UNIT-13  CIRCLE AND CYCLIC
QUADRILATERAL

E e [ xperimental verification of the following properties.
F%F\ @ The perpendicular from the centre of a circle to a chard
2’ ‘ 4
LY . hisects the chord and its inverse.
E. ® [.qual chords of a circle subtend equal angles at the centes
e O |
MZM8N1 1G 1S Inverse.
yclic quadrilateral, Cyclic point, Angle

quadrilateral.

® The sum of opposite angles of a cyclic quadrilateral is
180°. OR
The opposite angles of a cycle quadrilateral arc

supplementary.

13.1 Introduction

In the previous classes, we have get the concept of circle as well as its related terminology
such as radius, diameter arc, chord, radius segment, arc of a circle, and chord of the circle or
relationship between the points of the circle and the different angles formed on its centre by arc.
In order to expand the knowledge related to the circle, we will study in specific of the circle.

We will study in this unit the specific and interesting relation between the chord of the
circle and the distance between the centre and also study the relationships between the
quadrilaterals and the opposite angles formed by combining the four points of the circle.

13.2 The perpendicular from the centre of a circle to a chord bisects the
chord :

Do these, think and conclude

Draw the circle of three different radius, take the point O as centre of each. In the first
circle, draw a chord AB. Now with the help of set square draw the perpendicular OM to AR
Measure AM and BM. Find the value of AM - BM.
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(i) (ii) (iii)
Fig. 13.1

Repeat this process itselt for the other two circles and tabulate the results obtained on
your exercise book as follows :

Serial of Circle AM BM AM - BM
(1)
(i)
(iii)

From the table we find in every situation that the value of AM — BM is 0 or the value
of AM — BM is so low that it can be considered negligible. In this way we can say that AM
= BM in every situations.

Do these, reason and make conclusions :

Draw a circle with centre ‘O’ on a tracing paper. Cut the circle and separate it.
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help of set square draw a perpendicular line

Draw a chord AB of the circle, with the
line | such that

/ on AB which pass through the centre of the circle O. Turn the circle about the
point A meets at point B and the line of turning is in the direction of line . Now open the paper

and the point M where turn marks cuts AB.

Thus. we find that AM is completely covering the BM and OM is perpendicular to AB.

So we come 1o the conclusion that :

The perpendicular from the centre of a circle to a chord bisects
the chord.

13.2.1 The line joining the centre of a circle to the mid-point is

perpendicular to the chord.

Think of them, do and conclude

Draw circle of three different radii on your exercise book, each of which has the centre
O. In the first circle, draw a chord AB and take M as its middle point. Find out the angle

/OMA and the value of 90 - ZOMA.

Fig. 13.3

The same process has also been repeated for the other two circles and tabulate the

results as follows :
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Serial No. of circle ZOMA 090" - ZOMA

(1)

(1)

(1)

You will find that in every situation the value of 90° - ZOMA is zero or almost zero.
In this way we can say ZOMA = 90°, i.e. OM is perpendicular to the chord AB.

Do this, argue and conclude

Draw a circle on a tracing paper, whose centre is O. Draw a chord AB on it and let
the mid point of chord AB be M. Join point M and O together so that we get the line MO.
Fold the paper along MO such that point A meets at point B.
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Fig. 13.4

Now open the paper. Does ZOMA covers ZOMB completely? You will find th

at
ZOMA covers the ZOMB completely. In this way ZOMA = ZOMB = 90°.

Therefore OM is perpendicular (o AB.

A line segment joining the centre of any circle to the mid-point of
a chord is perpendicular to that chord.
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We can write both the above results below.

to a chord bisects

The perpendicular from the centre of a circle
mid-point of chord

the chord conversely the line segment which joins the
is perpendicular to the chord.

Example 1. In adjacent fig. 13.5, O is the centre of a circle whose one chord is AB, OP
is perpendicular to the chord AB. If AB = 6 c¢m, find the length of AP.

Solution : We know that the perpendicular from
the centre of a circle to a chord bisects \

the chord.

Thus, the centre of the circle is O and
P is the mid point of AB.

. l i ‘]:"
Thercforce AP = - AB 1 /
]

:§x6cm.

=3 cm

Thus length of AP is 3 cm.

0

Example 2.  Find the length of a chord which is at a distance of 8 cm from the centre of a

circle of radius 10 cm.
Solution : Let us suppose “O” is the centre of the / /\

circle whose radius is 10 cm. There is a

chord AB in this circle and OM | AB /? ‘1
as shown in the adjacent figure. rd / '
We know that AM = BM A = R

A Eh 7B

{- OM | AB}
In AOMA ZM = 90°, OM = 8 cm.

and OA= 10 cm.
Fig. 13.6
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From the Pythagoras theorem in the ri ghtangled triangle A OMA
OM? + AM? = OA2

or AM? = OA? - OM?
= 102 - §2
= 100 - 64
=36
AM = 36
=6

=AB=2x6c¢cm. =12 cm,
Therefore length of chord = 12 ¢m,

Exercise 13(a)

L. Inthe adjacent fig. 13.7 O is the centre of
the circle. The radius of the circle is Scm,
AB is the chord of the circle whose length
is6¢cm. If OM | AB then find the length
of OM.

0
AWB

Fig. 13.7

2.  In the adjacent fig. 13.8, O is centre of
the circle find the length of a chord which 0
is at a distance 5 cm from the centre of a
circle of radius 13 cm.

AWB

Fig. 13.8

3. A10cmlong chord is drawn in a circle whose distance is 12 cm from the centre of the
circle, find the radius of the circle.

A chord of length 8 cm drawn whose distance is 3 c¢m from the

centre. Find the length
of another chord drawn in the circle, which is 4 ¢m

away from the centre.

. Circle and Cyclic Quadrilateral




Choose the correct options of question 5 and 6.

5. Inthe adjacent fig. 13.9 0™ is the centre of the

circle whose one chord AB = 30 mm and diameter / 0 \C
AC = 34 mm the distance OD from the centre of ‘, - ” Y!
the chord AB s A\\\ ! E'j) /‘(H
(1) 34 mm (17 mm g
() 1S mm (1v) 8 mm Fig. 13.9

6. Inthe adjacent fig. 13.10, O is the centre of the
circle. The radius OA =5 cm and length of chord
AB = 8 cm. Perpendicular radius OD is drawn on 0
the chord from the centre O. Line segment CD
will be of length— . Kf/a
(1) I.Tcm (1) 1.5cm -
(ii1) 2.0 cm (iv) 3.0 cm Fig. 13.10

7. Inthe adjacent fig. 13.11 7O is the centre of the
circle. If OC | AB. So choose true and false
statement in the following statements. o
(i) AC=CB
(i) AB = -L- AC '

2 A C B

(i) AB =2AC \_/
(iv) OC = JOA*Z _AC? Fig. 13.11
(v) AC= m

Central Angle
The angle whose vertex is at the :
centre of any circle is called the central
angle of that circle. Each arm of the central
,\\_/ B

angle cuts the circle at different points.
Joining these points we ocet a chord of the

circle. Fig. 13.12
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Inadjacent fig. 13.12 is a circle having centre at O. Centre of the circle O is the vertex
of the ZAOB. The rays of ZAOB cut the circle at points A and B and AB is the chord of the
circle. In the way ZAOB is a central angle.

13.2.2 Equal chords of a circle subtend equal angles at the centre
Do these, think and conclude :

Draw three circles according to the picture on your exercise book, whose radii are
different. Take “O™ as the centre of each. In the first circle, drawn two chords AB and CD in
such a way that AB = CD.

Draw the line segment OA, OB, OC and OD. Measure the angle ZAOB and ZCOD
in this way and find the value of ZAOB — ZCOD.

Repeat the above procedure for the other two circles and tabulated the results obtained
on your exercise manual as follows :
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(1) () 3)
Fig. 13.13
Serial of Circle ZAOB ZCOD ZAOB - ZCOD
I
2
3




We will see that in each case the value of ZAOB - £ZCOD is O (?r SO Iow‘;:?j;tlit ca'n
be considered negligible. In this way, we can say that ZAOB = ZCOD in every s ons.
So, we conclude that

Equal chords in any circle subtend equal angles at the centre.

Converse of the above result
Do, think and conclude :

According to figure, draw three circles of different radii on your exercise b(.)()k. Takc
centre O of each circle. Make two angles ZAOB and ZCOD at the centre of the first circle
such that ZAOB = ZCOD where AB and CD are two chords of the circle.
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Fig. 13.14

Measure AB and CD. Find the value of AB ~ CD.

This process repeats for the other two circles and tabulated the results obtained on your
exercise manual as follows :

Serial of Circle AB CD AB - CD

(1)

(ii)

(1i1)




We will see that in each situation the value of AB —- CD is O or approximate zero in
this way, we can say that AB = CD in every situations.

In any circle if the angles subtended by two chords at the centre
of a circle are equal then the chords are of equal length.

The above two results are to each other. In brief we write as follows :

Equal chords of a circle subtend equal angles at the centre and

conversely if the angles subtended by two chord at the centre of a circle
are equal then the chords are equal.

Example 3. Anequilateral triangle AABC is formed inside the circle whose centre is O. Find
the measure of ZBOC.

Solution:  In adjacent fig. A

AABC is an equilateral triangle.
AB = BC = CA

These three sides are equal chords

O

of a circle.

Each cord will have the same angle B ¢

of the centre.
ie., ZBOC = ZCOA = ZAOB Fig. 13.15
But the sum of the above three angles is 360°

360°
s £LBOC = ZCOA = ZAOB = = |20°
Therefore ZBOC = 120°
C D
Exercise 13(b) —

<

1. Intheadjacent fig. 13.16 **O” is the centre
of the circle. The three chords AB, PQ

and CD of this circle have been drawn in 00

such a way that AB = PQ = CD A
p
If ZAOB = 65° then find the value of

ZPOQ and ZCOD,




2. Inthe adjacent fig. 13.17 “O" is the centre of the circle

of ZAOB = ZCOD and chord AB = 2.5 cm, then find
the length of the chord CD. Q
) C \ 0

3. “O7isthe centre of acircle. A square ABCD is inscribed

in the circle. How many degree angle is substended by the el

side of the square at the centre of the circle ? g

Fig. 1217

4. Apolygonismscribed in a circle. If cach side of the polygon substends an angle of 607

N . . . N )
at the centre of the circle then how many sides are there 1n the polygon

13.2.2 Cyclic quadrilateral, cyclic point and angle of cyclic
quadrilateral :

(i) Cyclic Quadrilateral /1

In fig. 13.18. combining the four points A, B, C
and D of the circle. a quadiiaicrai ABCD is formed.
This type of quadrilateral ABCD is called a cyclic
quadrilateral. b
In other words, if all the four vertices of a
quadrilateral lie on one circle, then it is called a cyclic Fig. 13.18
quadrilateral.

Therefore

If all the four vertices of a quadrilateral lies on a circle, then it
is called a cyclic quadrilateral.

-

Identify the cyclic qua(%rilateral in the following shapes :

-~

(ii) ~ (iii)
Fig. 13.19
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Cyclic Point :

All the points that are situated on the same circle
are called concyclic point or cocyclic point.

In the adjacent fig. O is the centre of the circle.
Points A, B. C. D and E lies on the circle. Therefore
points A, B C. D and E are concyclic points.

Therefore

1
E
]

A

D

C
Fig. 13.20

cocyclic points.

The points situated on the same circle are called concyclic points or

Try :

~—

Fig. 13.21

Identity the cyclic points in the following circle

Opposite angle of the cyclic quadrilateral

Think and write

In the adjacent fig. 13.22, in the cyclic
quadrilateral ABCD, write the angle opposite to ZA
and angle opposite to the ZB.

We see that ZC is opposite to ZA and ZD is
opposite to ZB.

Therefore ZA and £C. ZB and 2D are
opposite angles.

Circle and Cyclic Quadrilatera

Fig. 13.22




ro

Exercise 13(c)
In the adjacent fig. “O" is the centre of the circle.
Name the cyclic quadrilateral inscribed in the given
circle.

In the adjacent fig. *O’ is the centre of the circle.
Given point A, B, C, D, E and F. Which of the
given points are concyclic ?

In the adjacent fig. ABCD is a cyclic quadrilateral.
(1) Find the opposite angle of ZA.
(11) Find the opposite angle of ZB.

See the adjacent fig. and tell the true/false statement
in the following statements :

(i) Points A, B, C and D are concyclic points.

Fig. 13.23

Fig. 13.25

i) Points A, B, C, D and E are not concyclic points. .

Gii) Points A, B, C, D, E and F are not concyclic points

(iv) £D is the opposite angle of ZABC.

(v) Quadrilateral BCDA is nota cyclic quadrilateral.

(vi) Quadrilateral ABCD is a cyclic quadrilateral.

(viiy £C is the opposite angle of ZB.

Sl

T AT PR i R DA

AT &

A

Fig. 13.26




13.3 Sum of opposite angles of a cyclic quadrilateral

Do, think and conclude
Draw a circle with centre 0. Make 2 qQuadrilateral ABCD inscribed in this circle.
Measure its angles and find £ A + ZC and ZB + 2D.

O\

(ii) (iii)
Fig. 13.27
Repeat the same process with the an

gles of two other cyclic quadrilaterals and tabulate
the results as follows :

Serial of ZA £C ZA+ ZC | B 4D | 4B + «ZD
Quadrilateral

(1)
(1i)
(iii)

We will see that the ZA + ZC is 180°, if it is more or less then we ignore it.
Similarly, we will see that at every time ZB + ZD = 180°.
Therefore,

The sum of each pair of opposite angles of a cyclic quadrilateral
is 180°. In the other words, the sum of a pair of opposite angles of a
quadrilateral is 180°.

Do these, think and conclude :

Draw a circle with centre O and inscribe a quadrilateral ABCD in it. In this way ABCD
become a cyclic quadrilateral. ZA and ZC are a pair of opposite angles of the quadril
and ZB and ZD are another pair of opposite angles.

ateral,




Now take a tracing paper and trace the l)/—\('
quadrilateral ABCD. Take a point *O in the quadrilateral.
Separate the four angles A, B, C and D by cutting along

the dotted lines as shown in fig. 13.29(i) ‘0

Now draw a line 1 as shown in the fig. 13.29(i1).

Take point P and Q on this line. So U;
Keep ZAand ZC at point P, so that the points

Aand Care at point Pand the line segment AE is along

, N _ Fig. 13.28
the ray PQ and the line segment CF is opposite to ray

PQ. In this way we see that line AH and CG will lie on
cach other. We will see that ZA and ZC will make
linear pairs or ZA + ZC = 180°.

Fig. 13.29
Do this process for ZB and £D. We will see as mentioned above that Z/B+./D = 18G°.
Thus we find that

The opposite angles of a cyclic quadrilateral are supplementry
are sum of opposite angles or 180°.

Example 4. Side AB of cyclic quadrilateral ABCD produced to E. If ZD = | 10°, then find
ZCBE.

Solution : .- ZD and ZCBA are opposite angle of cyclic quadrilateral.
- LD+ ZCBA = 180°
or 110° + ZCBA = 180"
or ZCBA = 180° - 110°
or ZCBA=70°

Explore Mathematics - 8
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Example 5.

Solution :

D

(10"

O,

o)
m
v

Fig. 13.30

ZCBA and ZCBE is a linear pair.

ZCBA + ZCBE = 180°

or 70° + ZCBE = 180°

or ZCBE = 180° — 70°
ZCBE = 110°

Thus ZCBE = 110°

In adjoining figure 13.31, ABCD is a cyclic quadrilateral in which ZA = 65°
and ZB = 70°. Find the measures of ZC and ZD.

We know that the opposite angles of a cyclic quadrilateral are supplementary.
ZA + ZC = 180°

ZC = 180° - ZA
But  ZA =065°(given)
ZA = 180° — 65°
= 115°
and 4B + ZD = 180"

\.. ZD = 180° - ZB
= 180° — 70°
- Fig. 13.31




Exercise 13(d)

In the adjoining fig. 13.32, side
AB of cyclic quadrilateral ABCD
is produced to point E. Find the
value of exterior angle ZCBE is :

(1) 115° (i) 105"

D

. A B
(1) 65° (iv) 75° v

In the adjomning fig. 13.33, ABCD is a cyclic
quadrilateral in AB Il CD. Complete the following
statements.

M ZA+ ZD = 180° because AB Il DC

and these are .... angle.

() ZB+ 4D =180°, because these angles are

................

() ZA = ZB because LA + £D = ......

In the adjoining fig. 13.34, O is the centre of the
circle. If chord AC = chord BC then, find the
value of ZABC and ZACB + ZAPB.

In the adjoining fig. 13.35, ‘O’ is the centre of the
circle and AOB is its diameter. The points C and
D on the circle are such that ZCAB = 30° and
ZABD = 40°. Find the value of ZCAD and
ZCBD.

A 4

—
LA

Fig. 13.32

DF/—\C

Fig. 13.33

7N

Fig. 13.34

C

30°

A
va
D

Fig. 13.35




5. Inthe adjoining fig. 13.36, a quadrilateral PQRS
is inscribed in a circle. If ZR = 800 and /S -

859 then, find the values of ZP and / Q.

6. In the adjoining fig. 13.37. two circles intersect
cach other at P and Q. The cyclic quadrilateral
APQC and BPQD are such that APB and CQD
are line segments. If ZA = 95° and £C = 80°,
then find the value of Z/B, #D, ZAPQ and ZPQD.

Fig. 13.37

In the adjoining fig. 13.38, ABCD is a cyclic
quadnilateral. If ZC = x° and ZA = 2x°. Find the
value of x.

Example 6.  In the adjoining fig. 13.39, Ois
the centre of the circle and
ABCD is a cyclic quadrilateral,
If ZADC = 140°. Find the value
of ZBAC.

Solution ; ABCD is a cyclic quadrilateral,

ZABC + ZADC = |8()°

) 40V = 180
or ZABC + | Fig. 13.39

Circle and Cyclic Quadrilateral




ZABC = 180° — 140° = 40°
AB is the diameter of circle.
ZACB = 90°
Now in right angle triangle.

ZABC + £ZBAC = 90°
ZBAC = 90° - ZABC

= 90 — 40°

= 50°

Example 7.  Inadjacent fig. 13.40, ‘O’ is the centre
of the circle. Two chords AB and CD
are drawn in the circle whose mid points
are M and N respectively. If OM = 8 O
cm, ON = 15 cm and chord AB = 30 o 2 Em

< %/B

cm, then, find the length of chord CD. A 30 cm

15cm

Solution : Point M is the mid-point of chord AB.
OM | AB
Again -+ AB =13Ocm (gilven)
AM = 5 AB=§ X 30 cm = 15 cm
In right angle A OMA
0A2 = OM? + AM?
= 82 + 152

= 64 + 225 = 289

. OA = /289 =17 cm
.. OA and OC are radii

Fig. 13.40

.. OC = OA =17 cm.
Again in right angle A ONC
NC = Joc? - ON?

= 172 -15°

= 64 = 8 cm.

- Explore Mathematics - 8




. Chord CD = 2 NC (- N, is the midpoint of chord CD)

=2x8cm.

=16 cm.

Efficiency Practice-13

Choose the correct answer from question 1 to 3.

1.

In the adjoining fig. ‘O’ is the centre of

the circle, and OM | AB. If AB = 10

cm. and OM =4 c¢m, Find the radius OA
of the circle.

(1) Scm
(1) 3cm
i \/Zicm Fig. 13.41

(iv) V116 cm

D/_\C

In the adjoining fig. 13.42, if ZA = 80°
and ZB = 85° then value of ZD is—

(i) 145 (ii) 85° 80° %
(iii) 80° (iv) 95
Fig. 13.42

In adjoining fig. 13.43 O is the centre of
the circle. Chord AB = Chord CD and
ZAOB =70°, find the value of ZCOD 1s:

N N D
(i) 35° (ii) 55° \ /

B
Fig. 13.43

Circle and Cyclic Quadrilateral 309



5.

10.

In adjacent fig. 13.44, AB is a diameter
of a circle with centre O and radius OD
is perpendicular to AB. If C is any point
on the circle then find the value of ZABD
and ZBCD.

In adjacent fig. 13.45, AABC is an
equilateral triangle. D and E are two points
on the circle, find ZBEC and ZBDC.

In adjacent fig. 13.46, a cyclic quadrilateral
ABCD inscribed in the circle with two
diagonals AC and BD. If ZACB = 55°
and ZBAC = 45° then find the value of
ZADC.

Fig. 13.44
A
o
B \ C
E
Fig. 13.45

Fig. 13.46

Find the distance of the chord of length 16 cm from the centre of a circle of radius 10 cm.

The length of a chord in a circle is equal to its radius. Find the angle formed by the chord

at the centre.

Draw a circle of radius 2.5 cm. Draw a chord at the distance of 0.7 cm from the centre
of the circle. Measure the length of this chord and check the answer by calculation

Draw a circle of radius 3 cm. Draw two equal chords of length 3 cm. Measure the angle
substended at the centre by each chord. Are the value of both angles equal ?

Explore fMaihema’ﬂé& ‘?58



11. Inadjoining fig. ZPQR = 100° where P, /9\ —
Q and R lies on the circle with centre O, i~
Find ZOPR.

Fig. 13.47

We have learnt

L;

10.

~ L4em,2.24¢m, 3,13 cm, 4. 6 cm, 5.
(iii) True, (iv) True, (v) False.

The quadrilateral, which is formed by joining any four points on the circle, is called
a cyclic quadrilateral.

All the points that are situated on the same circle are called concyclic point.

In a cyclic quadrilateral angles infront of each other are called opposite angles of
cyclic quadrilateral.

The perpendicular from the mid-point of a circle to a chord bisects the chord.

The line joining the centre of the circle to the centre of the chord is perpendicular
to the chord.

The angle whose vertex is at the centre of a circle is called the central angle of
the circle.

Equal chords of a circle subtend equal angles at the centre.

In a circle the chords that substends equal angles at the centre of the circle are
of equal lengths.

The sum of each pair of opposite angles of a cyclic quadrilateral is 180°.

The opposite angles of a cyclic quadrilateral are supplementary.

ANSWERS
Exercise 13(a)

(iv) 8 cm, 6. (iii) 2.0 cm, 7. (i) True, (11) False.

Exercise 13(b)

1. ZPOQ =65° = ZCOD 2. 2.5 cm, 3. 90°, 4. 6

Circle and Cyclic Quadrilateral




Exercise 13(c)

I. Cyclic quadrilateral ABCD. 2. Cyclic point A, B, E, F3. (i) £C (i) £D, 4. (i) True,

(ii) True, (iii) True. (iv) True, (v) False, (vi) True, (vii) False
Exercise 13(d)
1. (iii) 115°, 2. (i) Interior angle, (i) Opposite angle of cyclic quadrilateral, (iii) ZB +
/D 3. ZABC = 45°, ZACB + ZAPB = 180°, 4. ZCAD = 807, ZCBD = 1009, 5. ZP =
1009, £Q = 95°, 6. ZB = 85°, ZD = 100°, ZAPQ = 100°, £PQD = 959, 7. x° = 607

Efficiency Practice 13

1. (iil) /41 cm 2. (iv) 95° 3. (iii) 70° 4. ZABD = 450 = /BCD 5. ZBEC = 1207,
/BDC = 60°, 6. ZADC = 100°, 7. 6 cm, 8. 60°, 9. 4.8 cm, 10. 60°, Yes 11. 10°

) () /7 /7 /7
0.0 0.0 0.0 0.0 0.0
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