when potential energy is maximum)

(c) Neutral equilibrium (when potential energy is constant)
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