UNIT-8 QgADRATIC EOUATIONS

® Quadratic equation

® Solution of equations of the form of x* = k (where k is a
whole number).

e Solution of the equations of the form ax’ + bx + ¢ =0

- 7 . )
N3YS5W 7 e Word problems based on the equation ax’ + bx + ¢ =0

Introduction
ax+ b

You have studied in previous classes the equations of type ax + b=cx+d, e d

cx +d % 0. You know that in all equations of such type, the highest power of the variable
is one. All these are linear equations of one variable.

In this unit, we will study the equations in which the highest power of variable is two.
These equations are called quadratic equations. See, in x2 =k, ax? + bx + ¢ = 0, the highest
power of variable x is two, thus all these equations are quadratic equations.

The detail discussion of quadratic equation is done in the second part of Aryabhatiya
the book of ancient Indian mathematician Arya Bhatt first. The formula to solve the quadratic
equation was established by Mathematician Shri Dharacharya in ancient time, which was called
Sridharacharya-formula. It is used also today. Mathematician of Arab, Alkhwarizmi and Umar
Khaiyam are also mathematicians, who solved the quadratic equations by their own methods.

8.2 Quadrétic Equations

See the following equations :
G x*=9
Gy 9% =16
Giy xF+5x+6=0
Gv) 3x2+10x+8=0
v) 2x*+5x-7=0

These are called quadratic equations because the highest power in these equations is 2.
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It is clear from the above equations that in quadratic equations (i) and (ii) there i$ NO
term of x having power one, only term of x with power two and a numerical term are present.
Left hand side of quadratic equations (iii), (iv) and (v) are in the form of trinomial ex pression.

Now think over quadratic equations (i) and (i1)
() 9 is a constant number in x% = 9
() 9x2 = 16

dividing by 9 in both side we get,

16
2_
X 5
16
9 1S a constant number
Therefore quadratic equations (i) and (ii) can be written in the form of x2 =k, where
. . L : . o 16
in quadratic equation (i) k = 9 and in quadratic equation (ii) k = 9

x? =k is standard form of quadratic equation

Now think over quadratic equations (iii), (iv) and (v). The form of all these three
equations is ax? + bx + ¢ =0; where a =1, b =5, ¢c = 6 in quadratic equation (iii) a = 3,
b = 10, ¢ = 8 in quadratic equation (iv) and in quadratic equation (v)a=2,b=35,¢c=-7

The equation 3x2 — 4x + 1 = 2x2 — 2x + 4 is also can be written in the form of ax?
+ bx + ¢ = 0 as following method :

32 —4x + 1 =2x2 - 2x + 4

or 32 —4x+ 1 -2 +2x-4=0

or 2 -2x-3=0

or I X x2 4+ (=2)x + (-3)=0

or ax2+br+c=0wherea=1,b=-2andc=-3

ax2 + bx + ¢ = 0 is also a standard form of quadratic equation
So there are following two standard form of the quadratic equation :
(i)x2 = k where k is a positive number.

and (ii) ax? + bx + ¢ = 0, where x is variable and a, b, ¢ are constant numbers.

8.2.1. The solution of equations of the form of x? = k

In x2 =k, v is an unknown variable and k is a positive constant. It is not necessary that
x always is used for denoting as unknown variable. In real any letter of alphabet as y,z, n,p
excetra also can be used.
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To solve the equations of type x* =k, think over the following equations :
M =16 (i) x2 =18

(iv) x* - 24 =0

(Vi) 16x? — 25 = ()

(i) +2 - 25 =0
(V) dv?=
2

X
(vir) ‘;-‘\f = ()

Solution :
(i) 2 =16

Which number on squaring obtains 16 ?

Wememm42=16mmo4ﬂ=c4)x«4p=m
Therefore x2 = 16

2 -16=0
x? —42=0
x+4)(x-4) =
if  x+4=0 if  x—-4=0
X = — 4 X = 4
X =44, - 4
i) x2 =18
x2 - 18 \
xz_ (3\/-5)2 — O e Caan . . e e
0+ 32) (x-3/2)=0
X=- 32, 32
. . : 2
Verification : Left hand side = 2 = (3\/5) =3x3x2x4/2 = I8 Right hand side
| i 2
and  Left hand side = 2 = (-3J§) =3x=3xy2xy2 = 18 Right hand
side

Therefore the answer is correct

(iii) X2 -25 =
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or x% =25 (on transposing)
x=+J25=45
Thereforex = 5 and x = -5
Verification: 5% - 25=0and (-5)2-25=25-25=0

Therefore the answer is correct.

(iv) x2-24=0
or x? =24 (on transposing)
=4
= +J4x6 = +/4x/6
Therefore x = 42./¢
Therefore x = 2./ and x = -2,/

Verification : (2\/8)2 =(2\/6)(2\/8)=2x2x\/€x\/5=4x6=24 and

(—'2\/8)2 =(-2v6)(-2v6) = ~2x-2x /6 x/6 = 4x6 = 24

Therefore the answer is correct

v) 4x2 =9
9 ... .
or x2 =7 (Division both sides by 4)
/
x2 - + 2
4
_ 43
2
3 3
Therefore x =3 and x = — >
2
3 3 3 9 3 3 9
¢ jon: |—-| ==X—=—and |—= |x|-=|=2
Verification : (2) ) ( 2) ( 2] 1
Therefore the answer is correct.
(vi) 16x2-25 =0
or 16x%2 = 25
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2 _ =
or Xe = 6
X = i' ‘2—5‘
16
42
4
5 5
Therefore X = Z and x =-7

Verification : Left hand side = 16x2 - 25

2

5
16%| — | —
(4) 25

16x£—25
16

=25-25
=0
= Right hand side

5 \
and puttingx = an in left hand side

2
5
Lefthandside = IGX(--) =25

4
25
= 16x—-=25
16
=25-25
=0
= Right hand side
Therefore the answer is correct.
" x 2
( ) 2 X -
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_ x_2
ot 5=
or X2 =4
V= +4
— iz

Therefore x =2 and x = -2

x 2 oo
Verification : In left hand side = = S substituting x= 2.

2
2 2
22
=1-1
=0
= Right Hand Side

and substituting x = -2 in left hand side
‘ _ -2 (2
Lefthand side = 7‘(__2)
=-1-(-1)
=-1+1
=0
= Right hand side
Therefore the answer is correct. o |
It is clear from the solution of above quadratic equations that their are two values of

unknown number X in each quadratic equation, whose absolute values are equal, but one is
positive and second is negative. These values of x are called the “roots of the equation.”

Therefore to solve the quadratic equations of form x% =k we find the square roots of
k. We know that there are two square roots of a number whose absolute values are equal.
Therefore

or x=+Jk
Therefore,  x =k , X ==k




We see that to solve the quadratic equations like x% = k, we take the square roots of
both sides. As in x2 = 64.

Taking the square roots of both sides
X = +8

Pay attention, as the square root of 64 be 8, in the same way, the square root of x?
will be £x

Therefore, +x = +8 should be written

Writing such the following values are obtained

(1) +x = +8
) +x = -8
(W) —x = +8
(v) —x = -8

But in the above, from (i) and (iv) +x = +8 and -x = -8

Since these both express only one value of x. Therefore out of these one value x = +8
is taken.

In the same way, with the help of (ii) and (ii1) +x = -8 and —x= +8. Since also these
both express the same value. Therefore x= -8 is taken.

Therefore it is clear that all above four values are in x = +8. This is the reason that plus
and minus values of only one side are written at time of taking square root. Practically numerical
value of square root is written with signs plus and minus, but only positive value of unknown
quantity is taken.

8.2.2. Second method of solving the equations like x? = k

Solution : x? =k
or x2-k=0 (Transposing to k)
or Y2 _ (\/E )2 =0 [Wrting in the form of (a2 - b2)]
or (x ~ \/-E) (x+ \/E) = 0[According to identity a2 — b* = (a — b) (a+Db)

See, here the product of two expressions is zero.

Therefore out of these either x — [k will be zero or (x + Jk ) will be zero.

when x—Jk =0

Quadratic Equations




x = Jk

and when x+ Jk =0
x=-Jk
Example:  Solve 1% = 121
Solution : xt =121
or X -121=0 (Transposing 121)
or x*-112=0 (Writing in the form of x* = 11%)
or (-1 @E+1D)=0 2-112=x~-1D (x + 11)]

when x — 11 =0, then x = 11
when x + 11 =0, then x = -11

Therefore, x = 11, x = —11
Exercise 8(a)

Solve the following quadratic equations and verify the answer :
1. x*2-49=0

2. 16x*-9=0

3. ax?—b =0 (whereaandb are positive integers)

4 2
—-—X =
a 3 1
5. 64p? =25
6. 6y*=20
7. Ix*2 =8
8. Sxt=x*+1
4
9., x= "
X
0. -2 =0
5 x
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1. —ax’ +c¢=0
12, 232 — 18 =)
13, Loy

4

R a
4. =-==9

a 2
1S, - 256 =0
16. 00407 — 025 =0
8.3 Simple word problems on the basis of equation x? = k

We can solve many problems relatin

2 to daily life by using equations. Doing so. we wil]
have to follow the following four steps.

1. Denote the unknown quantity by any letter of alphabet as x,y,z.n p etc.

2. Change the statement given in language of equation.

3. Solve the equation

4. Verify the answer to substitute the obtained value in original problem.
Example 1.

The area of a square is 64 square cm. Find its side.

Solution : Suppose that the side of square is x cm.

Area of square = (side of the square)?

X cm
= x? square cm ﬁ‘ e ;?
But area of the square is 64 cm?.
=64 |
X cm :
X cem
X = V64 |
= 18 |
v ] L
=8 and x = -8 D& m— {
X cm
But the side of the square cannot be negative,
therefore x = -8 is not applicable.
y =8
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Therefore side of the square =8 ¢m
Verification of the answer :
Area of the square = 8 X 8 square ¢m = 64 square cm
Therefore the answer is correct.
Example 2. The length of a rectangular garden is thrice of its breadth. 11 the area of the
garden be 243 square metre, how much is the length of the garden ?
Solution : Suppose that the breadth of the garden is x m.
Since the length of the garden is thrice its breadth

Therefore length of the garden = 3x breadth.
Jxm_ o

A

=3 Xam

= 3xm

Area of the garden = length X breadth

= 3x X .x square m

4\

W X

= 3x% square m Jxm
But the area ol the garden is given 243 square m.
3w =243

or

I
o

= 19
But breadth of garden does not negative
Therefore bréadth of the garden =9m
Length of the garden  =3xm

=3x9m=27m
Verification of the answer :

Area = length X breadth
= 27 X 9 square m

= 243 square m

Therefore the answer is correct.




Exercise 8(b)

I.  The area of a square shaped field is 441 square metre find the perimeter of the field.

The ratio between length and breadth of a rectangular garden is 3 : 2. If arca of the garden
is 600 square m, find its length and breadth.

(W]

3. The area of a square shaped field is 225 square metre. Find its perimeter.
4. 144 students of class 8 has to stand in such a way that the number of students in each
row as much as are the total number of rows. Find the number of rows,

5. Thrice of the square of a number is 192. Find the number.

8.4 The solution of quadratic equation ax> + bx + ¢ = 0
(By factorisation method)

We know that if x Xy =0, then

x=0
or y=0
Similarly if x (x =4) =0, then
x=0
or x—-4=0
or x=4
andif (x-=15) (x—-7) =0, then
(x~5=0 orx=35
or x-7=0 or x =7

Therefore, if product of two (or more than two) expressions be zero, then the
value of one expression of them necessarily will be zero.

Now multiply the expressions of left hand side of the equation (x - 5) (x=7) =0
x2 —Tx = 5x+ (-5)-7) =0
or - (T+5x+35=0
or x2 - 12x+35=0
We see that this is a quadratic equation whose form is ax? + bx + ¢ = 0 where a =
|, b=-12and c = 35.
Thus multiplying the expressions of left hand side of (x - 8) (x+6) =0
x>+ 6x—8x+(-8)x6=0
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or Ao 2v - 48 =0
It is also in the form of axZ + bx + ¢ = 0 wherc a = I, b = -2 and ¢ = 48
Therefore the solutions of quadratic equations of the form ax? + bx + ¢ = () are known
to factorise their left hand side.

See the following quadratic equations :

M x+DHE-2=0
or x4+ (1-2x+1%x(=2)=0
or x4+ (=x+(=2)=0
or x2-x-2=0

@ x-p)(x-q=0
or xX*-(p+qx+pg=0
Thus, we see that we can obtain the quadratic equation x2 — (p + q)x + pq = 0 by

multiplying the linear equations x — p = 0, x — q = 0 whose solution is x = p and x = q.
Conversely, we can know the solution of the quadratic equation ax? + bx + ¢ = 0 to factorise

it
Example 1. Solve : Equation x2+7x+10=0

Solution: x*+7x+10=0 Here a=1,b=7¢=10
or 2+ 2+5x+10=0 axc=1x10=10
or x2+2x+5x+10=0 10=2x5
or x(x +2) +5x+2) =0 and2 +5=7

or x+2)+(x+5) =0
Therefore x+2=0o0orx+5=0

x=-2 or x=-5

Example 2.  Solve equation X2 +x-6=0

Solution : X+ x-6=0
or 2+ B2Dx-6=0

or 2 +3x-6=0
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Example 3.

Solution :

Example 4.

Solution :

or x(x +3)2x+3)=0
or C+3Hx-2)=0
Therefore it x + 3 = 0, then x = -3 and if x = 2 = (), then x = 2
See the following quadratic equations
(i) 2x=-3)(+ D=0
or 2%+ 2-3x-3=0
oo  2r-x-3=0
(i Gx+4) (2x-5=0
or  6x?-15x+8x-20=0
or 6x2 — Tx =20 = 0
Thus, we see that if the coefficient of x2 does not be 1, then the solution also
can be obtained by factorising it.
Solve the equation 3x + 10x + 8§ = 0
3x%+ 10x + 8 = 0

oo 3x2@4+6)x+8=0 Here fa=3,b=10and c = §)
or 3x2+4x+6x+8=0 axc=3x8=24 >
or xBx+4)+2Bx+4)=0 724=4><6

oo Grx+4)(x+2=0 L and 4 + 6 = 10

Therefore 3x + 4 =0 or x + 2 =V0

From which3x=—4 orx = -2

: 2
or X =-7 orx=-

Solve the equation 12x% — 11x — 15 =0
12x2 - 1lx - 15=0
or 1202 + (20 + 9)x - 15 =0
or 12x2-20x+9x - 15=0 Here a=12,b=-1land ¢ = 15
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or  4x(3x = 5) + 3(3x -5) =0 here, a x c= 12x(~15) = -180
= (-20) x 9

or  (Bx-=5@x+3)=0 and =20 + 9 = —11

Therefore 3x =5 =0or4x + 3

From which 3x = 5 or 4x = -3

3

5
or X = :; and x = Z

PO 5 .
Verification of the answer : Substituting x = gi n the left hand side of the

equation

5% (5
Left hand side = 12(5) —11(5)—15

= 12x%—11x-5——15=% E ﬁ=

= Right hand side

3
Similarly substituting x = -2 in the left hand side of the equation

3)? 3
' i = 12| -=| =11 —=|-15
Left hand side ( 4j ( 4)
= 12x2-+2—@ =0
16 4 4
= Right hand side

Hence the answer is correct.

Example 5.

Solution :

Solve the equation 3x2 - 10x-8=0
- 10x -8=0

Find two factors of (-8) x 3 such that whose sum be ~10 that is -8 x 3 = 24
and 24 = -12x2,-12+2=-10 i

Thus 3x2 - 10x -8 =0




or T 4124+ 2 - 8=0
or 3 120 4+ 20 - 8 =0

or I -+ 2 =0

or W hH B+ 2)y=0

It Vod =0 theny =4

and i3y +2=01(hen 3y = 2

-

-
1l
[SSRN

Verification of the answer : Substituting x = 4

32— 10x - 8=3x42 _10x 4 — 8

=48 - 40 - 8
=48 - 48 =0
= Right hand side

and  substituting x = —%

32— 10x — 8

1l
&S]
X
N
I
w9
~
13%]
_ I
-
X
N
|
| 0o
~—
|
oC

il
I
X

l

|

|
oc

%—888()
=3 -8=8-8=

= Right hand side
Therefore the answer is correct




Exercise 8(c)

Solve and verify the answer :

L. 3+ 100 +8=0
2. -3 @+2)=0
3. xx-4)=0

4. 4+ 7x=44

5. 3 +1x-8=0
6. x+DE+3H+3=0
7. 6x° —x=1

8. 4yl=1ly+3

9. al+a=90

10, x+1=7-x2

11. 2x% =12 - 5x

4
12. 2x+ — =9
X

13. 9x2-3x-2=0
14. ¥ +3x-18=0
15. x2-3x-10=0
16. x> -6x+9=0
17. 4x? -20x+25=0
18. 16x2 +24x +9 =0
19. x* —25x2 + 144 = 0

(Hint : supposing x> =y, the transformation of the equation is y* - 25y + 4.0 = ()
20. x* - 13x2 + 36 = 0

Remark : Left hand side of the equation in above questions 16, 17

_ 7 and 18 are
complete square from which only one value of x is obtained. Note that the

maxnmum number of roots (values of unknown variable) of the quadratic equation
1s 2.




2 2

X
Example 1.  Solve the equation T+ ; =
XT+2 x“-1
2 2
] X
Solution : 5 +;“= 2
XT+2 x7 -1

x2+2—2 x2—1+1
+

or =
x2+2 x2—1
2+2 2 x2—1+
or ~ _
42 242 K21 2
1 +1+ I 2
or - =
X242 x? -1
2 + 1
or - =0
242 %% -1
1 2
or =
-1 x*+2
or 2202 -2 =x2+2
or 22 —x2=2+2
or x2 =4
Taking square root of both sides
X = 4.4
= $2
Therefore x=2and x = -2

Verification of the answer :

Left hand side of the quadratic equation =

x% = 4 (putting x = 2)

Putting the value of x in the equation

Quadratic Equations

(By cross multiplication)

2 2

X
+

2

xX“+2 x°-1



Example 2.

Solution :

+
w| s we

w|in SN

6

3
= 2
Right hand side

Similarly putting x= -2, Left hand side = Right hand side
Therefore the answer is correct.

A steamer-driver returns back to the same place to cover a distance of 10 km
in the direction of flow of river and against flow of its flow in 50 minutes. If the
speed of the steamer in still water be 25 km/hour, find the speed of river.

Suppose that the speed of river is x km/hour. Speed of steamer is still water
= 25 km/hour

The speed of steamer in the opposite direction of flow of the river = (25 —x)

km/hour and the speed of the steamer in the direction flow of the river = (25
+ x) km/hour

Therefore time taken to cover the distance of 10 km in the opposite direction

of flow = g—; and time taken to cover the distance of 10 km in the direction

f the flow = 10
of the flow = 75+
. 10 + 10 )
Total time = 25— 25+x hour
5 5
But the total time = 50 minutes = —6_6 hours = -6— hours
10 10 5
+ = —
25—-x 25+x 6
2 N 2 _ _l_
or 25—x 25+x B 6
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225+ x)+2(25-x) |

or

(25-)(25+x) ~ ¢
50+ x)+ (50-.x) |
ot (25-0)(25+x) = ¢
100 [
or _‘—Mi = s
625-x 6
or 600 = 0625 -x?2
or X2 = 2§
Taking square root of both sides,
x = 125
= 15

x=35and x = -5
But negative value is not acceptable

x=35
Therefore the speed of the river = 5 km/hour
Students verify the answer themselves.

x+1+x+2_2x+B
x=-1 x-=2 x+1

Example 3:  Solve the equation

x+l+x+2_ 2x+13
x=1 x-2 x+1
x-—l+2+x—2+4_ 2x+2+11

Solution :

or =1 x=2 X+
x=-1 2 x-2 4 2(x+ 1D +11
or + + + =
x=1 x-1 x-2 x-=2 x+1
or [+ 2 T+ 4 ___2(x+1)+ 11
x—1 x=2 x+1 x+1
2 4 11
24—t ——=2+—
or x=1 x-=2 x+1
2 N 4 11
or x=1 x=2 x+lI
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2x-2)+4(x—1) 11

oL (x=D(x=2) XA+

2x=4+4x-4 |1

5 = .
X7 =3x+2 X

or

ox-8 11
o W o3x42 X+l
or 1x? - 33x + 22 =(6x -8) (x+ 1)
or 1x? — 33x + 22 = 662 + 6x — 8x — &

or 11x? - 33x + 22 =6x2 - 2x - 8

or 1x? - 33x+22-6x2 +2x+8=0
or  5x* - 3lx+30=0

or  S5x%- 25x-6x+30=0

or Sx(x-5-6x-5=0

oo (x=5)Gx-6)=0

If x-5=0,thenx=>5

and if 5x-6=0
then 5x =6

6 1

=_=1_

Y575

1
Therefore x = 5 and x = lg =1.2

Students themselves verify the answer

Efficiency Practice 8

Solve :

1. 4-x2=0

2. 2(x*-121)=0
1 2

3.

x2—6—x2+2




X X =5
4 + .

X"+l x“ -6
. x—=2 x+2 §
o x+2 x-2 2

59
6.  Find a number in which sum of its and its is reciprocal — .

The area of a square shaped bed is 16 square m. Find the perimeter of this bed.

3289 have to distribute among some persons such that each person gets as nuch rupees
as is the total number of persons. Find the number of persons.

5
9.  The length of a room is " times of its breadth.

If the area of the floor of the room is 20 square m, then find its length and breadth.

10. Aboat, whose speed in still water is 15 km/hour, takes total time 4 hours 30 minutes for

going 30 km in the direction of flow of stream and to come back at the same place. Find
the speed of stream.

Solve the following equations :

11, 12x2+25x + 12 =0

1
u.ﬁ-%-z=o

13. @+ x*+2ax+@-1)=0
2

. =
x=2 x-
x+4

14.

| — oo

X

15. x+5—x+1 =8

16. 5x2—16x-21=0
17. x2-23x+132=0
18. 14x2 +19x-3=0
19. 6x2+17x+12=0
20. 24x2 + 65x +21 =0

We have learnt
1. To solve the equations of the form of x% = k (where k is a whole number)
2. To solve the equations of the form of ax2+bx+c=0
3. To solve the word problems on the basis of equation al+br+c=0
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ANSWERS
Exercise 8 (a)

3 5 2 |
Lt7:2.£2:3 1 0 i 5.+ 16 £2:7. rt2\/7 8409, 22010, 2511
da )

=N

+12. 2313 o0 14 ta 15. 0= 216, 16.x = 125

Exercise 8 (b)
1. 84m:2.30m. 20m: 3.60ml 4. 12; 5. £8
Exercise 8 (c)

=+

| I 2 1 I ;
Y == |- -9 ’ _ . — _ — = -, ——: 8.3, —3
10 - 3 . 2- 2 . 2. 3- 0. 4, 4- ll, 4, 5- _4, 3 ’ 6. 2, 2 3 7. 2 3 ) 8 3 4

| l 2 1
9. -10. 9: 10. -3, 2: 11. 4, IE; 12. 4, I 13. 3,—3; 14. (-6, 3); 15. 5, -2; 16. 3;

5
17. —: 18. —:19. +3, +4;20. +2, +3

2 4
Efficiency Practice 8
1
1. £2:2. £11;3. £ /14:4. £ /145 5. i6;6.7,'7_,;7.5m,4m:8.5km/hr;9.i'l;
10. Il ) 4l I I 47 3I 4| '
1 =l == - T —-—4 < - - =
6m; 11. 3’ 412 5 213 -y 1 ; 15.-9, 3; 16. 5 ;
7101218, <15 19, —15 =15 20,25,
11. 12 1 > 71 3 3 8

7 () / () @,
0.0 0.0 0‘0 LOCA 4
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