
MATHEMATICS
TEXTBOOK FOR CLASS IX

Semester - 1

All rights reserved

No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means

without the prior permission in writing of the publisher, nor be otherwise circulated in any form of binding or cover other

than that in which it is published and without a similar condition including this condition being imposed on the subsequent

purchaser. The copyright holder of this book is the Commissioner of School Education, Amaravati, Andhra Pradesh.

This book has been printed on 70 GSM, SS Maplitho. Title Page 220 GSM and White Art Card.

© Government of Andhra Pradesh, Amaravati

First Published 2023

New Impression - 2024, 2025, 

DISCLAIMER

Any form of copying of the content, information and illustrations

from this textbook is a punishable offence.

2026

Published by Samagra Shiksha & SCERT - Government of  Andhra Pradesh,  Amaravati.

ENGLISH - TAMIL VERSION



Printed in India
at the A.P. Govt., Textbook Press,

Amaravati, Andhra Pradesh.

        Vande Mataram
Vande Mataram!

Sujalam, suphalam, malayaja shitalam,

Shasyashyamalam, Mataram!

Vande Mataram!

Shubhrajyotsna pulakitayaminim,

Phullakusumita drumadala shobhinim,

Suhasinim sumadhura bhashinim,

Sukhadam varadam, Mataram!

Vande Mataram, Vande Mataram!

- Bankimchandra Chatterji
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Our National Anthem  | 

Jana-gana-mana-adhinayaka jaya he
Bharata-bhagya-vidhata

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga
Tava Subha name jage,
tava subha asisa mage,
gahe tava jaya-gatha.

Jana-gana-mangala-dayaka jaya he
Bharata-bhagya-vidhata.
Jaya he, Jaya he, Jaya he,

jaya jaya jaya jaya he.

- Rabindranath Tagore

úΘ′Υ •Θλ

⊥∴ ΚΠ Τ∴ ≅ƒΡôΥΚ ⊥Υ ú
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India is my country. All Indians are my brothers and sisters.
I love my country and I am proud of its rich and varied heritage.

I shall always strive to be worthy of it.
I shall give my parents, teachers and all elders respect,

and treat everyone with courtesy. I shall be kind to animals.
To my country and my people, I pledge my devotion.

In their well-being and prosperity alone lies my happiness.

Pledge  |  

- Pydimarri Venkata Subba Rao

∆ßƒùΤô→

ΒϕƒΥô Φ∴Õ ΡôÓ− ΒϕƒΥν ≅û∴ΞÚλ Φ∴Õ ∆Οτ
♦[κ×Κρ− Φτ ΡôγûΟ Ρôτ ùΣ↔Õλ úΡ′χ€ú[τ− ΒϕΡôγ⁄τ ΣΨλ

   ùΣÚûΤχΚôΚÜλ ΣτØΚ Τς×ε ′[κ♦σΚôΚÜλ Ρôτ ùΣÚ♥Θλ
   ≅ûΟ€ú[τ−

ΒϕΡôγ⁄τ ùΣÚûΤχÏι ΘÏϕÕ ↑Ζδ€Ο Φτßλ ΣôÓΣÓúΞτ−
ΦτàûΟΥ ùΣσú[ôν+ Α′↔ΥνΚρ+ Φ∴χÏ ΞΥƒο êιúΘôν
≅û∴ΞûςÙλ ΤƒκúΣτ− ΦοúΩô↔ΟØλ ≅τ×λ Τ↔ΥôûΘÙλ
ΚôγÓúΞτ− ↑ΩδÏΚ↓Οιƒο ΚÚûΠ ΚôγÓúΞτ−

Φτ Ρôγ⁄σÏλ Φτ ΤχΚÞχÏλ ∆ûΨιƒΟ Øû∴ϕÕ ♣σúΣτ−
≅ΞνΚρ ΡΩØλ ΞΖØλ ùΣßΞƒúΩ Ρôτ Φτßλ Τ€θε′ ΚôηúΣτ−

- ûΣ⁄Τν↔ ùΞδΚΟ ÑκΣôςôπ
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1 Number System After Completion of this lesson every student will be able to
• Acquire knowledge on rational and irrational numbers, their ex-

istence and operations on those numbers
• Can place any number of rationals & irrationals between any

two rationals and irrationals
• Can convert decimals into p/q and vice versa.
• Can rationalize the given irrational using rationalizing factor
• Utilize the laws of exponents and Number Systems in real life

situations effectively.

2 Polynomials After Completion of this lesson every student will be able to
• Distinguish between a multinomial and polynomial and can sepa-

rate polynomials out of the given algebraic expressions
• Find the co-efficient and degree of a polynomial
• Factorise given polynomial with factor theorem
• Find the remainder using remainder theorem
• Utilize the concept of polynomials in real life situations and ap-

preciate its significanace

3 Co-ordinate geometry After Completion of this lesson every student will be able to
• Express what a cartesian plane is? and its history
• Distringuish which point belongs to which quadrant
• Plot any point on the cartesian plane
• Name any point on the cartesian plane
• Utilize the concept of co-ordinate geometry in real life situa-

tions and appreciate its significanace

4 Linear equations in two After Completion of this lesson every student will be able to
variables • Express any linear equation in two variables in standard form

• Find any number of solutions to any sort of linear equation in
two variables

• Check whether the given pair of co-ordinates is a solution to
the given equation or not.

• Utilize the concept of Linear Equations in two variables in real
life situations and appreciate its significanace

Chp.
No. CHAPTER NAME Specific LOs mapped

LEARNING OUTCOMES

i



1 Φη ≅ûΤκ×Κρ ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
• ↑€ΘØß Τσßλ ↑€ΘØ[ô ΦηΚρ+ ≅Ξσ°τ ÁΘô∴

Κ∞Θ ùΜΥσΣôÓΚρ Σσ°Υ ≅°ûΞ ùΣßΞν−
•   ΓúΘà λ Βς ηÓ ↑€ΘØß Τσßλ ↑€ΘØ[ô

ΦηΚÞχÏ ΒûΟúΥ ΦηΠσ[ ↑€ΘØß Τσßλ
↑€ΘØ[ô ΦηΚρ ΒÚχÏλ Φ∴ ùΘ↔ϕÕχ ùΚôρΞν−

• ΘΜΤδΚûΖ   Ξ⁄↑ο Τôσ[ Ø⁄Ùλ úΤÛλ ≅Θû∴
ΤßΘûΩΥôΚÜλ Τôσ[ Ø⁄Ùλ ΦτΣûΘ ≅°Ξν−

• ùΚôÓχΚκΣγΟ ↑€ΘØ[ô ΦηûΠ ↑€ΘΣÓιÕλ
Κôς∞ûΥχ ùΚôηÓ ↑€ΘØß ΦηΠôΚ Τôσ[ Ø⁄Ùλ
Φ∴ ≅°Ξν−

• ≅τ[ôΟ ΞôθχûΚε ãθ♣ûΩΚ↓ο ≅ÓχÏχ Ï°
↑ ƒ Κ ρ  Τ σ ß λ  Φ η  ≅ û Τ κ × Κ û Ζ  ƒ [ λ Σ Ο
ΣΥτΣÓιÕΞν−

2  ΣοÛßκ×χ úΚôûΞΚρ ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
• ùΚôÓχΚκΣγΟ ΒΥσΚ∞Θ úΚôûΞΚ↓ο ∆ßκ×ΚûΖ

ùΣôßιÕλ Τô°Κ↓τ Σ⁄ΚûΖ ♦↔ιÕχΚôγÓΞν−
• ΙÚ ΣοÛßκ×χ úΚôûΞ♠τ ÏΠΚλ Τσßλ Σ⁄ûΥ

ΚηÓ♦⁄κΣν−
• ù Κô Ó χ Κκ Σ γ Ο  Σ οÛ ß κ ×χ ú Κô û Ξ û Υ  Κ ô ς ∞

úΘσ[ιûΘχ ùΚôηÓ Κôς∞κΣÓιÕΞν−
• Áƒι úΘσ[ιûΘκ ΣΥτΣÓιƒ ùΚôÓχΚκΣγΟ ΣοÛßκ×χ

úΚôûΞ♠τ ÁƒûΥ ΚηÓ♦⁄κΣν−
• ≅τ[ôΟ ΞôθχûΚε ãθ♣ûΩΚ↓ο ΣοÛßκ×χ

úΚôûΞΚρ ΚÚιûΘ ΣΥτΣÓιÕΘο Τσßλ ≅Θτ
Øχ€ΥιÕΞιûΘ ΣôςôγÓΞν−

3  ΑΥιùΘôûΩ Ξ⁄↑Υο ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
• Κôν≈′Υτ ΘΖλ Φτ[ôο Φτ∴ ΦτΣûΘÙλ ≅Θτ

ΞςΩôσû[Ùλ Ï°ιÕ ùΘ↔↑κΣν−
• ΦϕùΘϕΘ ×ρ↓Κρ ΦϕùΘϕΘ Κôο ΣÏƒΚ↓ο ≅ûΤÙλ

Φτß ♦↔ιΘ°Ξν−
• Κôν≈′Υτ ΘΖιƒο ΓúΘàλ ×ρ↓ûΥ Ï°κΣν−
• Κôν≈′Υτ ΘΖιƒΩ ΦϕΘ ΙÚ ×ρ↓χÏλ ùΣΥ↔ÓΞν−
• ≅τ[ôΟ ΞôθχûΚε ãθ♣ûΩΚ↓ο ΑµùΘôûΩ

Ξ⁄↑Υο ΚÚιûΘ ΣΥηΣÓιÕΘο Τσßλ ≅Θτ
Øχ€ΥιÕΞιûΘ ΣôςôγÓΞν−

4 ΒÚ Τô°ΚûΖ ùΚôηΟ ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
úΡ↔Υ ΜΤτΣôÓΚρ • ΓúΘàλ ΒÚΤô°ΚûΖ ùΚôηΟ úΡ↔ΥΜΤτΣôÓΚûΖ

ùΣôÕΞ⁄Ξιƒο ùΘ↔↑κΣν−
• ΒÚΤô°ΚûΖχ ùΚôηΟ úΡ↔Υ ΜΤτΣôγ⁄σÏ

¾νÜΚûΖ ΚηΟ°Ξν−
• ùΚôÓχΚκΣγΟ ΑµùΘôûΩ ×ρ↓Κρ+ ùΚôÓχΚκΣγΟ

ΜΤτΣôγ⁄σÏ ΙÚ ¾νÜ ΒοûΩΥô ΦτΣûΘ Μ↔ΣôνκΣν−
• ≅τ[ôΟ ΞôθχûΚε ãθ♣ûΩΚ↓ο ΒÚ Τô°ΚûΖχ

ùΚôηΟ úΡ↔Υ ΜΤτΣôÓΚρ ΚÚιûΘκ ΣΥτΣÓιƒ
≅Θτ Øχ€ΥιÕΞιûΘ ΣôςôγÓΞν−

Ξ−
Φη

≅ιƒΥôΥιƒτ ùΣΥν Ï°κ♦γΟ Κσ[ο ↑ûΖÜΚρ

Κσ[ο ↑ûΖÜΚρ
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5 Introduction to Euclid's After Completion of this lesson every student will be able to
Geometry • Recognize various geometry related problems in real life which

are inferences of Euclid's Geometry
• Identify the axioms and postulates used in solving geometrical

problems.
• Utilize appropriately the axioms and postulates of Euclid in fu-

ture endeavours of gemoetry.
• Appreciate Euclid and Other Mathematicians who strived

through out their life in pursuit of everlasting geometry.

6 Lines and Angles After Completion of this lesson every student will be able to
• Recognize different basic geometric shapes and can name them

with their apt nomenclature
• Identify and solve problems related to vertically opposite angles,

linear pair of angles, adjacent angles etc.,
• Identify the parallel and intersecting lines in a plane and solve

problems related to both the cases.
• Utilize exactly the knowledge on different angles and different

types of lines in exploring real life problems related to them.
• Appreciate the concepts of Lines & Angles in real life usage

LEARNING OUTCOMES

iii



Ξ−
Φη

≅ιƒΥôΥιƒτ ùΣΥν

5    ëχ↓⁄τ Ξ⁄↑Υο ≅°ØΚλ ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
• ≅τ[ôΟ Ξôθ↑ο ùΞπúΞß Ξ⁄↑Υο ΜλΣϕΘΤô∴

♦ςε′û∴ΚûΖ ëχ↓⁄τ Ξ⁄↑Υο ΚÚιÕχΚρ Φτß
≅ûΟΥôΖκΣÓιÕΞν−

• Ξ⁄↑Υο ΚΠχÏΚûΖ ¾νκΣƒο ΣΥτΣÓιΘκΣÓλ
ΦÓúΚôρΚρ Τσßλ úΚôγΣôÓΚûΖ ΚηΟ°Ξν−

• Ξ⁄↑Υ←τ ΦƒνΚôΩ ØΥσ′♠ο ëχ↓⁄τ ΦÓúΚôρΚρ
Τσßλ úΚôγΣôÓΚûΖ ΘÏϕΘ Øû[♠ο ΣΥτΣÓιÕΞν−

• ♣ςϕΘς Ξ⁄↑ΥûΩ úΘÓΞƒο ΘδΚρ ΞôθΡôρ ØÝΞÕλ
ΣôÓΣγΟ ëχ↓γ Τσßλ ♦[ Κ∞Θ↑ΥΩôΖνΚûΖκ
ΣôςôγÓΞν−

6    úΚôÓΚρ Τσßλ úΚôΠδΚρ ΒκΣôΟλ Ø⁄ϕΘÜΟτ ΤôΠΞνΚρ ×↔ϕÕχùΚôηΟûΞ
• ùΞπúΞß ≅⁄κΣûΟ Ξ⁄↑Υο Ξ⁄ΞδΚûΖ ≅ûΟΥôΖλ

ΚôÔΘο Τσßλ ≅Ξσ°σÏ ùΣôÚιΘΤô∴ ùΣΥνΚûΖ
áßΞν−

• ÏιùΘƒν úΚôΠδΚρ+ úΚôγÓχúΚôΠ ú⊥ô⁄Κρ+
≅ÓιÕρΖ úΚôΠδΚρ ùΘôΟνΣô∴ ΚΠχÏΚûΖ
ΚηΟ°ϕÕ ¾νÜ ΚôÔΞν−

• ΙÚ ΘΖιƒο ΒÚχÏλ ΒûΠ úΚôÓΚρ Τσßλ
ùΞγ⁄χùΚôρÞλ úΚôÓΚûΖ ΚηΟ°Θο úΤÛλ ΒϕΘ
ΒςηÓ ΞûΚΚρ ΜλΣϕΘΤô∴ ΚΠχÏΚûΖ ¾νκΣν−

• ≅τ[ôΟ ΞôθχûΚ ♦ςε′û∴ΚûΖ ΑςôµΞƒο
ùΞπúΞß úΚôΠδΚρ Τσßλ ùΞπúΞß ΞûΚΥô∴
úΚôÓΚρ Σσ°Υ ≅°ûΞ Μ↔ΥôΚ ΣΥτΣÓιÕΞν−

• ≅τ[ôΟ ΞôθχûΚκ ΣΥτΣôγ⁄ο úΚôÓΚρ Τσßλ
úΚôΠδΚ↓τ ΚÚιÕχΚûΖκ ΣôςôγÓΞν−

Ï°κ♦γΟ Κσ[ο ↑ûΖÜΚρ

Κσ[ο ↑ûΖÜΚρ

iv



2Class 9 Mathematics

NUMBER SYSTEMS

CHAPTER 1

NUMBER SYSTEMS

1.1 Introduction

In your earlier classes, you have learnt about the number line and how to represent various types
of numbers on it (see Fig. 1.1).

Fig. 1.1 : The number line

Just imagine you start from zero and go on walking along this number line in the positive
direction. As far as your eyes can see, there are numbers, numbers and numbers!

Fig. 1.2

Now suppose you start walking along the number line, and collecting some of the numbers.
Get a bag ready to store them!



39 Αλ ΞÏκ× Κ∞Θλ

Φη ≅ûΤκ×Κρ

1.1 Øτàûς

∆τàûΟΥ ØϕûΘΥ ΞÏκ×Κ↓ο ¿δΚρ Φη úΚôÓ Σσ° ≅°ϕÕ ΒÚκÀνΚρ− Φη

úΚôγ⁄ο ùΞπúΞ[ô∴ ΦηΚûΖ ΦκΣ⁄ Ï°κΣÕ ΦτΣûΘÙλ ≅°ϕÕ ΒÚκÀνΚρ−

ΣΟλ 1.1 : ΦηúΚôÓ

Φη úΚôγ⁄ο éϖ≥Υιƒο ΒÚϕÕ ΞΩÕ ×[ΤôΚ ΡΟϕÕ ùΜοΞΘôΚ ΚσΣû∴

ùΜµÕ ùΚôρ− ∆τ ΚηΚÞχÏ Φγ⁄Υ çςλ Ξûς ΦηΚρ+ ΦηΚρ  úΤÛλ ΦηΚρ

ΤγÓúΤ−

ΣΟλ.1.2

¿ Φη úΚôγ⁄τ ÁÕ ΡΟχÏλ úΣôÕ ′Ω ΦηΚûΖ úΜΚ↔κΣΘôΚ ΒÚϕΘôο

≅Ξσû[ úΣôΟ ΙÚ ûΣûΥ ΦÓιÕχùΚôρ−

≅ιƒΥôΥλ-1

Φη ≅ûΤκ×Κρ
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NUMBER SYSTEMS
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You might begin with picking up only natural numbers like 1, 2,
3, and so on. You know that this list goes on for ever. (Why is this
true?) So, now your bag contains infinitely many natural numbers!
Recall that we denote this collection by the symbol N.

Now turn and walk all the way back, pick up zero and put it into
the bag. You now have the collection of whole numbers which is
denoted by the symbol W.

Now, stretching in front of you are many, many negative integers. Put all the negative integers
into your bag. What is your new collection? Recall that it is the collection of all integers, and
it is denoted by the symbol Z.

Are there some numbers still left on the line? Of course! There are numbers like 1 3,
2 4

, or
even 2005

2006
- . If you put all such numbers also into the bag, it will now be the collection of

rational numbers.

Z comes from the
German word

“zahlen”, which means
“to count”.

Why Z ?
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¿δΚρ 1,2,3 Φτ[ ΒΥο ΦηΚûΖ ΤγÓúΤ ΦÓιÕ

ùΜοΞΘôΚ ùΚôρúΞôλ− ΒϕΘ Σγ⁄Υο ¿ηÓ ùΚôηúΟ

ùΜοΞûΘ ¿δΚρ ΚΞ±χΚΩôλ−∋ΒÕ Γτ ∆ηûΤ>(

∆τàûΟΥ ûΣ♠ο ΒκúΣôÕ Φη∞χûΚΥσ[ ΒΥο

ΦηΚρ ΒÚκΣûΘ ΚôΠΩôλ− Ρôλ ΒϕΘ úΜΚ↔κûΣ N Φτ[

Ï°Âγ⁄ο Ï°κúΣôλ ΦτΣûΘ ♣û∴Ü áßúΞôλ−

ΒκúΣôÕ Φƒν ƒûΜ♠ο ƒÚλ♦ ΡΟ− éϖ≥ΥιûΘ ΦÓιÕ

ûΣ♠ο úΣôÓ− ΒϕΘ úΜΚ↔κûΣ Ρôλ ØÝ ΦηΚρ ΦτúΣôλ−

ΒûΘ W Φτ[ Ï°Âγ⁄ο Ï°κúΣôλ−

Φη úΚôγ⁄τ ÁÕ úΞß ΓΘôΞÕ ΦηΚρ ↑ÓΣγÓ ∆ρΖ∴Ξô> ΑΤôλ− 
1 3,
2 4

,

≅οΩÕ 
2005

2006
-

 úΣôτ[ ΦηΚρ ∆ρΖ∴− ΒιΘûΚΥ ΦηΚûΖ áΟ ûΣ♠ο úΣôγΟôο+

ΒκúΣôÕ ûΣ♠ο ∆ρΖ úΜΚ↔κ× ↑€ΘØß ΦηΚρ.

Γτ Z?

ΘσúΣôÕ ∆∴χÏ Øτ∴ôο ≅ƒΚΣ⁄Υô∴ Ïû[ ØÝχΚρ ∆ρΖ∴− ΦοΩô Ïû[

ØÝχΚûΖÙλ ûΣ♠ο úΣôÓ− ΘσúΣôÕ ∆τàûΟΥ ×ƒΥ úΜΚ↔κ× Φτ∴> ΒϕΘ

úΜΚ↔κ× ØÝχΚρ ΦτΣûΘ ♣û∴Ü áß− úΤÛλ ΒûΘ Z Φτ[ Ï°Âγ⁄ο Ï°κúΣôλ−

Z ΦτΣÕ zahlen Φτ[

ù⊥νΤτ ΞôνιûΘ♠ο

ΒÚϕÕ ΞϕΘÕ− ΒΘτ

ùΣôÚρ ΦηÔΘο.
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The collection of rational numbers is denoted by Q. ‘Rational’ comes from the word ‘ratio’,
and Q comes from the word ‘quotient’.

You may recall the definition of rational numbers:

A number ‘r’ is called a rational number, if it can be written in the form p
q , where p and q

are integers and q ¹ 0. (Why do we insist that q ¹ 0?)

Notice that all the numbers now in the bag can be written in the form p
q , where p and q are

integers and q ¹ 0. For example, –25 can be written as 25;
1

-  here p = –25 and q = 1. Therefore,

the rational numbers also include the natural numbers, whole numbers and integers.

You also know that the rational numbers do not have a unique representation in the form p
q ,

where p and q are integers and q ¹ 0. For example, 1
2

 = 2
4

 = 10
20

 = 25
50

 = 47
94

, and so on. These

are equivalent rational numbers (or fractions). However, when we say that p
q  is a rational

number, or when we represent p
q  on the number line, we assume that q ¹ 0 and that  p and q have

no common factors other than 1 (that is, p and q are co-prime). So, on the number line, among

the infinitely many fractions equivalent to 1
2

, we will choose 1
2

 to represent all of them.

Now, let us solve some examples about the different types of numbers, which you have
studied in earlier classes.

Example 1 : Are the following statements true or false? Give reasons for your answers.

(i) Every whole number is a natural number.

(ii) Every integer is a rational number.

(iii) Every rational number is an integer.

Solution : (i) False, because zero is a whole number but not a natural number.

(ii) True, because every integer m can be expressed in the form 
1
m , and so it is a rational number..

(iii) False, because 3
5

 is not an integer.
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Ρôλ úΜΚ↔ιΘ ↑€ΘØß ΦηΚûΖ Q Φ∴ Ï°κΣν− ↑€ΘØß Φτàλ ùΜôο

↑€Θλ Φτ[ ùΜôο←ο ΒÚϕÕλ úΤÛλ Q ΦτΣÕ ΧÜ Φτ[ ΞôνιûΘ♠ο ΒÚϕÕ

ΦÓχΚκΣγΟÕ−

↑€ΘØß ΦηΚ↓τ ΞûςΥûςûΥ ♣û∴Ü áνΚ−

 ‘r’ ΦτΣÕ ΙÚ ↑€ΘØß Φη Φ±ο ‘r’ Η 
p
q , Ξ⁄↑ο ΒÚχΚ úΞηÓλ− ΒδÏ p

Τσßλ q ØÝχΚρ úΤÛλ q ¹ 0. (Γτ Ρôλ q ¹ 0 Φτ€ú[ôλ?)

ΒκúΣôÕ  Ρôλ  ΚΞ±ιúΘôλ  Φ±ο ûΣ♠ο ∆ρΖ ≅û∴ιÕ ΦηΚûΖÙλ p
q ,

Ξ⁄↑ο ΦÝΘΩôλ− ΒδÏ p Τσßλ q ØÝχΚρ− úΤÛλ q ¹ 0. ΦÓιÕχΚôγΟôΚ – 25 Η  
25;
1

-

Φτß ΦÝΘΩôλ− ΒδÏ  p = - 25 Τσßλ q = 1.  Φ∴úΞ ΒΥοΦηΚρ+ ØÝ ΦηΚρ Τσßλ

ØÝχΚρ ≅û∴ιÕλ úΜνϕΘúΘ ↑€ΘØß ΦηΚρ ΑÏλ−

↑€ΘØß ΦηΚûΖ p
q  Ξ⁄↑ο p,  q ØÝχΚρ úΤÛλ q ¹ 0 Φτßλ Ιτû[ ↑Ο

≅ƒΚΤô∴ Øû[♠ο Ρôλ ΦÝΘΩôλ ΦτΣÕ ∆∴χÏ ùΘ↔ÙΤô> ΦÓιÕχΚôγΟôΚ, 
1
2

 = 
2
4

= 
10
20

 = 
25
50

 = 
47
94

, ØΘ←Υ∴− ΒûΞ ΜΤΤô∴ ↑€ΘØß ΦηΚρ∋≅οΩÕ( ♦τ∴δΚρ− p
q Η

↑€ΘØß Φη Φτß áßλúΣôÕ ≅οΩÕ p
q Η ΦηúΚôγ⁄ο Ï°χÏλúΣôÕ Ρôλ q ¹

0 Φ∴ ΚÚÕúΞôλ− úΤÛλ p Τσßλ q ↑σÏ 1 Η Θ↑ς úΞß ùΣôÕ Κôς∞Κρ ΒοûΩ

Φ∴úΞ+ ∋≅ΘôΞÕ p Τσßλ q ΜôνΣΚô ΦηΚρ( Φη úΚôγ⁄τ ÁÕ 
1
2
χÏ ΜΤΤô∴

ΦηΠσ[ ♦τ∴δΚρ ∆ρΖ∴− ≅ûΞ ≅û∴ιÕλ 
1
2
 úΥ Ï°χ€[Õ Φ∴χ ùΚôρúΞôλ−

ΒκúΣôÕ Ρôλ ØϕûΘΥ ΞÏκ×Κ↓ο ΚσßχùΚôηΟ ùΞπúΞß ΞûΚΥô∴ ΦηΚÞχÏ

ùΘôΟνΣô∴ ′Ω ΚΠχÏΚÞχÏ •θΚηΟ ΦÓιÕΚôγÓ êΩλ ¾νÜ ΚôΠΩôλ−

ΦÓιÕχΚôγÓ 1 : •θχΚηΟ Ξôχ€ΥδΚρ Μ↔Υô>ΘΞ[ô> ∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ

               áß−

(i) ΙπùΞôÚ ØÝ ΦηÔλ ΒΥο Φη ΑÏλ−

(ii) ΙπùΞôÚ ØÝχΚÞλ ↑€ΘØß Φη ΑÏλ−

(iii) ΙπùΞôÚ ↑€ΘØß ΦηÔλ ØÝχΚρ ΑÏλ−

¾νÜ : (i) ΘΞß− Γù∴±ο / ΦτΣÕ ØÝ Φη− Α∴ôο ΒΥοΦη ≅οΩ−

(ii) ∆ηûΤ− Γù∴±ο ΙπùΞôÚ ØÝχΚρ m Η 
1
m

 Φτ[ Ξ⁄↑ο ΦÝΘΩôλ− Φ∴úΞ

≅Õ ↑€ΘØß Φη ΑÏλ−

(iii) ΘΞß− Γù∴±ο 
3
5

 ΦτΣÕ ØÝχΚρ ≅οΩ−
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Example 2 : Find five rational numbers between 1 and 2.

We can approach this problem in at least two ways.

Solution 1 : Recall that to find a rational number between r and s, you can add r and s and divide
the sum by 2, that is 

2
r s+  lies between r and s. So, 3

2
 is a number between 1 and 2. You can

proceed in this manner to find four more rational numbers between 1 and 2. These four numbers
are 5 11 13 7 ., , and

4 8 8 4
Solution 2 : The other option is to find all the five rational numbers in one step. Since we want
five numbers, we write 1 and 2 as rational numbers with denominator 5 + 1, i.e., 1 = 6

6
 and 2 =

12
6

. Then you can check that 7
6

, 8
6

, 9
6

, 10
6

 and 11
6

 are all rational numbers between 1 and 2. So,
the five numbers are 7 4 3 5 11,, , and

6 3 2 3 6
.

Remark : Notice that in Example 2, you were asked to find five rational numbers between 1

and 2. But, you must have realised that in fact there are infinitely many rational numbers between

1 and 2. In general, there are infinitely many rational numbers between any two given

rational numbers.

Let us take a look at the number line again. Have you picked up all the numbers? Not, yet.

The fact is that there are infinitely many more numbers left on the number line! There are gaps

in between the places of the numbers you picked up, and not just one or two but infinitely many.

The amazing thing is that there are infinitely many numbers lying between any two of these gaps

too!

So we are left with the following questions:

1. What are the numbers, that are left on the number line, called?

2. How do we recognise them? That is, how do we distinguish them

from the rationals (rational numbers)?

These questions will be answered in the next section.
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ΦÓιÕχΚôγÓ 2 : 1 Τσßλ 2 χÏ ΒûΟúΥ ∆ρΖ ΗϕÕ ↑€ΘØß ΦηΚûΖ ΚηÓ♦⁄−

ΒϕΘ ΚΠχûΚ Ρôλ Ïû[ϕΘ ΣγΜλ ΒςηÓ Øû[Κ↓ο ¾νχΚΩôλ−

¾νÜ 1:  r Τσßλ s Φτ[ ΒÚ ΦηΚÞχÏ ΒûΟúΥ ∆ρΖ ↑€ΘØß ΦηûΠ ΚηÓ♦⁄χΚ+

r Τσßλ s Η áγ⁄ ΒςηΟôο ΞÏχΚ úΞηÓλ ΦτΣûΘ ♣û∴Ü áνΚ− ≅ΘôΞÕ 
2

r s+

ΦτΣÕ r χÏλ s χÏλ ΒûΟúΥ ∆ρΖÕ− Φ∴úΞ 
3
2

 ΦτΣÕ 1 χÏλ 2 χÏλ ΒûΟúΥ

∆ρΖ Φη− ΒúΘ Øû[Υôο 1 Τσßλ 2 χÏ ΒûΟúΥ ΡôτÏ ↑€ΘØß ΦηΚûΖ Ρôλ

ΚηÓ♦⁄χΚΩôλ− ≅ϕΘ ΡôτÏ ↑€ΘØß ΦηΚρ 
5 11 13 7, ,
4 8 8 4

Τσßλ 
4
7
 ΑÏλ−

¾νÜ 2 : Ιúς Σ⁄♠ο ΗϕÕ ↑€ΘØß ΦηΚûΖÙλ ΚηÓ♦⁄κΣÕ Τσù[ôÚ Øû[−

Ρôλ ØΘ←ο 1 Τσßλ 2 Φτ[ ΦηΚûΖ 5G1R6 Η ùΘôÏƒΥôΚ ùΚôηΟ ↑€ΘØß

ΦηΚΖôΚ ΦÝÕúΞôλ− ≅ΘôΞÕ 1 R  
6
6
 úΤÛλ 2 R 

12
6

. ΒκúΣôÕ Ρôλ ΚΞ±ιúΘôΤô∴ôο

7
6

, 
8
6

, 
9
6

, 
10
6

 úΤÛλ 
11
6

  ΦτΣ∴ 1 Τσßλ 2 χÏ ΒûΟúΥ ∆ρΖ ↑€ΘØß  ΦηΚΖôÏλ−

Ï°κ×: ΦÓιÕχΚôγÓ  1ο  Ρôλ  0  Τσßλ  1  χÏ  ΒûΟúΥ  ∆ρΖ ΗϕÕ ↑€ΘØß
ΦηΚûΖ ΚηΟ°ϕúΘôλ− Α∴ôο ∆ηûΤ♠ο 0 Τσßλ 1 χÏ ΒûΟúΥ ΦηΠσ[
↑€ΘØß ΦηΚρ ∆ρΖûΘ ¿δΚρ ΚΞ±ιƒÚκÀνΚρ− ùΣôÕΞôΚ ΓΘôΞÕ ΒςηÓ
ΦηΚÞχÏ ΒûΟúΥ ΦηΠσ[ ↑€ΘØß ΦηΚρ ΒÚχÏλ−

Φη  úΚôγûΟ  Τσù[ôÚ  Øû[  ΚΞ±κúΣôλ−  ¿δΚρ  ≅û∴ιÕ  ΦηΚûΖÙλ
ΦÓιÕ ùΚôη≈νΚΖô> ΒοûΩ− Φη úΚôγ⁄ο úΤÛλ ΦηΠσ[ ΦηΚρ ↑ÓΣγÓ
∆ρΖ∴− ¿δΚρ ΦÓιÕ ùΚôηΟ ΦηΚÞχÏ ΒûΟúΥ ΒûΟùΞ↓ ∆ρΖÕ− ≅ûΞ
Ιτß ≅οΩÕ ΒςηÓ ≅οΩ ΦηΠσ[ûΞ ∆ρΖ∴− Βƒο ΑεΜ↔ΥΤô∴ ↑ΜΥλ
Φτ∴ùΞτ[ôο ΒςηÓ ΦηΚÞχÏλ ΒûΟúΥ ∆ρΖ ΒûΟùΞ↓♠ο ΦηΠσ[
ΦηΚρ ΒÚχ€[Õ−

Ρλ♥ûΟúΥ úΤÛλ •úΨ ùΚôÓχΚκΣγΟ ′Ω úΚρ↑Κρ ÁΘØρΖÕ:

1. Φη úΚôγ⁄τ ÁÕ ÁΘØρΖ ΦηΚûΖ Φτ∴ùΞτß
≅ûΨκΣν>

2. Ρôλ ≅Ξσû[ ΦπΞôß Ï°κ♦ÓúΞôλ> ≅Ξσû[

↑€ΘØß ΦηΚ↓ο ΒÚϕÕ ΦκΣ⁄ úΞßΣÓιƒ ΣôνκΣÕ>

ΒϕΘ ↑∴ôχΚÞχÏ ≅ÓιΘ ΣÏƒ♠ο ↑ûΟ €ûΟχÏλ−
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EXERCISE 1.1

1. Is zero a rational number? Can you write it in the form p
q , where p and q are integers and

q ¹ 0?

2. Find six rational numbers between 3 and 4.

3. Find five rational numbers between 3
5  and 4

5 .

4. State whether the following statements are true or false. Give reasons for your answers.

(i) Every natural number is a whole number.

(ii) Every integer is a whole number.

(iii) Every rational number is a whole number.

1.2 Irrational Numbers

We saw, in the previous section, that there may be numbers on the number line that are not
rationals. In this section, we are going to investigate these numbers. So far, all the numbers you
have come across, are of the form p

q , where p and q are integers and q ¹ 0. So, you may ask: are
there numbers which are not of this form? There are indeed such numbers.

The Pythagoreans in Greece, followers of the famous mathematician
and philosopher Pythagoras, were the first to discover the numbers
which were not rationals, around 400 BC. These numbers are called
irrational numbers (irrationals), because they cannot be written
in the form of a ratio of integers. There are many myths surrounding
the discovery of irrational numbers by the Pythagorean, Hippacus
of Croton. In all the myths, Hippacus has an unfortunate end, either
for discovering that 2  is irrational or for disclosing the secret
about 2  to people outside the secret Pythagorean sect!

 Let us formally define these numbers.
A number ‘s’ is called irrational, if it cannot be written in the form p

q , where p and q are
integers and q ¹ 0.

Pythagoras
(569 BCE – 479 BCE)

Fig. 1.3
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Σ♠σ′ 1.1

1. éϖ≥Υλ ΦτΣÕ ↑€ΘØß ΦηΠô> ΒûΘ p
q Φτ[ Ξ⁄Ξιƒο ∆τ∴ôο ΦÝΘ

Ø⁄ÙΤô> ΒδÏ p Τσßλ q ΦτΣ∴ ØÝχΚρ Τσßλ q ¹ 0.

2. 3 Τσßλ 4 χÏ ΒûΟúΥ ∆ρΖ ΗϕÕ ↑€ΘØß ΦηΚûΖ ΦÝÕΚ−

3. 3
5  Τσßλ 4

5  χÏ ΒûΟúΥ ∆ρΖ ΗϕÕ ↑€ΘØß ΦηΚûΖ ΦÝÕΚ−

4. •θΚηΟ áσßχΚρ Μ↔Υô ∋≅( ΘΞ[ô> ∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ áß.

(i) ΙπùΞôÚ ΒΥο ΦηÔλ ΙÚ ØÝ Φη−
(ii)  ΙπùΞôÚ ØÝχΚÞλ ΙÚ ØÝ Φη−
(iii) ΙπùΞôÚ ↑€ΘØß ΦηÔλ ΙÚ ØÝ Φη−

ØϕûΘΥ ΣÏƒ♠ο Ρôλ Φη úΚôγ⁄τ ÁÕ ∆ρΖ ΦηΚ↓ο ′Ω ↑ƒΘØß ΦηΚρ

≅οΩ Φ∴κ ΣôνιúΘôλ− ΒϕΘ ΣÏƒ♠ο Ρôλ ≅ϕΘ ΦηΚûΖ Σσ° ΑςôµúΞôλ−ΒÕ

Ξûς Ρôλ ΣôνιΘ ΦηΚρ ≅û∴ιÕλ p
q Ξ⁄Ξιƒο ΒÚϕΘ∴− ΒδÏ p Τσßλ q

ΦτΣ∴ ØÝχΚρ úΤÛλ q ¹ 0. ΒϕΘ Ξ⁄↑ο ΒοΩôΘ ΦηΚÞλ ∆ρΖ∴Ξô> Φ∴

¿δΚρ úΚγΚΩôλ− ≅ιΘûΚΥ ΦηΚÞλ ∆ρΖ∴−

BC 400 ΞÚΟδΚÞχÏ ØτúΣ ♦ΘôΚςυ Φτ[ €úςχΚ Κ∞Θ

úΤûΘ úΤÛλ ΘιÕΞ Νô± ØΘτ ØΘ←ο ↑€ΘØß ΦηΚρ
≅οΩôΘ ΦηΚûΖ ΚηÓ♦⁄ιΘôν− ΒϕΘ ΦηΚρ ↑€ΘØ[ô
ΦηΚρ Φ∴ ≅ûΨχΚκΣγΟ∴− Γù∴τ[ôο ΒϕΘ ΦηΚûΖ
ØÝχΚ↓ο ↑€Θ Ξ⁄↑ο ΦÝΘ Ø⁄ΥôÕ− ΒϕΘ ΚηÓ♦⁄κ×
Ï°ιÕ ΣΩ ΚγÓ ΚûΘΚρ ∆ρΖ∴− ∝κΣôΚυ ΦτΣΞν 2

ΦτΣÕ ↑€ΘØ[ô Φη Φ∴ ΚηÓ♦⁄ιΘÕ Ï°ιúΘô ≅οΩÕ
2  ΦτΣûΘ ςΚ′Υ ♦ΘôΚςυ ÏÝ↑σÏ ùΞ↓úΥ ΒÚϕΘ

Τσ[ Β∴ιΘΞÚχÏ ùΘ↔↑ιΘÕ Ï°ιúΘô ≅ΞÚûΟΥ ΞôθχûΚ
ÕςƒωΟΞΜΤô∴ Ø⁄↑σÏ ΞϕΘΘôΚ ΚûΘΚρ ∆ηÓ−

ΒϕΘ ΦηΚûΖ Σσ°Υ ΞûςΥûςûΥ Ρôλ ΒκúΣôÕ ΣôνκúΣôλ−

‘s’ Φτ[ ϑν ΦηûΠ p
q  Ξ⁄↑ο ΦÝΘ Ø⁄Υô↑γΟôο ≅ϕΘ Φη ↑€ΘØ[ô

Φη Φ∴κΣÓλ− ΒδÏ p Τσßλ q ΦτΣ∴ ØÝχΚρ úΤÛλ q ¹ 0.

1.2 ↑€ΘØ[ô ΦηΚρ :

♦ΘôΚςυ
(569 BCE – 479 BCE)

ΣΟλ.1.3
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You already know that there are infinitely many rationals. It turns out that there are infinitely
many irrational numbers too. Some examples are:

2, 3, 15,, p, 0.10110111011110...

Remark : Recall that when we use the symbol , we assume that it is the positive square
root of the number. So 4  = 2, though both 2 and –2 are square roots of 4.

Some of the irrational numbers listed above are familiar to you. For example, you have
already come across many of the square roots listed above and the number p.

The Pythagoreans proved that 2  is irrational. Later in approximately 425 BC, Theodorus
of Cyrene showed that 3, 5, 6, 7, 10, 11, 12, 13,  14, 15  and 17  are also irrationals.
Proofs of irrationality of 2 , 3 , 5 , etc., shall be discussed in Class X.  As to p, it was known
to various cultures for thousands of years, it was proved to be irrational by Lambert and Legendre
only in the late 1700s. In the next section, we will discuss why 0.10110111011110... and p are
irrational.

Let us return to the questions raised at the end of the previous
section. Remember the bag of rational numbers. If we now put all
irrational numbers into the bag, will there be any number left on
the number line? The answer is no! It turns out that the collection
of all rational numbers and irrational numbers together make up
what we call the collection of real numbers ,
which is denoted by R. Therefore, a real number is either rational or irrational. So, we can say
that every real number is represented by a unique point on the number line. Also, every
point on the number line represents a unique real number. This is why we call the number
line, the real number line.

In the 1870s two German mathematicians, Cantor and
Dedekind, showed that : Corresponding to every real
number, there is a point on the real number line, and
corresponding to every point on the number line, there
exists a unique real number.

R. Dedekind (1831-1916)
Fig. 1.4 G. Cantor (1845-1918)

Fig. 1.5
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ΦηΠσ[ ↑€ΘØß ΦηΚρ ∆ρΖ∴ ΦτΣÕ ΡΤχÏ ùΘ↔Ùλ−  ΒúΘ úΣôο
ΦηΠσ[ ↑€ΘØ[ô ΦηΚÞλ ∆ρΖ∴− ≅Ξσ°ο ′Ω ΦÓιÕχΚôγÓΚρ:

2, 3, 15,, p, 0.10110111011110...

Ï°κ×: , Φτ[ Ï°ÂγûΟ ΣΥτΣÓιÕλúΣôÕ  ≅Õ ΙÚ Φη∞τ ♥ûΚ ΞνχΚ
êΩλ Φ∴ Ε€ιÕ ùΚôρúΞôλ− Φ∴úΞ 4  = 2 Φτ[ôÛλ 2 Τσßλ `2 ΦτΣ∴ 3 τ
ΞνχΚ êΩδΚρ ΑÏλ−

 úΤσΚηΟ ↑€ΘØ[ô ΦηΚρ ′Ω ¿ ≅°ϕΘûΞúΥ− ΦÓιÕχΚôγΟôΚ p Φτ[ ΦηÔλ
úΤσΚηΟ ΞνχΚ êΩδΚÞλ ¿ ΓσΚ∴úΞ ≅°ϕΘûΞúΥ−

♦ΘôΚςυ 2  Φ∴ΣÕ ↑ƒØ[ô Φη Φ∴ ♣ì♦ιΘôν− ♦[Ï ÑΤôν 425 BC ΞÚΟιƒο
ûΜúςú∴ ↑τ ƒúΥôúΟôςυ ΦτΣΞν 3, 5, 6, 7, 10, 11, 12, 13,  14, 15  Τσßλ

17  ΦτΣ∴ ↑€ΘØ[ô ΦηΚρ Φ∴χ Κôγ⁄∴ôν− 2 , 3 , 5  ΦτΣ∴ ↑€ΘØ[ô ΦηΚρ
Φτ[ ♣ìΣΠιûΘ ¿δΚρ 0/λ ΞÏκ♦ο Σ⁄κÀνΚρ− ΣΩ ΚΩôεΜôςδΚ↓ο p ΦτΣÕ
↑€ΘØ[ô Φη Φτß ≅°ϕƒÚϕΘ úΣôƒÛλ 06// ΞÚΟ ΚûΟ′♠ο ΩôλΣνγ Τσßλ
ùΩ⊥ηγúς ΦτΣΞνΚρ p ΦτΣÕ ↑€ΘØ[ô Φη Φ∴ ♣ì♦ιΘ∴ν− ≅ÓιΘ ΣÏƒ♠ο
0.10110111011110... Τσßλ p ΦτΣ∴ Γτ ↑€ΘØ[ô ΦηΚρ Φ∴ ↑ΞôƒκúΣôλ−

ΒΘσÏ ØϕûΘΥ ΣÏƒ♠ο Ρôλ úΚγΟ úΚρ↑χÏ ΞÚúΞôλ−
↑€ΘØß ΦηΚρ ∆ρΖ ûΣûΥ ♣û∴Ü áνΚ− ΒκúΣôÕ
Ρôλ ≅û∴ιÕ ↑€ΘØ[ô ΦηΚûΖÙλ ûΣ♠ο úΣôÓúΞôλ−
Βτàλ Φη úΚôγ⁄ο ΓΘôΞÕ ΦηΚρ ↑ÓΣγÓ ∆ρΖ∴Ξô>
↑ûΟ ΒοûΩ ΦτΣΘôÏλ− ↑€ΘØß ΦηΚρ Τσßλ ↑€ΘØ[ô
ΦηΚ↓τ úΜΚ↔κ× ùΤµ ΦηΚ↓τ úΜΚ↔κΣôΚ ∆ρΖÕ− ΒûΘ
R Φ∴χ Ï°κúΣôλ− Φ∴úΞ ΙÚ ùΤµ Φη ΦτΣÕ ΙÚ ↑€ΘØß
ΦηΠôΚúΞô ∋≅( ↑€ΘØ[ô ΦηΠôΚúΞô ΒÚχÏλ− Φ∴úΞ
ΙπùΞôÚ  ùΤµ  ΦηÔλ Φη úΚôγ⁄τ  ÁÕ  ΙÚ  Θ±ιÕΞΤô∴  ×ρ↓♠τ ÁÕ
Ï°χΚκΣγ⁄ÚχÏλ−  ≅úΘ  úΣôο  Φη  úΚôγ⁄τ  ÁÕρΖ  ΙπùΞôÚ  ×ρ↓Ùλ  ΙÚ
Θ±ιÕΞΤô∴ ùΤµ ΦηûΠ Ï°χÏλ− Φ∴úΞ Ρôλ Φη úΚôγûΟ ùΤµ Φη úΚôÓ

Φτ€ú[ôλ−

1870 ο ùΟúΟûΚηÓ Τσßλ úΚηΟν Φτ[ ΒÚ
ù⊥νΤô±Υ Κ∞Θ úΤûΘΚρ •θΚηΟ ∆ηûΤûΥ
ΚηΟ°ϕΘ∴ν: »» ΙπùΞôÚ ùΤµ ΦηÔχÏλ ùΤµ
Φη úΚôγ⁄τ ÁÕ ΙÚ ×ρ↓ ∆ρΖÕ− ΒúΘ úΣôο
Φη úΚôγ⁄τ ÁÕρΖ ΙπùΞôÚ ×ρ↓χÏλ
Θ±ιÕΞΤô∴ ΙÚ ùΤµ Φη ∆ρΖÕ−µµ

R.úΟúΟûΚηÓ (1831-1916)

ΣΟλ 1.4
G.úΚηΟν (1845-1918)

ΣΟλ 1.5
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Let us see how we can locate some of the irrational numbers on the number line.

Example 3 : Locate 2  on the number line.

Solution : It is easy to see how the Greeks might have discovered 2 . Consider
a square OABC, with each side 1 unit in length (see Fig. 1.6). Then you can see by
the Pythagoras theorem that OB = 2 21 1 2+ = . How do we represent 2  on
the number line? This is easy. Transfer Fig. 1.6 onto the number line making sure
that the vertex O coincides with zero (see Fig. 1.7).

Fig. 1.7

We have just seen that OB = 2 . Using a compass with centre O and radius OB, draw an arc
intersecting the number line at the point P. Then P corresponds to 2  on the number line.

Example 4 : Locate 3  on the number line.

Solution : Let us return to Fig. 1.7.

Fig. 1.8

Construct BD of unit length perpendicular to OB (as in Fig. 1.8). Then using the Pythagoras

theorem, we see that OD = ( )2 22 1 3+ =  Using a compass, with centre O and radius OD,

draw an arc which intersects the number line at the point Q. Then Q corresponds to 3 .

Fig. 1.6
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     ΒκúΣôÕ Φη úΚôγ⁄τ ÁÕ ↑€ΘØ[ô ΦηΚûΖ ΦπΞôß Ï°κΣÕ Φ∴χ ΚôηúΣôλ−

ΦÓιÕχΚôγÓ 3 : 2  Η Φη úΚôγ⁄τ ÁÕ Ï°ιÕχ ΚôγÓ−

¾νÜ :  €úςχΚνΚρ 2 Η ΦκΣ⁄ ΚηÓ♦⁄ιΘôνΚρ ΦτΣûΘ ΚôηΣÕ
♥ΚÜλ ÑΩΣΤôÏλ− ΙπùΞôÚ ΣχΚØλ 0 ≅ΩÏ ¿ΖØρΖ OABC Φτ[
ΙÚ ΜÕςιûΘ ΦÓιÕ ùΚôρ− (ΣΟλ 1.6 ). ♦ΘôΚςυ úΘσ[ιƒτΣ⁄
OB = 2 21 1 2+ =  Φη úΚôγ⁄τ ÁÕ 2 Η ΦκΣ⁄ Ï°κΣÕ> ΒÕ ♥ΚÜλ
Φ↓Θô∴Õ− ΣΟλ1.6 ο ∆ρΖ ∆ε′ »0µ  Φη úΚôγ⁄ο ∆ρΖ O ο ΙτßΟτ
Ιτß ùΣôÚϕÕλ Σ⁄ (ΣΟλ 1.7) ο ∆ρΖΞôß ≅ûΤ.

OB = 2  Φ∴ ΡΤχÏ ùΘ↔Ùλ− ΙÚ ΚΞςôΥιûΘ ΣΥτΣÓιƒ O ûΞ ûΤΥΤôΚ ûΞιÕ
OB Η ΑςΤôΚχ ùΚôηΟ ΙÚ ↑ο Φη úΚôγ⁄ο P ο ùΞγÓλΣ⁄ ΞûςΚ− ΒκúΣôÕ

P Φτ[ ×ρ↓ Φη úΚôγ⁄τ ÁÕ 2  Η Ï°χ€[Õ−

ΣΟλ 1.8

OB χÏ ùΜδÏιΘôΚ 0 ≅ΩÏ BD Φτ[ úΚôγûΟ ∋ΣΟλ 1.8ο ∆ρΖΞôß( ΞûςΚ− ΒκúΣôÕ
♦ΘôΚςυ úΘσ[ιƒτ Σ⁄ OD = ( )2 22 1 3+ =  ΙÚ ΚΞςôΥιûΘ ΣΥτΣÓιƒ O Η ûΤΥΤôΚ
ûΞιÕ  OD Η ΑςΤôΚ ùΚôηΟ ΙÚ ↑ο Φη úΚôγ⁄ο Q ο ùΞγÓλ Σ⁄ ΞûςΚ−
ΒκúΣôÕ Q Φτ[ ×ρ↓ Φη úΚôγ⁄τ ÁÕ 3 Η Ï°χ€[Õ−

ΣΟλ 1.7

ΦÓιÕχΚôγÓ 4 : 3  Η Φη úΚôγ⁄τ ÁÕ Ï°ιÕχ ΚôγÓ−

¾νÜ : ΣΟλ 1.7 Η ΙÚ Øû[ ♣û∴Ü áνΚ−

ΣΟλ. 1.6
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In the same way, you can locate n  for any positive integer n, after 1n -  has been located.

EXERCISE 1.2

1. State whether the following statements are true or false. Justify your answers.

(i) Every irrational number is a real number.

(ii)Every point on the number line is of the form m , where m is a natural number..

(iii) Every real number is an irrational number.

2. Are the square roots of all positive integers irrational? If not, give an example of the
square root of a number that is a rational number.

3. Show how 5  can be represented on the number line.

4. Classroom activity (Constructing the ‘square root
spiral’) : Take a large sheet of paper and construct the ‘square
root spiral’ in the following fashion. Start with a point O and
draw a line segment OP1 of unit length. Draw a line segment
P1P2 perpendicular to OP1 of unit length (see Fig. 1.9). Now
draw a line segment P2P3 perpendicular to OP2. Then draw a
line segment P3P4 perpendicular to OP3. Continuing in this
manner, you can get the line segment Pn–1Pn by
drawing a line segment of unit length perpendicular to OPn–1. In this manner, you will
have created the points P2, P3,...., Pn,... ., and joined them to create a beautiful spiral
depicting 2, 3, 4, ...

1.3 Real Numbers and their Decimal Expansions

In this section, we are going to study rational and irrational numbers from a different point of
view. We will look at the decimal expansions of real numbers and see if we can use the expansions
to distinguish between rationals and irrationals. We will also explain how to visualise the
representation of real numbers on the number line using their decimal expansions. Since rationals
are more familiar to us, let us start with them. Let us take three examples : 10 7 1, ,

3 8 7 .

Pay special attention to the remainders and see if you can find any pattern.

Fig. 1.9 : Constructing
square root spiral
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ΒúΘ Øû[♠ο n  Φτ[ ΦϕΘ ΙÚ ↑€ΘØ[ô ΦηûΠÙλ Φη úΚôγ⁄τ ÁÕ
Ï°χΚΩôλ− 1n - Η ΦηúΚôγ⁄τ ÁÕ Ï°ιΘ ♦τ∴ν n  Η Ï°χΚΩôλ−

Σ♠σ′ 1.2

1. •θχΚηΟ áσßΚρ Μ↔Υô> ΘΞ[ô> Φ∴χáßΚ− ∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ áß−
(i) ΙπùΞôÚ ↑€ΘØ[ô ΦηÔλ ΙÚ ùΤµ Φη−

(ii) Φη úΚôγ⁄τ ÁÕρΖ ΙπùΞôÚ ×ρ↓Ùλ m , Φτ[ Ξ⁄↑ο ∆ρΖÕ−
ΒδÏ m ϑν ΒΥο Φη−

(iii) ΙπùΞôÚ ùΤµ ΦηÔλ ΙÚ ↑€ΘØ[ô Φη.

2. ♥ûΚ ΦηΚ↓τ ΞνχΚ êΩλ ΙπùΞôτßλ ↑€ΘØ[ô ΦηΠô> ΒοûΩ
Φ±ο ↑€ΘØß ΦηΠôΚ ∆ρΖ ΞνχΚêΩ Φη Ιτû[ áß−

3. Φη úΚôγ⁄τ ÁÕ 5  Η Ï°ιÕ ΚôγÓ−

 1.3 ùΤµ ΦηΚÞλ ≅Ξσ°τ ΘΜΤ ♦τ∴ Ξ⁄ΞØλ

ΒϕΘ ΣÏƒ♠ο ↑€ΘØß ΦηΚρ Τσßλ ↑€ΘØ[ô ΦηΚûΖ úΞù[ôÚ úΚôΠιƒο
Σ⁄χΚ úΣô€ú[ôλ− ùΤµ ΦηΚ↓τ ΘΜΤ ♦τ∴ Ξ⁄Ξλ Σσ°Ùλ ≅ϕΘ ΘΜΤ ♦τ∴λ
↑€ΘØß Τσßλ ↑€ΘØ[ô ΦηΚûΖ úΞßΣÓιƒ ΣôνκúΣôλ− ùΤµ ΦηΚ↓τ ΘΜΤ
♦τ∴ιûι ΣΥτΣÓιƒ Φη úΚôγ⁄τ ÁÕ ùΤµ ΦηΚûΖ ΦπΞôß Ï°κΣÕ Φτß
↑ΖχÏúΞôλ− ↑€ΘØß ΦηΚρ ΡΤχÏ ΡτÏ ùΘ↔Ùλ Φ∴úΞ ≅Ξσ°ο ΒÚϕÕ

ùΘôΟδÏúΞôλ− ΒκúΣôÕ êτß ΦÓιÕχΚôγÓΚûΖ ΣôνκúΣôλ−
10 7 1, ,
3 8 7 . ΞÏχÏλ úΣôÕ

∆ηΟôÏλ ÁƒΚûΖ áνϕÕ ΚΞ±− ≅Ξσ°ο ΒÚϕÕ ΓΘôΞÕ ≅ûΤκûΣ ∆ÚΞôχΚ

Ø⁄ÙΤô> Φ∴κΣôν−

4. ΞÏκΣû[ ùΜΥοΣôÓ: (»»ΞνχΚ êΩ ÑÚûΖ ΞûςΘοµµ):
ùΣ↔Υ ≅Ζ↑Ωô∴ ùΞρûΖ ΘôûΖ ΦÓιÕ ùΚôηÓ

≅ƒο ΞνχΚ êΩ ÑÚûΖ ♦τΞÚΤôß ΞûςΚ− O ×ρ↓ο ΒÚϕÕ
Αςλ♦ιÕ 0 ≅ΩÏ ¿ΖØρΖ úΚôγÓ ÕηÓ OP1 Η ΞûςΚ−
OP1χÏ ùΜδÏιΘôΚ 0 ≅ΩÏ ¿ΖØρΖ úΚôγÓ ÕηÓ P1, P2 Η
ΞûςΚ(ΣΟλ 1.9)− ΒκúΣôÕ OP2χÏ ùΜδÏιΘôΚ 0 ≅ΩÏ ¿ΖØρΖ
úΚôγÓ ÕηÓ P2P3Η ΞûςΚ− ♦[Ï OP3 χÏ ùΜδÏιΘôΚ 0 ≅ΩÏ
¿ΖØρΖ úΚôγÓ ÕηÓ P3, P4 Η ΞûςΚ− ΒπΞôú[ ùΘôΟνϕΘôο
OPn–1χÏ ùΜδÏιΘôΚ 0 ≅ΩÏ ¿ΖØρΖ Pn–1Pn úΚôγÓ ÕηÓ
€ûΟχÏλ− ΒϕΘ Øû[♠ο Ρôλ P2,P3.... Pn...., ×ρ↓ΚûΖ ∆ÚΞôχ€
≅Ξσû[ ΒûΠιΘôο ≅ΨΚô∴ ÑÚρ Ξ⁄↑ο 2, 3, 4, .... Η
ΚôγΟΩôλ.

ΣΟλ 1.9 : ΞνχΚ êΩ
ÑÚûΖ ΞûςΘο
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Example 5 : Find the decimal expansions of 10
3 , 7

8  and 1
7 .

Solution :
    3.333...     0.875       0.142857...
3 10 8 7.0 7 1.0
     9     64         7
     10       60         30
      9       56         28
     10         40           20
       9         40           14
       10          0             60
         9             56
         1              40

             35
               50
               49

       1

Remainders : 1, 1, 1, 1, 1...Remainders : 6, 4, 0 Remainders : 3, 2, 6, 4, 5, 1,
Divisor : 3 Divisor : 8 3, 2, 6, 4, 5, 1,...

Divisor : 7

What have you noticed? You should have noticed at least three things:
(i) The remainders either become 0 after a certain stage, or start repeating themselves.
(ii) The number of entries in the repeating string of remainders is less than the divisor (in 10

3
one number repeats itself and the divisor is 3, in 1

7
 there are six entries 326451 in the

repeating string of remainders and 7 is the divisor).
(iii) If the remainders repeat, then we get a repeating block of digits in the quotient

(for 10
3 , 3 repeats in the quotient and for 1

7
, we get the repeating block 142857 in the

quotient).
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ΦÓιÕχΚôγÓ 5 :  
10
3 , 

7
8  úΤÛλ 

1
7 τ ΘΜΤ Φη Ξ⁄↑ο ΦÝÕΚ−

¾νÜ :

      3.333...     0.875       0.142857...
3 10 8 7.0 7 1.0
     9     64         7
     10       60         30
      9       56         28
     10         40           20
       9         40           14
       10          0             60
         9             56
         1              40

             35
               50
               49

       1

¿ ≅°ϕΘÕ Φτ∴> ΡΤχÏ Ïû[ϕΘΣγΜλ êτß ↑ΜΥδΚρ ×ΩκΣÓ€τ[∴−

(i) ΙÚ Ï°κ♦γΟ Σ⁄ΚÞχÏ ♦τ∴ν Áƒ »0µ ΑΚ ΞÚ€[Õ ∋≅οΩÕ( ùΘôΟνϕÕ ùΜο€[Õ−

(ii) ùΘôΟνϕÕ ùΜοÛλ ΞÏιΘ←ο ÑΨο ΦηΚ↓τ Φη∞χûΚ ΞÏχÏλ ΦηûΠ

↑Ο Ïû[ΞôΚ ΒÚχÏλ− ( 
10
3  ο 0 Φτ[  ΙÚ Φη ΤγÓλ ÑΨο€[Õ− Βƒο ΞÏχÏλ

Φη 2− 
1
7

 ο 326451 Φτ[ 5 ΦηΚρ ÑΨο€[Õ Βƒο ΞÏχÏλ Φη 6 ).

(iii) Áƒ ÁηÓλ ÁηÓλ ΞϕΘôο ≅ΘσúΚσΣ Χ↑ο ΦηΚρ ùΘôΟνϕÕ ΞϕÕ ùΚôηúΟ

ΒÚχÏλ−  (
10
3  ο ΧÜ 2 ÁηÓλ ÁηÓλ ΞÚ€[Õ− Α∴ôο 

1
7
ο ΧÜ 1,4,2,8,5,7...

Φτß ΞÚ€[Õ)

Áƒ : 1, 1, 1, 1, 1... Áƒ: 6, 4, 0 Áƒ : 3, 2, 6, 4, 5, 1,

ΞÏχÏλ Φη : 3 ΞÏχÏλ Φη : 8 3, 2, 6, 4, 5, 1,...

ΞÏχÏλ Φη: 7
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Although we have noticed this pattern using only the examples above, it is true for all rationals
of the form p

q  (q ¹ 0). On division of p by q, two main things happen – either the remainder
becomes zero or never becomes zero and we get a repeating string of remainders. Let us look
at each case separately.

Case (i) : The remainder becomes zero

In the example of 7
8

, we found that the remainder becomes zero after some steps and the decimal

expansion of 7
8

 = 0.875. Other examples are 1
2

 = 0.5, 639
250

 = 2.556. In all these cases, the

decimal expansion terminates or ends after a finite number of steps. We call the decimal
expansion of such numbers terminating.
Case (ii) : The remainder never becomes zero

In the examples of 10
3  and 1

7
, we notice that the remainders repeat after a certain stage forcing

the decimal expansion to go on for ever. In other words, we have a repeating block of digits in

the quotient. We say that this expansion is non-terminating recurring. For example, 10
3  = 3.3333...

and 1
7

 = 0.142857142857142857...

The usual way of showing that 3 repeats in the quotient of 10
3  is to write it as 3.3 . Similarly,,

since the block of digits 142857 repeats in the quotient of 1
7

, we write 1
7

 as 0.142857 , where

the bar above the digits indicates the block of digits that repeats. Also 3.57272... can be written
as 3.572 . So, all these examples give us non-terminating recurring (repeating) decimal
expansions.
Thus, we see that the decimal expansion of rational numbers have only two choices: either they
are terminating or non-terminating recurring.
Now suppose, on the other hand, on your walk on the number line, you come across a number
like 3.142678 whose decimal expansion is terminating or a number like 1.272727... that is,
1.27 , whose decimal expansion is non-terminating recurring, can you conclude that it is a rational
number? The answer is yes!
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ΙÚ ′Ω ↑€ΘØß ΦηΚÞχÏ ΒϕΘ ≅ûΤκ× ΒÚκΣûΘ ∆ΘôςΠΤôΚ ΣôνιúΘôλ−

Α∴ôο p
q  (q ¹ 0) Φτ[ Ξ⁄↑ο ∆ρΖ ΦοΩô ↑€ΘØß ΦηΚÞχÏλ ΒϕΘ ≅ûΤκ×

ùΣôÚϕÕλ− p Η q ο ΞÏχÏλ úΣôÕ ΒςηÓ Øχ€Υ ♣ΚθÜΚρ ΡûΟùΣß€[Õ− ≅ûΞ

Ιτß Áƒ 0 ΞÚ€[Õ ≅οΩÕ ΦκúΣôÕλ Áƒ 0 ΞÚΞÕ ΒοûΩ úΤÛλ Áƒ ùΘôΟνϕÕ

ΞÚ€[Õ− ΒϕΘ ΙπùΞôÚ ♣ΚθûΞÙλ Θ±ιΘ±ΥôΚ ΑςôµúΞôλ−

♣ΚθÜ (i) : Áƒ 0 ΞÚΞÕ

ΦÓιÕχΚôγÓ 
7
8

 ο ′Ω Σ⁄ΚÞχÏ ♦[Ï Áƒ 0 ΞÚ€[Õ− úΤÛλ 
7
8
 τ ΘΜΤ Φη

Ξ⁄Ξλ 0.875 ≅ÓιΘ ΦÓιÕχΚôγÓΚρ
1
2

 = 0.5, 
639
250

 = 2.556. ΒϕΘ ΦοΩô ♣ΚθÜΚ↓Ûλ

ΘΜΤ ΦηΚρ ′Ω Σ⁄ΚÞχÏ ♦[Ï Ø⁄ÜχÏ ΞÚ€[Õ− ΒιΘûΚΥ ΦηΚ↓τ ΘΜΤ
♦τ∴ιûΘ Ø⁄Üß ΘΜΤ ♦τ∴λ Φτ€ú[ôλ−

♣ΚθÜ (ii) : Áƒ ΦκúΣôÕλ / ΞςôÕ

10
3  Τσßλ 

1
7

 úΣôτ[ ΦÓιÕΚôγÓΚ↓ο Áƒ ΦτΣÕ ƒÚλΣ ƒÚλΣ ΞϕÕ ΘΜΤ ΦηûΠ

ùΘôΟς ùΜµ€[Õ− ≅ΘôΞÕ Χ↑ο ùΘôΟνϕÕ ΦηΚρ ΞϕÕ ùΚôηúΟ ΒÚχ€τ[∴−
ΒϕΘ ↑↔ΞôχΚιûΘ Ρôλ Ø⁄Ü[ô ÑΨο ΘΜΤ Φη Φτ€ú[ôλ−

ΦÓιÕχΚôγΟôΚ 
10
3  = 3.3333... úΤÛλ  

1
7

 = 0.142857142857142857...

 
10
3  ο 3 Φτ[ Φη Χ↑ο ùΘôΟνϕÕ ΞÚΞΘôο Ρôλ ΒûΘ3.3  Φ∴ Ï°χ€ú[ôλ− ΒúΘ

úΣôο  
1
7
 ο ΧÜ ΣÏƒ♠ο 142857 Φτ[ ùΘôÏκ× ùΘôΟνϕÕ ΞÚΞΘôο ≅ûΘ 0.142857 Φ∴

ΦÝÕ€ú[ôλ− ΦηΚ↓τ úΤúΩ ∆ρΖ úΚôÓ ≅ϕΘ ΦηΚρ ÁηÓλ ÁηÓλ ùΘôΟνϕÕ
ΞÚΞûΘ Ï°χ€[Õ− 3.57272... ΦτΣûΘ 3.572  Φ∴χ Ï°χΚΩôλ− úΤσΚηΟûΞ Ø⁄Ü[ô
ΘΜΤ ♦τ∴ιƒσÏ ΦÓιÕχΚôγÓΚρ ΑÏλ−

Φ∴úΞ ↑€ΘØß ΦηΚ↓τ ΘΜΤ Φη Ξ⁄Ξλ ΦτΣÕ Ø⁄Üß ΘΜΤ Φη
≅οΩÕ Ø⁄Ü[ô ÑΨο ΘΜΤ Φη Φτ[ ΒςηÓ ♣ûΩ♠ο ∆ρΖ∴−

Ρôλ ΒκúΣôÕ  Φη úΚôγ⁄τ ÁÕ ΡΟχÏλ úΣôÕ 3.142678 Φτ[ ΦηûΠ
ΚΟϕÕ ΞϕΘôο ΒΘτ ΘΜΤ Φη Ø⁄ÜßΞΘôο ΒûΘ ↑€ΘØß Φη Φ∴χ ùΚôρΖΩôλ−
1.272727...  ΒÕ 1.27  Φτ[ ΦηûΠ ΚΟϕÕ ΞϕΘôο ΒΘτ ΘΜΤ Φη Ø⁄Ü[ôΤο
ÁηÓλ ÁηÓλ ΞÚΞΘôΚ ΒÚκΣΘôο ΒûΘÙλ ↑€ΘØß Φη Φ∴ε ùΜôοΩΩôΤô>

Φ±ο ↑ûΟ á[Ωôλ−
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We will not prove it but illustrate this fact with a few examples. The terminating cases are easy.

Example 6 : Show that 3.142678 is a rational number. In other words, express 3.142678 in the

form p
q , where p and q are integers and q ¹ 0.

Solution : We have 3.142678 = 3142678
1000000

, and hence is a rational number..

Now, let us consider the case when the decimal expansion is non-terminating recurring.

Example 7 : Show that 0.3333... = 0 3.  can be expressed in the form p
q , where p and q are

integers and q ¹ 0.

Solution : Since we do not know what 0 3.  is , let us call it ‘x’ and so
x = 0.3333...

Now here is where the trick comes in. Look at
10 x = 10 × (0.333...) = 3.333...

Now, 3.3333... = 3 + x, since x = 0.3333...
Therefore, 10 x = 3 + x
Solving for x, we get

9x = 3, i.e., x = 1
3

Example 8 : Show that 1.272727... = 1 27.  can be expressed in the form p
q , where p and q are

integers and q ¹ 0.
Solution : Let x = 1.272727... Since two digits are repeating, we multiply x by 100 to get

100 x = 127.2727...
So, 100 x = 126 + 1.272727... = 126 + x
Therefore, 100 x – x = 126, i.e., 99 x = 126

i.e., x = 126 14
99 11

=
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ΒûΘ Ρôλ ♣ì♦χΚ Ø⁄ΥôÕ− Α∴ôο ′Ω ∆ΘôςΠδΚρ êΩλ ΒûΘ ↑Ξ↔χΚΩôλ−

Ø⁄Üß ΘΜΤδΚ↓ο ΒÕ ÑΩΣλ−

ΦÓιÕχΚôγÓ 6 :  3.142678 ϑν ↑€ΘØß Φη Φ∴χΚôγÓ− úΞß ↑ΘΤôΚ ùΜôοΞΘô∴ôο

3.142678 Η 
p
q  Ξ⁄↑ο ΦÝÕΚ− ΒδÏ p Τσßλ q ØÝχΚρ− úΤÛλ q ¹ 0.

¾νÜ : 3.142678 = 
3142678
1000000

, ΑÏλ− ΒÕ ΙÚ ↑€ΘØß Φη−

Ρôλ ΒκúΣôÕ Ø⁄Ü[ô ÑΨο ΘΜΤ ♦τ∴ιûΘ ΣôνκúΣôλ−

ΦÓιÕχΚôγÓ 7 : 0.3333... = 0 3.  Η p
q , Ξ⁄↑ο ΦÝÕΚ− ΒδÏ p Τσßλ q ØÝχΚρ

úΤÛλ q ¹ 0.

¾νÜ : ΡΤχÏ 0 3.  τ Τƒκ× ùΘ↔ΥôÕ− Φ∴úΞ ΒûΘ ‘x’ Φ∴χ ùΚôρúΞôλ−

x = 0 3.  = 0.3333... ΒδÏ ΙÚ ΒΩχΚλ ÑΨο€[Õ−

Φ∴úΞ x Η 0/ Αο ùΣÚχΚ 10 x = 10 × (0.333...) = 3.333...

ΒκúΣôÕ, 3.3333... = 3 + x,  x = 0.3333... Φ∴úΞ

10 x = 3 + x

x τ ΤƒκûΣ ΚôΠ 9x = 3 Φ∴úΞ, x = 
1
3

ΦÓιÕχΚôγÓ 8 : 1.272727... = 1 27.  Η 
p
q  Ξ⁄↑ο ΦÝÕΚ− ΒδÏ p Τσßλ q ØÝχΚρ

úΤÛλ q ¹ 0.

¾νÜ :  x = 1.272727... ΒδÏ ΒςηÓ ΒΩχΚδΚρ ÑΨο€[Õ− Φ∴úΞ x Η 0//ο

ùΣÚχ€∴ôο 100 x = 127.2727...

Φ∴úΞ, 100 x = 126 + 1.272727... = 126 + x

     100 x – x = 126, ≅ΘôΞÕ, 99 x = 126

x = 
126 14
99 11

=
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You can check the reverse that 14
11

 = 1 27. .

Example 9 : Show that 0.2353535... = 0 235.  can be expressed in the form p
q , where p and q

are integers and q ¹ 0.

Solution : Let x = 0 235. . Over here, note that 2 does not repeat, but the block 35 repeats. Since

two digits are repeating, we multiply x by 100 to get

100 x = 23.53535...

So, 100 x = 23.3 + 0.23535... = 23.3 + x

Therefore, 99 x = 23.3

i.e., 99 x = 233
10

, which gives x = 233
990

You can also check the reverse that 233
990

 = 0 235. .

So, every number with a non-terminating recurring decimal expansion can be expressed in the

form p
q  (q ¹ 0), where p and q are integers. Let us summarise our results in the following form

The decimal expansion of a rational number is either terminating or non-terminating

recurring. Moreover, a number whose decimal expansion is terminating or non-terminating

recurring is rational.

So, now we know what the decimal expansion of a rational number can be. What about the

decimal expansion of irrational numbers? Because of the property above, we can conclude that

their decimal expansions are non-terminating non-recurring.

So, the property for irrational numbers, similar to the property stated above for rational numbers,

is

The decimal expansion of an irrational number is non-terminating non-recurring. Moreover,
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ΒπΞôú[ Ρôλ 
14
11

 = 1 27.  ΦτΣûΘ Μ↔ΣôνκúΣôλ−

ΦÓιÕχΚôγÓ 9 : 0.2353535... = 0 235.  Η 
p
q  Ξ⁄↑ο ΦÝÕΚ− ΒδÏ p Τσßλ q ØÝχΚρ

úΤÛλ q ¹ 0.

¾νÜ : x = 0 235.  ΒδÏ 1 ÑΨΩ↑οûΩ− 24 ΤγÓλ ÑΨο€[Õ− ΒκúΣôÕ ΒςηÓ ΒΩχΚδΚρ

ΤγÓλ ÑΨοΞΘôο x Η 0//Αο ùΣÚχΚ úΞηÓλ.

100 x = 23.53535...

Φ∴úΞ 100 x = 23.3 + 0.23535... = 23.3 + x

99 x = 23.3

99 x =
233
10

,  x = 
233
990

ΒπΞôú[ Ρôλ  
233
990

 = 0 235.  Φ∴ Μ↔ΣôνχΚΩôλ−

Φ∴úΞ ΙπùΞôÚ Ø⁄Ü[ô ãΨο ΘΜΤ ΦηΚûΖÙλ p
q  Ξ⁄↑ο ΦÝΘ Ø⁄Ùλ− ΒδÏ p

Τσßλ q ØÝχΚρ úΤÛλ q ¹ 0. ΒϕΘ Ø⁄ûΞ Ρôλ ♦τΞÚλ Øû[♠ο ↑Ξ↔χΚΩôλ−

↑€ΘØß Φη∞τ ΘΜΤ Φη Ξ⁄Ξλ ΦτΣÕ Ø⁄Üß ΘΜΤ Φη ∋≅οΩÕ( Ø⁄Ü[ô
ÑΨο ΘΜΤ ΦηΠôΚ ∆ρΖÕ− ΙÚ Ø⁄Üß ΘΜΤ ♦τ∴λ ≅οΩÕ Ø⁄Ü[ô ÑΨο ΘΜΤ

Φη ΦτΣÕ ΙÚ ↑€ΘØß Φη ΑÏλ−

ΒκúΣôÕ ΡΤχÏ ΙÚ ↑€ΘØß Φη∞τ ΘΜΤ Φη ΦπΞôß ΒÚχÏλ ΦτΣÕ ùΘ↔Ùλ−
↑€ΘØ[ô Φη∞τ ΘΜΤ Φη ΦκΣ⁄ ΒÚχÏλ> úΤσΚηΟ ΣηûΣ ûΞιÕ Ρôλ ΙÚ
Ø⁄ÜχÏ ΞςΩôλ− ≅ΘôΞÕ ↑€ΘØ[ô ΦηΚ↓τ ΘΜΤ Φη Ø⁄Ü[ôΘûΞΥôΚÜλ
úΤÛλ ƒÚλΣ ΞςôΘûΞΥôΚÜλ ΒÚχÏλ−

Φ∴úΞ ↑€ΘØ[ô ΦηΚ↓τ ΣηûΣ ↑€ΘØß ΦηΚ↓τ úΤσΚηΟ ΣηûΣ ΙιÕ
áßΞΘ∴ôο ≅Õ ↑€ΘØ[ô Φη∞τ ΘΜΤ Φη− Ø⁄Ü[ôΘûΞ úΤÛλ ÁηÓλ
ƒÚλΣ ΞςôΘûΞ− ΙÚ Φη∞τ ΘΜΤ Φη Ø⁄Ξ[ôΘûΞ úΤÛλ ÁηÓλ ƒÚλΣ
ΞςôΘûΞ∋ÑΨο ΘτûΤ( Φ±ο ≅ϕΘ Φη ↑€ΘØ[ô Φη Φ∴κΣÓλ−
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a number whose decimal expansion is non-terminating non-recurring is irrational.

Recall s = 0.10110111011110... from the previous section. Notice that it is non-terminating
and non-recurring. Therefore, from the property above, it is irrational. Moreover, notice that
you can generate infinitely many irrationals similar to s.

What about the famous irrationals 2  and p? Here are their decimal expansions up to a certain
stage.

2  = 1.4142135623730950488016887242096...

   p = 3.14159265358979323846264338327950...

(Note that, we often take 22
7

 as an approximate value for p, but p ¹ 22
7

.)

Over the years, mathematicians have developed various techniques to produce more and more
digits in the decimal expansions of irrational numbers. For example, you might have learnt to
find digits in the decimal expansion of 2  by the division method. Interestingly, in the Sulbasutras
(rules of chord), a mathematical treatise of the Vedic period (800 BC - 500 BC), you find an
approximation of 2  as follows:

2  = 1 1 1 1 1 11 1 4142156
3 4 3 34 4 3

.æ ö æ ö+ + ´ - ´ ´ =ç ÷ ç ÷
è ø è ø

Notice that it is the same as the one given above for the first five decimal places. The history of
the hunt for digits in the decimal expansion of p is very interesting.

The Greek genius Archimedes was the first to compute digits in
the decimal expansion of p. He showed 3.140845 < p <
3.142857. Aryabhatta (476 – 550 C.E.), the great Indian
mathematician and astronomer, found the value of p correct to
four decimal places (3.1416). Using high speed computers and
advanced algorithms, p has been computed to over 1.24 trillion
decimal places!

Now, let us see how to obtain irrational numbers.
Example 10 : Find an irrational number between 1

7
 and 2

7
.

Solution : We saw that 1
7

 = 0142857. . So, you can easily calculate 2 0 285714
7

.= .
To find an irrational number between 1

7
 and 2

7
, we find a number which is

Archimedes (287 BCE – 212 BCE)
Fig. 1.10
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ΒΘσÏ Øτ ΣÏƒ♠ο Σ⁄ιΘƒο ΒÚϕÕ s = 0.10110111011110... ΦτΣûΘ ♣û∴Ü áνΚ−

ΒÕ Ø⁄Ü[ôΘûΞ úΤÛλ ÑΨο ΘτûΤ ≅σ[ûΞ− úΤσΚηΟ ΣηûΣ ûΞιÕ ΒûΘ

↑€ΘØ[ô Φη Φ∴Ωôλ− s Η úΣôΩ Φη∞χûΚΥσ[ ↑€ΘØ[ô ΦηΚûΖ Ρôλ

∆ÚΞôχΚΩôλ−

2  Τσßλ p  Η Σσ° Φτ∴ áß€[ôµ> ≅Ξσ°τ ΘΜΤ ♦τ∴λ ΙÚ Ï°κ♦γΟ

ΦοûΩΞûς ùΚôÓχΚκΣγÓρΖ∴−

2  = 1.4142135623730950488016887242096...

   p = 3.14159265358979323846264338327950...

(Ï°κ×: Ρôλ p τ úΘôςôΥ ΤƒκûΣ 
22
7
 Φ∴ Ï°κ♦Ó€ú[ôλ− Α∴ôο  p ¹ 

22
7

)

ΚôΩλ ΚôΩΤôΚ Κ∞Θ úΤûΘΚρ ↑€ΘØ[ô ΦηΚ↓τ ΘΜΤ ♦τ∴ιƒο ∆ρΖ ΦηΚûΖ
ΚηΟ°Υ ΣΩ ÙχƒΚû∴ ûΚΥôηΟ∴ν− ∆ΘôςΠΤôΚ 2  τ ΘΜΤ ♦τ∴ιûΘ ΚηÓ♦⁄χΚ
ΞÏιΘο Øû[ûΥ ∆ΣúΥô€ιΘ∴ν− (800 BC - 500 BC) úΞΘ ΚôΩιƒο 2  τ úΘôςôΥ

ΤƒκûΣ ΚôΠ ΞγΟ↑ο ↑ƒûΥ ΣΥτΣÓιƒ∴ν− ≅ΘôΞÕ

2  = 
1 1 1 1 1 11 1 4142156
3 4 3 34 4 3

.æ ö æ ö+ + ´ - ´ ´ =ç ÷ ç ÷
è ø è ø

ΒϕΘ  ↑ûΟ  úΤúΩ  Ï°κ♦γΟ  ↑ûΟ♠ο  ØΘο  ΗϕÕ  ΘΜΤ  ΦηΚρ  ΙιƒÚκΣûΘ

ΚôΠΩôλ− p τ  ΘΜΤΦηΚûΖ  ΚηÓ♦⁄χΚ  ΡΟϕΘ  úΞγûΟ♠τ  ΞςΩôß  ♥ÏϕΘ

↑ß↑ßκΣô∴Õ−

ØΘτ ØΘ←ο Ανχ€ùΤγ≈υ Φτ[ €úςχΚ ↑φΝô±
Θôτ p τ ΘΜΤ ♦τ∴ιûΘ ΚôΠ Øû∴ϕΘôν− ≅Ξν
3.140845 < p < 3.142857 Φ∴ Κôγ⁄∴ôν− Α↔ΥΣγΟô Φτ[ ♥Κκ
ùΣ↔Υ ΒϕƒΥ Κ∞Θ úΤûΘ Τσßλ Ξô∴ Μôυƒς ΞοÛ∴ν
p τ ΤƒκûΣ ΡôτÏ ΘΜΤ Φη∞ο Õο←ΥΤôΚ
ΚΠχ€γΟôν− ≅ϕΘ Φη 3.1416.  ♥Κ úΞΚΤô∴ Κ∞±ûΥ
ΣΥτΣÓιƒ p τ ΤƒκûΣ 1.24 ⁄↔←Υτ ΘΜΤ ΦηΚÞΟτ
ΚôΠΩôλ−

ΒκúΣôÕ Ρôλ ↑€ΘØ[ô ΦηΚûΖ ΦπΞôß ùΣßΞÕ Φ∴χ ΚôηúΣôλ−

ΦÓιÕχΚôγÓ 10 : 
1
7

 Τσßλ 
2
7
χÏ ΒûΟúΥ ∆ρΖ ↑€ΘØ[ô Φη Ιτû[ ΚηÓ♦⁄>

¾νÜ : 
1
7

 = 0142857.  Φ∴ ΣôνιúΘôλ Φ∴úΞ 
2
7
τ ΤƒκûΣ 2 0 285714

7
.=   Φ∴ ΚΠχ€ΟΩôλ−

1
7

 Τσßλ 
2
7

 χÏ ΒûΟúΥ ∆ρΖ ↑€ΘØ[ô ΦηΚûΖ ΚôΠ ≅Ξσ°τ ΒûΟúΥ ∆ρΖ
Ø⁄Ü[ôΘ ƒÚλΣ ΞςôΘ ΘΜΤ ΦηûΠ ΚôΠ úΞηÓλ−

Ανχ€ùΤγ≈υ

(287 BCE – 212 BCE)
ΣΟλ 1.10
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non-terminating non-recurring lying between them. Of course, you can find infinitely many
such numbers.

An example of such a number is 0.150150015000150000...

EXERCISE 1.3

1. Write the following in decimal form and say what kind of decimal expansion each
has :
(i) 36

100
(ii) 1

11 (iii) 14
8

(iv) 3
13

(v) 2
11

(vi) 329
400

2. You know that 1
7  = 0142857. . Can you predict what the decimal expansions of 2

7 , 3
7 , 4

7 , 5
7 ,

6
7  are, without actually doing the long division? If so, how?
[Hint : Study the remainders while finding the value of 1

7  carefully.]
3. Express the following in the form p

q
, where p and q are integers and q ¹ 0.

(i) 0 6. (ii) 0 47. (iii) 0 001.

4. Express 0.99999 .... in the form p
q

. Are you surprised by your answer? With your teacher
and classmates discuss why the answer makes sense.

5. What can the maximum number of digits be in the repeating block of digits in the decimal
expansion of 1

17 ? Perform the division to check your answer..
6. Look at several examples of rational numbers in the form p

q
 (q ¹ 0), where p and q are

integers with no common factors other than 1 and having terminating decimal
representations (expansions). Can you guess what property q must satisfy?

7. Write three numbers whose decimal expansions are non-terminating non-recurring.

8. Find three different irrational numbers between the rational numbers 5
7  and 9

11
.

9. Classify the following numbers as rational or irrational :

(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...
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≅ιΘûΚΥ ΦηΚρ Φη∞χûΚ♠ο ≅ΟδΚôΘ ΞûΚ♠ο Ρôλ ΚηÓ♦⁄χΚΩôλ
≅ιΘûΚΥ Φη∞σÏ ΙÚ ΦÓιÕΚôγÓ  0.150150015000150000...

Σ♠σ′ 1.3

1. •θΚηΟΞσû[ ΘΜΤ Φη Ξ⁄↑ο ΦÝÕ− úΤÛλ ≅ûΞ ΦπΞûΚΥô∴ ΘΜΤ

Φη ΦτΣûΘ áß−

(i)
36

100 (ii)
1

11
(iii)

14
8

(iv)
3

13 (v)
2

11
(vi)

329
400

2.
1
7  = 0142857.  ΦτΣûΘ ≅°Ξôµ− ΒûΘ ùΚôηÓ •θΚηΟΞσ°τ ΤƒκûΣ Κ∞χΚ

Ø⁄ÙΤô> Ø⁄Ùλ Φ±ο ΦκΣ⁄> ΞÏχΚôΤο Κ∞ιÕ áß− 
2
7 , 

3
7 , 

4
7 , 

5
7 , 

6
7

(Ï°κ× : 
1
7  τ ΤƒκûΣ ΚηÓ♦⁄χÏλ úΣôÕ ÁƒûΥ ΚΞ∴ιÕΟτ Σôν)

3. •θΚηΟΞσû[ p
q

 Ξ⁄↑ο ΦÝÕ−ΒδÏ  p Τσßλ q ΦτΣ∴ ØÝχΚρ úΤÛλ q ¹ 0
(i) 0 6. (ii) 0 47. (iii) 0 001.

4.  0.99999 .... Η p
q

.Ξ⁄↑ο ΦÝÕ− ∆τàûΟΥ ↑ûΟ ∆∴χÏ ΑεΜ↔ΥιûΘ ΘÚ€[Θô>
∆τàûΟΥ Α′↔Υν Τσßλ ΡηΣνΚÞΟτ ΒûΘ Ï°ιÕ ↑Ξôƒ−

5.
1

17  Φτ[ Φη∞τ ΘΜΤιƒο ƒÚλΣ ƒÚλΣ ΞÚλ ΦηΚ↓τ ùΘôÏƒ ≅ƒΚΣγΜλ
ΦιΘû∴ ΒΩχΚδΚûΖ ùΚôηÓ ΒÚχÏλ> ΞÏιΘο Øû[ûΥ ∆ΣúΥô€ιÕ
∆τàûΟΥ ↑ûΟûΥ Μ↔Σôν−

6. p
q
 Ξ⁄↑ο (q ¹ 0) ∆ρΖ ΣΩ ↑€ΘØß ΦηΚûΖ ΚΞ±− ΒδÏ p  Τσßλ q ΦτΣ∴

ØÝχΚρ− ≅Ξσ°τ ùΣôÕ Κôς∞ 0 Η Θ↑ς úΞß ΒοûΩ ΦτΣûΘÙλ úΤÛλ
Ø⁄Üß  ΘΜΤ  Φη∞ο ∆ρΖûΘÙλ  ΚΞ±−  q  ΦτΣÕ ΦιΘûΚΥ ΣηûΣ
ùΚôηΟÕ ΦτΣûΘ ∆τ∴ôο ë€χΚ Ø⁄€[Θô>

7. ΒΩχΚδΚρ Ø⁄Ü[ôΘ úΤÛλ ÁηÓλ ÁηÓλ ƒÚλΣ ΞςôΘ ΘΜΤ ΦηΚρ

êτû[ ΦÝÕΚ−

8.
5
7  Τσßλ 

9
11

 χÏ  ΒûΟúΥ  ∆ρΖ êτß ùΞπúΞ[ô∴ ↑€ΘØ[ô  ΦηΚûΖ

ΚηÓ♦⁄−

9. •θΚηΟ  ΦηΚ↓ο ↑€ΘØß ΦηΚρ Τσßλ  ↑€ΘØ[ô  ΦηΚûΖ ♦↔ιÕ
ΦÝÕΚ−

(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...
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1.4 Operations on Real Numbers

You have learnt, in earlier classes, that rational numbers satisfy the commutative, associative
and distributive laws for addition and multiplication. Moreover, if we add, subtract, multiply or
divide (except by zero) two rational numbers, we still get a rational number (that is, rational
numbers are ‘closed’ with respect to addition, subtraction, multiplication and division). It turns
out that irrational numbers also satisfy the commutative, associative and distributive laws for
addition and multiplication. However, the sum, difference, quotients and products of irrational
numbers are not always irrational. For example, ( ) ( )6 6+ - , ( ) ( ) ( ) ( )2 2 3 3,- ×  and 

17
17

are rationals.

Let us look at what happens when we add and multiply a rational number with an irrational
number. For example, 3  is irrational. What about 2 3+  and 2 3 ? Since 3  has a non-
terminating non-recurring decimal expansion, the same is true for 2 3+  and 2 3 . Therefore,
both 2 3+  and 2 3  are also irrational numbers.

Example 11 : Check whether 7 5 , 7 2 21 2
5

, ,+ p -  are irrational numbers or not.

Solution : 5  = 2.236... , 2  = 1.4142..., p = 3.1415...

Then 7 5  = 15.652..., 
7
5  = 

7 5 7 5
55 5

=  = 3.1304...

2  + 21 = 22.4142..., p – 2 = 1.1415...

All these are non-terminating non-recurring decimals. So, all these are irrational numbers.

Now, let us see what generally happens if we add, subtract, multiply, divide, take square roots
and even nth roots of these irrational numbers, where n is any natural number. Let us look at
some examples.

Example 12 : Add 2 2 5 3+  and 2 3 3– .

Solution : ( ) ( )2 2 5 3 2 3 3–+ +  = ( ) ( )2 2 2 5 3 3 3–+ +

                 = (2 + 1) 2 (5 3) 3 3 2 2 3+ - = +
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1.4 ùΤµ ΦηΚρ ÁΘô∴ ùΜΥοΣôÓΚρ
ØϕûΘΥ ΞÏκ×Κ↓ο ΡôΤ ΙπùΞôÚ ↑€ΘØß ΦηÔλ áγΟο Τσßλ ùΣÚχΚο
↑ƒΚÞχÏ ∆γΣγÓ Τôσß Ση×+ úΜνκ× Ση× Τσßλ Σδ•γÓ ΣηûΣ ♣û[Ü
ùΜµ€[Õ ΦτΣûΘ Κσú[ôλ− úΤÛλ ΒςηÓ ↑€ΘØß ΦηΚûΖ áγ⁄∴ôο+ Κ→ιΘôο+
ùΣÚχ€∴ôο ≅οΩÕ ΞÏιΘôο ∋éϖ≥ΥιûΘ Θ↑νιÕ( Ρôλ ↑€ΘØß ΦηûΠúΥ
ùΣßúΞôλ− ≅ΘôΞÕ ↑€ΘØß ΦηΚρ áγΟο+ Κ→ιΘο+ ùΣÚχΚο Τσßλ ΞÏιΘûΩ
ùΣôÚιÕ ≅ûΟÜ ΣηûΣ ùΣσßρΖÕ− ΒπΞôú[ ↑ƒΘØ[ô ΦηΚÞλ áγΟο Τσßλ
ùΣÚχΚο ↑ƒΚÞχÏ ∆γΣγÓ Τôσßκ Ση×+ úΜνκ× Ση× Τσßλ ΣδÀγÓ ΣηûΣ
ùΣσßρΖ∴− Α∴ôο ↑€ΘØ[ô ΦηΚ↓τ áÓΘο+ Κ→ιΘο∋↑ιƒΥôΜλ(+ ùΣÚχΚο

Τσßλ ΞÏιΘο ΦοΩô úΡςδΚ↓Ûλ ↑€ΘØ[ô ΦηΠôΚúΞ ΒÚκΣƒοûΩ−

ΦÓιÕΚôγΟôΚ ( ) ( )6 6+ - , ( ) ( ) ( ) ( )2 2 3 3,- ×  Τσßλ 
17
17

 ΒûΞ ↑€ΘØß ΦηΚρ.

ΙÚ ↑€ΘØß ΦηúΠôÓ ΙÚ ↑€ΘØ[ô ΦηûΠ áγ⁄∴ôο úΤÛλ ùΣÚχ€∴ôο
Φτ∴ ♣Κθ€[Õ Φ∴κ ΣôνκúΣôλ− ΦÓιÕΚôγΟôΚ 3  ΦτΣÕ ϑν ↑€ΘØ[ô Φη
úΤÛλ 2 3+  Τσßλ 2 3  ♣ûΩ Φτ∴> 3  ΦτΣÕ Ø⁄Ü[ô ΘΜΤ Φη− Φ∴úΞ

2 3+  Τσßλ 2 3 λ ↑€ΘØ[ô Φη ΑÏλ−

ΦÓιÕχΚôγÓ 11: 7 5 , 7 2 21 2
5

, ,+ p -  ΦτΣ∴ ↑€ΘØ[ô ΦηΚΖô> ΒοûΩΥô

ΦτΣûΘ úΜôƒιÕ Σôν−

¾νÜ : 5  = 2.236... , 2  = 1.4142..., p = 3.1415...

Φ∴úΞ 7 5  = 15.652..., 
7
5  = 

7 5 7 5
55 5

=  = 3.1304...

2  + 21 = 22.4142..., p – 2 = 1.1415...

ΒûΞ ≅û∴ιÕλ Ø⁄Ü[ô úΤÛλ ÑΨο ΘτûΤΥσ[ ΘΜΤ ΦηΚρ Φ∴úΞ ΒûΞ
≅û∴ιÕλ ↑€ΘØ[ô ΦηΚρ− ↑€ΘØ[ô ΦηΚûΖ áγ⁄∴ôο+ Κ→ιΘôο+ ùΣÚχ€∴ôο+
ΞÏιΘôο ≅οΩÕ ΞνχΚ êΩΣÓιƒ∴ôο+ n Σ⁄ êΩδΚρ Αχ€∴ôο Φτ∴ ♣Κθ€[Õ

ΦτΣûΘ ′Ω ΦÓιÕΚôγÓΚρ êΩλ ΣôνχΚΩôλ−

ΦÓιÕχΚôγÓ 12 : 2 2 5 3+  Τσßλ 2 3 3– Η áγÓ−

¾νÜ : ( ) ( )2 2 5 3 2 3 3–+ +  = ( ) ( )2 2 2 5 3 3 3–+ +

                 = (2 + 1) 2 (5 3) 3 3 2 2 3+ - = +
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Example 13 : Multiply 6 5  by 2 5 .

Solution : 6 5  × 2 5  = 6 × 2 × 5  × 5  = 12 × 5 = 60

Example 14 : Divide 8 15  by 2 3 .

Solution : 8 3 58 15 2 3 4 5
2 3

´
¸ = =

These examples may lead you to expect the following facts, which are true:
(i) The sum or difference of a rational number and an irrational number is irrational.
(ii) The product or quotient of a non-zero rational number with an irrational number is irrational.
(iii) If we add, subtract, multiply or divide two irrationals, the result may be rational or

irrational.
We now turn our attention to the operation of taking square roots of real numbers. Recall

that, i f a is a natural number, then a b=  means b2 = a and b > 0. The same definition can be
extended for positive real numbers.

Let a > 0 be a real number. Then a  = b means b2 = a and b > 0.

In Section 1.2, we saw how to represent n  for any positive integer n on the number line. Wee
now show how to find x  for any given positive real number x geometrically. For example, let
us find it for x = 3.5, i.e., we find 3 5.  geometrically..

Fig. 1.11

Mark the distance 3.5 units from a fixed point A on a given line to obtain a point B such that AB
= 3.5 units (see Fig. 1.11). From B, mark a distance of 1 unit and mark the new point as C. Find
the mid-point of AC and mark that point as O. Draw a semicircle with centre O and radius OC.
Draw a line perpendicular to AC passing through B and intersecting the semicircle at D. Then,
BD = 3.5 .
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ΦÓιÕχΚôγÓ 13 : 6 5  Η 2 5  ο ùΣÚχÏ.

¾νÜ : 6 5  × 2 5  = 6 × 2 × 5  × 5  = 12 × 5 = 60

ΦÓιÕχΚôγÓ 14 : 8 15  Η 2 3 ο ΞÏχΚ−

¾νÜ : 8 3 58 15 2 3 4 5
2 3

´
¸ = =

úΤσΚηΟ ΦÓιÕΚôγÓΚ↓ο ΒÚϕÕ Ρôλ ♦τΞÚλ Ø⁄ÜχÏ ΞςΩôλ−
(i) ΙÚ ↑€ΘØß Φη Τσßλ ΙÚ ↑€ΘØ[ô Φη ΒΞσ°τ áγΟο ≅οΩÕ Κ→ιΘο

ΦκùΣôÝÕλ ΙÚ ↑€Ø[ô Φη−

(ii) éϖ≥Υλ ≅οΩôΘ ΙÚ ↑€ΘØß Φη Τσßλ ↑€ΘØ[ô Φη ΒΞσ°τ ùΣÚχΚο
≅οΩÕ ΞÏιΘο ΙÚ ↑€ΘØ[ô Φη ΑÏλ−

(iii) ΒςηÓ ↑€ΘØ[ô ΦηΚ↓τ áγΟο+ Κ→ιΘο+ ùΣÚχΚο Τσßλ ΞÏιΘο ΙÚ
↑€ΘØß ΦηΠôΚúΞô ≅οΩÕ ↑€ΘØ[ô ΦηΠôΚúΞô ΒÚχΚΩôλ−

Ρôλ ΒκúΣôÕ ùΤµ ΦηΚ↓τ ΞνχΚ êΩδΚ↓τ ùΜΥοΚρ Ï°ιÕ
ΣôνκúΣôλ− a ϑν ΒΥο Φη Φ±ο a b=  ≅ΘôΞÕ b2 = a  úΤÛλ b > 0. ΒúΘ
ΞûςΥûû[ ♥ûΚ ùΤµ ΦηΚÞχÏλ ùΣôÚϕÕλ−

a > 0 ΒÕ ΙÚ ùΤµ Φη Φ±ο a  = b ≅ΘôΞÕ b2 = a úΤÛλ b > 0.

 1.2 ΣÏƒ♠ο n ΦτΣÕ ΓΘôΞÕ ΙÚ ♥ûΚ ØÝ Φη úΤÛλ n  Η úΚôγ⁄τ ÁÕ
ùπΞôß Ï°κΣÕ Φ∴χ ΚηúΟôλ− Ρôλ ΒκúΣôÕ x Φτ[ ΓΘôΞÕ ΙÚ ♥ûΚ ùΤµ
Φη∞σÏ x  ΦτΣûΘ Ξ⁄↑Υο êΩλ ΦκΣ⁄ ΚôηΣÕ Φ∴ ΣôνκúΣôλ−
ΦÓιÕΚôγΟôΚ x = 3.5 ΦτΚ− Ρôλ 3 5.  ΦτΣûΘ Ξ⁄↑Υο Øû[♠ο ΚôηúΣôλ−

ΣΟλ 1.11

ΙÚ úΡν úΚôγ⁄τ ÁÕ AΦτ[ ×ρ↓♠ο ΒÚϕÕ 3.5≅ΩÏ çςιƒο BΦτ[ ×ρ↓ûΥ

Ï°− AB R 3.5 ≅ΩÏ∋ΣΟλ 0−04 Η ΚΞ±( B ♠ο ΒÚϕÕ 0 ≅ΩÏ çςιƒο CΦτ[

×ρ↓ûΥ Ï°− AC τ ûΤΥκ×ρ↓ûΥ ΚηÓ♦⁄ιÕ ≅ΘσÏ O Φ∴ ùΣΥ↔Ó− O Η
ûΤΥΤôΚ ûΞιÕ OC ΑςιÕΟτ ΙÚ ≅ûς ΞγΟλ Ξûς− AC χÏ ùΜδÏιΘôΚ B
Ξ→ΥôΚ ùΜοÛλΣ⁄ úΚôÓ ΞûςΚ− ΒκúΣôÕ BD = 3.5 .
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More generally, to find x , for any positive real number x, we
mark B so that AB = x units, and, as in Fig. 1.12, mark C so that BC
= 1 unit. Then, as we have done for the case x = 3.5, we find BD =

x  (see Fig. 1.12). We can prove this result using the Pythagoras
Theorem.

Notice that, in Fig. 1.12, D OBD is a right-angled triangle. Also, the radius of the circle is 1
2

x +

units.

Therefore, OC = OD = OA = 1
2

x +  units.

Now, OB = 
1 1

2 2
x xx + -æ ö- = ×ç ÷

è ø

So, by the Pythagoras Theorem, we have

BD2 = OD2 – OB2 = 
2 21 1 4

2 2 4
x x x x+ -æ ö æ ö- = =ç ÷ ç ÷

è ø è ø
.

This shows that BD = x .

This construction gives us a visual, and geometric way of showing that x  exists for all real
numbers x > 0. If you want to know the position of x  on the number line, then let us treat the
line BC as the number line, with B as zero, C as 1, and so on. Draw an arc with centre B and
radius BD, which intersects the number line in E (see Fig. 1.13). Then, E represents x .

Fig. 1.13

Fig. 1.12
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ùΣôÕΞôΚ ΓΘôΞÕ ùΤµ Φη x χÏ x Η ΚηÓ♦⁄χΚ
úΞηÓλ Φ±ο  AB = x ≅ΩÏ ∆ρΖΞôß  B ×ρ↓ûΥ Ï°−
úΤÛλ ΣΟλ 1.12 ο Κôγ⁄ ∆ρΖΣ⁄ BC = 1 ≅ΩÏ ∆ρΖΞôß
C Φτ[ ×ρ↓ûΥ Ï°− Ρôλ ΒκúΣôÕ x = 3.5 ο Κôγ⁄ΥΣ⁄
(ΣΟλ 1.12 Η Σôν) BD = x  Η ΚηÓ♦⁄χΚΩôλ− ♦ΘôΚςυ
úΘσ[ιûΘ ΣΥτΣÓιƒ Ρôλ ΒϕΘ ΤƒκûΣ ♣ì♦χΚΩôλ−

ΣΟλ 1.12 ο  D OBD ΙÚ ùΜδúΚôΠ ØχúΚôΠλ− ΞγΟιƒτ Αςλ 1
2

x +  ≅ΩÏΚρ−

Φ∴úΞ OC = OD = OA = 1
2

x +  ≅ΩÏΚρ.

ΒκúΣôÕ OB = 
1 1

2 2
x xx + -æ ö- = ×ç ÷

è ø

♦ΘôΚςυ úΘσ[ιƒτ Σ⁄

BD2 = OD2 – OB2 = 
2 21 1 4

2 2 4
x x x x+ -æ ö æ ö- = =ç ÷ ç ÷

è ø è ø
.

?  BD = x

ΒϕΘ ΞûςØû[ ΡΤχÏ Ξ⁄↑Υο Øû[♠ο x ΦτΣÕ ΒÚκΣûΘ ∆ΠνιÕ€[Õ− x > 0
Φτ[ ΦοΩô ùΤµ ΦηÔχÏλ ΒÕ ùΣôÚϕÕλ− Φη úΚôγ⁄τ ÁÕ x  τ ♣ûΩûΥ
¿ ≅°Υ úΞηÓùΤ±ο BC Η Φη úΚôΟôΚ ΦÓιÕχ ùΚôρúΞôλ−  B Η éϖ≥ΥΤôΚÜλ
C Η 0 ΑΚÜλ ΚσΣû∴ ùΜµÕ ùΚôρ− ΒκúΣôÕ B Η ûΤΥΤôΚ ûΞιÕ BD ΑςιÕΟτ
ΣΟλ 1.13 ο Κôγ⁄ΥΣ⁄ ΙÚ ↑ο ΞûςΚ− ΒÕ Φη úΚôγûΟ Eο ùΞγÓ€[Õ− ΒκúΣôÕ
E ΦτΣÕ x Η Ï°χ€[Õ−

ΣΟλ 1.13

ΣΟλ 1.12
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We would like to now extend the idea of square roots to cube roots, fourth roots, and in
general nth roots, where n is a positive integer. Recall your understanding of square roots
and cube roots from earlier classes.

What is 3 8 ? Well, we know it has to be some positive number whose cube is 8, and you must
have guessed 3 8  = 2. Let us try 5 243 . Do you know some number b such that b5 = 243? The
answer is 3. Therefore, 5 243  = 3.

From these examples, can you define n a  for a real number a > 0 and a positive integer n?

Let a > 0 be a real number and n be a positive integer. Then n a  = b, if bn = a and
b > 0. Note that the symbol ‘ ’ used in 32, 8, n a , etc. is called the radical sign.

We now list some identities relating to square roots, which are useful in various ways.
You are already familiar with some of these from your earlier classes. The remaining ones
follow from the distributive law of multiplication over addition of real numbers, and from
the identity (x + y) (x – y) = x2 – y2, for any real numbers x and y.

Let a and b be positive real numbers. Then

(i) ab a b= (ii)
a a
b b

=

(iii) ( ) ( )a b a b a b+ - = - (iv) ( ) ( ) 2a b a b a b+ - = -

(v) ( ) ( )a b c d ac ad bc bd+ + = + + +

(vi) ( )2
2a b a ab b+ = + +

Let us look at some particular cases of these identities.

Example 15 : Simplify the following expressions:

(i) ( ) ( )5 7 2 5+ + (ii) ( ) ( )5 5 5 5+ -

(iii) ( )2
3 7+ (iv) ( ) ( )11 7 11 7- +
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ΒϕΘ ΚÚιûΘ ΣΥτΣÓιƒ ΞνχΚêΩλ+ Κ∴êΩλ+ ΡôτÏΣ⁄êΩλ úΤÛλ n
Σ⁄ êΩλ ∋ΒδÏ n ♥ûΚØÝ( ΚηÓ♦⁄χΚΩôλ− ØϕûΘΥ ΞÏκ×Κ↓ο Ρôλ Κσ[
ΞνχΚêΩλ Τσßλ Κ∴ êΩιûΘ ♣û∴Ü áνΚ−

3 8 ΦτΣÕ Φτ∴> ΒÕ ΙÚ ♥Κ Φη− ΒΘτ Κ∴λ<7− ΒκúΣôÕ ¿ ♣û∴ιƒÚκΣôµ
3 8  = 2 Φτß− ΒúΘ úΣôο 5 243  ΦτΣûΘ ΚôΠ ØΥσ′ ùΜµ− b5 = 243 Φ∴ ΒÚχÏλΣ⁄

b Φτ[ ΦηûΠ ΚôΠ Ø⁄ÙΤô> ΒΘτ ↑ûΟ 3  Φ∴úΞ 5 243  = 3
ΒϕΘ ΦÓιÕχΚôγ⁄ο ΒÚϕÕ n Φτ[ ΓΘôΞÕ ΙÚ ♥ûΚ ØÝχÏ a > 0 Φ±ο n a

ΦτΣΘσÏ ΞûςΥû[ á[ Ø⁄ÙΤô>

a > 0  ΦτΣÕ ùΤµ Φη Τσßλ n ΦτΣÕ ♥ûΚ ØÝ ΦτΚ− ΒκúΣôÕ n a  = b Βƒο
bn = a úΤÛλ b > 0.  ‘ ’ Φτ[ Ï° 32, 8, n a  ΦτΣƒο ΣΥτΣÓιΘΣγÓρΖÕ− ΒûΘ
êΩχÏ° ΦτΣν−

Ρôλ ΒκúΣôÕ ΣΩ ΞûΚΚ↓ο ΣΥτΣΟχ á⁄Υ ΞνχΚ êΩδΚÞΟτ
ùΘôΟν×ûΟΥ ′Ω Øσù[ôÚûΤΚûΖ ΣôνκúΣôλ− ΒΞσ°ο ′ΩΞσû[ ΓσΚ∴úΞ
ùΣÚχΚ←τ Σδ•γÓ Ση♦ο ΣôνιúΘôλ− x  Τσßλ y ùΤµ ΦηΚρ Φ±ο
Øσù[ôÚûΤ (x + y) (x – y) = x2 – y2 ΑÏλ−
 a Τσßλ b  ♥ûΚ ùΤµ ΦηΚρ Φ±ο

(i) ab a b= (ii)
a a
b b

=

(iii) ( ) ( )a b a b a b+ - = - (iv) ( ) ( ) 2a b a b a b+ - = -

(v) ( ) ( )a b c d ac ad bc bd+ + = + + +

(vi) ( )2
2a b a ab b+ = + +

ΒΞσ°ο ′Ω Øσù[ôÚûΤΚρ Σσ° ΣôνκúΣôλ−

ΦÓιÕχΚôγÓ 15 : •θχΚηΟ úΚôûΞΚûΖ ÑÚχÏΚ−

(i) ( ) ( )5 7 2 5+ + (ii) ( ) ( )5 5 5 5+ -

(iii) ( )2
3 7+ (iv) ( ) ( )11 7 11 7- +
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Solution : (i) ( ) ( )5 7 2 5 10 5 5 2 7 35+ + = + + +

(ii) ( ) ( ) ( )2
25 5 5 5 5 5 25 5 20–+ - = - = =

(iii) ( ) ( ) ( )2 2 2
3 7 3 2 3 7 7 3 2 21 7 10 2 21+ = + + = + + = +

(iv) ( ) ( ) ( ) ( )2 2
11 7 11 7 11 7 11 7 4- + = - = - =

Remark : Note that ‘simplify’ in the example above has been used to mean that the expression
should be written as the sum of a rational and an irrational number.

We end this section by considering the following problem. Look at 
1
2

×  Can you tell where it

shows up on the number line? You know that it is irrational. May be it is easier to handle if the
denominator is a rational number. Let us see, if we can ‘rationalise’ the denominator, that is, to
make the denominator into a rational number. To do so, we need the identities involving square
roots. Let us see how.

Example 16 : Rationalise the denominator of 
1
2

×

Solution : We want to write 
1
2  as an equivalent expression in which the denominator is a

rational number. We know that 2 . 2  is rational. We also know that multiplying 
1
2  by 

2
2

will give us an equivalent expression, since 
2
2

 = 1. So, we put these two facts together to get

1 1 2 2
22 2 2

= ´ = ×

In this form, it is easy to locate 
1
2  on the number line. It is half way between 0

and 2 .
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¾νÜ : (i) ( ) ( )5 7 2 5 10 5 5 2 7 35+ + = + + +

(ii) ( ) ( ) ( )2
25 5 5 5 5 5 25 5 20–+ - = - = =

(iii) ( ) ( ) ( )2 2 2
3 7 3 2 3 7 7 3 2 21 7 10 2 21+ = + + = + + = +

(iv) ( ) ( ) ( ) ( )2 2
11 7 11 7 11 7 11 7 4- + = - = - =

Ï°κ× : úΤúΩ Ï°κ♦γΟ ΦÓιÕΚôγÓΚ↓ο ÑÚχÏΚ Φ∴χ á°ΥÕ úΚôûΞûΥ ↑€ΘØß

Τσßλ ↑€ΘØ[ô ΦηΚ↓τ áÓΘΩôΚ ΦÝÕ Φτ[ ùΣôÚρ ùΚôρΖ úΞηÓλ

•θΚηΟ ΚΠχÏΟτ ΣôΟιƒτ ΒκΣÏƒûΥ Ø⁄κúΣôλ− 
1
2

×Η ΚΞ±− ΒÕ Φη

úΚôγ⁄τ ÁÕ  ΦδÏ ∆ρΖÕ Φ∴χá[ Ø⁄ÙΤô>  ΒÕ ΙÚ ↑€ΘØ[ô  Φη Φ∴

∆∴χÏ ùΘ↔Ùλ− ΒΘτ ΣÏƒ ↑€ΘØß ΦηΠôΚ ΒÚϕÕ ΒÚϕΘôο ΒûΘ Ï°κΣÕ

Φ↓Õ− Ρôλ ΒκúΣôÕ ΣÏƒûΥ ΦπΞôß ↑€ΘØß ΦηΠôΚ ΤôσßΞÕ Φ∴κ ΣôνκúΣôλ−

ΒûΘ ùΜµΥ Ρôλ ΞνχΚ êΩδΚÞχÏ ùΘôΟν×ûΟΥ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιΘ

úΞηÓλ− ΦπΞôß Φ∴κ ΣôνκúΣôλ−

ΦÓιÕχΚôγÓ 16 : 
1
2

×  τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΚ−

¾νÜ : 
1
2  τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ Τôσ[ ≅Θτ ΣÏƒ Τσßλ ùΘôÏƒûΥ

2  ο ùΣÚχΚ úΞηÓλ− 2  Η ↑€ΘΣÓιÕλ Κôς∞ 2  Φ∴ ΡΤχÏ ùΘ↔Ùλ−

1
2  Η 

2
2
 ο ùΣÚχ€∴ôο ΜΤô∴ úΚôûΞ €ûΟχÏλ− Γù∴±ο 

2
2

 = 1 ΒϕΘ

ΒςηÓ ↑ƒΚûΖ ΣΥτΣÓιƒ

1 1 2 2
22 2 2

= ´ = ×

ΒϕΘ Ξ⁄↑ο 
1
2  Η ΦηúΚôγ⁄ο Ï°κΣÕ Φ↓Õ− ΒÕ 0 χÏλ 2  χÏλ Σôƒ

çςιƒο ∆ρΖÕ−
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Example 17 : Rationalise the denominator of 
1

2 3
×

+

Solution : We use the Identity (iv) given earlier. Multiply and divide 
1

2 3+  by 2 3-  to get

1 2 3 2 3 2 3
4 32 3 2 3

- -
´ = = -

-+ - .

Example 18 : Rationalise the denominator of 
5

3 5
×

-

Solution : Here we use the Identity (iii) given earlier.

So,
5

3 5-  = 
( ) ( )

5 3 55 3 5 5 3 5
3 5 23 5 3 5

++ -æ ö´ = = +ç ÷-- + è ø

Example 19 : Rationalise the denominator of 
1

7 3 2
×

+

Solution : 1 1 7 3 2 7 3 2 7 3 2
49 18 317 3 2 7 3 2 7 3 2

æ ö- - -
= ´ = =ç ÷ç ÷ -+ + -è ø

So, when the denominator of an expression contains a term with a square root (or a number
under a radical sign), the process of converting it to an equivalent expression whose denominator
is a rational number is called rationalising the denominator.

EXERCISE 1.4

1. Classify the following numbers as rational or irrational:

(i) 2 5- (ii) ( )3 23 23+ - (iii)
2 7
7 7

(iv) 
1
2 (v) 2p
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ΦÓιÕχΚôγÓ 17 : 
1

2 3
×

+ τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΚ−

¾νÜ : Ρôλ ΒδÏ Øσù[ôÚûΤ (iv) Η ΣΥτΣÓιÕúΞôλ− 
1

2 3+  τ ùΘôÏƒ Τσßλ

ΣÏƒûΥ  2 3-  Αο ùΣÚχÏ

    
1 2 3 2 3 2 3

4 32 3 2 3
- -

´ = = -
-+ - .

ΦÓιÕχΚôγÓ 18 : 
5

3 5
×

- τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΚ−

¾νÜ : Ρôλ ΒδÏ Øσù[ôÚûΤ (iii) Η ΣΥτΣÓιÕúΞôλ

            
5

3 5-  = 
( ) ( )

5 3 55 3 5 5 3 5
3 5 23 5 3 5

++ -æ ö´ = = +ç ÷-- + è ø

ΦÓιÕχΚôγÓ19 : 
1

7 3 2
×

+
τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΚ−

¾νÜ: 1 1 7 3 2 7 3 2 7 3 2
49 18 317 3 2 7 3 2 7 3 2

æ ö- - -
= ´ = =ç ÷ç ÷ -+ + -è ø

Φ∴úΞ ΙÚ úΚôûΞ♠τ ΣÏƒ ΞνχΚêΩ ∆ßκ×ΚûΖ ∋≅οΩÕ ΞνχΚ êΩχ Ï°ûΥ(

ùΣσ°ÚϕΘôο ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΞûΘ ΣÏƒûΥ ↑€ΘØß

ΦηΠôχΚο ΦτΣν−

Σ♠σ′ 1.4

1. •θΚηΟΞσ°ο ↑€ΘØß Τσßλ ↑€ΘØ[ô ΦηΚûΖ ♦↔ιÕ ΦÝÕΚ−

(i) 2 5- (ii) ( )3 23 23+ -     (iii) 
2 7
7 7

(iv) 
1
2 (v) 2p
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2. Simplify each of the following expressions:

(i) ( ) ( )3 3 2 2+ + (ii) ( ) ( )3 3 3 3+ -

(iii) ( )2
5 2+ (iv) ( ) ( )5 2 5 2- +

3. Recall, p is defined as the ratio of the circumference (say c) of a circle to its diameter

(say d). That is, p = c
d

×  This seems to contradict the fact that p is irrational. How will

you resolve this contradiction?

4. Represent 9 3.  on the number line.
5. Rationalise the denominators of the following:

(i)
1
7

(ii)
1

7 6-

(iii) 
1

5 2+ (iv)
1

7 2-

1.5 Laws of Exponents for Real Numbers

Do you remember how to simplify the following?

(i) 172 . 175 = (ii) (52)7 =

(iii) 
10

7

23
23

 = (iv) 73 . 93 =

Did you get these answers? They are as follows:
(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii)
10

3
7

23 23
23

= (iv) 73 . 93 = 633

To get these answers, you would have used the following laws of exponents, which you have
learnt in your earlier classes. (Here a, n and m are natural numbers. Remember, a is called the
base and m and n are the exponents.)

(i) am . an = am + n (ii) (am)n = amn

(iii)
m

m n
n

a a , m n
a

-= > (iv) ambm = (ab)m
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2. •θΚηΟ úΚôûΞΚûΖ ÑÚχ€ ΦÝÕΚ−

(i) ( ) ( )3 3 2 2+ + (ii) ( ) ( )3 3 3 3+ -

(iii) ( )2
5 2+ (iv) ( ) ( )5 2 5 2- +

3. p ΦτΣÕ ΙÚ ΞγΟιƒτ Ñσ[ΖÜ(c) Τσßλ ≅Θτ ↑γΟλ(d) ΒΞσ°σÏ ΒûΟúΥ

∆ρΖ ↑€Θλ p= c
d

×  Φ∴ ΞûςΥßχ€ú[ôλ− Α∴ôο p ΦτΣÕ ΙÚ ↑€ΘØ[ô

Φη Φτ€ú[ôλ− ΒϕΘ ØςηΣôγûΟ ΦκΣ⁄ ¾νκΣôµ>

4. 9 3.  Η Φη úΚôγ⁄τ ÁÕ Ï°ιÕ ΚôγÓΚ−

5. •θΚηΟΞσ°τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ ΤôσßΚ−

(i)
1
7

(ii)
1

7 6-

(iii) 
1

5 2+ (iv)
1

7 2-

1.5 ùΤµ ΦηΚ↓τ ≅ÓχÏΚ↓τ ↑ƒΚρ:

•θΚηΟΞσû[ ΦκΣ⁄ ÑÚχÏΞÕ Φ∴ ∆∴χÏ ùΘ↔ÙΤô>
(i) 172 . 175 = (ii) (52)7 =

(iii) 
10

7

23
23

 = (iv) 73 . 93 =

•θΚηΟΞôß ↑ûΟΚûΖ Ρôλ ùΣ[Ωôλ−
(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii) 
10

3
7

23 23
23

= (iv) 73 . 93 = 633

ΒϕΘ ↑ûΟûΥ ùΣ[ Ρôλ •θΚηΟ ≅ÓχÏÏ° ↑ƒΚûΖ ΣΥτΣÓιƒ ∆ρúΖôλ−
ΒûΘ ¿δΚρ ØϕûΘΥ ΞÏκ×Κ↓ο Σ⁄ιƒÚκÀνΚρ ∋ΒδÏ a, n Τσßλ m ΒΥο ΦηΚρ−
»aµ ΦτΣÕ ≅⁄Τô∴λ+ m Τσßλ n ΦτΣûΞ ≅ÓχÏΚρ(

(i) am . an = am + n (ii) (am)n = amn

(iii)
m

m n
n

a a , m n
a

-= > (iv) ambm = (ab)m
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What is (a)0? Yes, it is 1! So you have learnt that (a)0 = 1. So, using (iii), we can get 1 .n
n a

a
-=

We can now extend the laws to negative exponents too.

So, for example :

(i) 2 –5 –3
3

117 17 17
17

× = = (ii) 2 –7 –14(5 ) 5=

(iii)
–10

–17
7

23 23
23

= (iv) –3 –3 –3(7) (9) (63)× =

Suppose we want to do the following computations:

(i)
2 1
3 32 2× (ii)

41
53

æ ö
ç ÷
è ø

(iii)
1
5

1
3

7

7
(iv)

1 1
5 513 17×

How would we go about it? It turns out that we can extend the laws of exponents that we have
studied earlier, even when the base is a positive real number and the exponents are rational
numbers. (Later you will study that it can further to be extended when the exponents are real
numbers.) But before we state these laws, and to even make sense of these laws, we need to first
understand what, for example 

3
24  is. So, we have some work to do!

We define n a  for a real number a > 0 as follows:

Let a > 0 be a real number and n a positive integer. Then n a  = b, if bn = a and
b > 0.

In the language of exponents, we define n a  = 
1
na . So, in particular, , 

1
3 32 2= . There are now

two ways to look at 
3
24 .

3
24  =

31
324 2 8

æ ö
= =ç ÷

è ø

3
24  = ( ) ( )

1 1
3 2 24 64 8= =
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(a)0 τ Τƒκ× Φτ∴> ΑΤôλ ≅Õ 0− Φ∴úΞ Ρôλ (a)0 = 1 Φ∴ ΚσßχùΚôηúΟôλ−

ΑΚúΞ ↑ƒ (iii) Η ΣΥτΣÓιƒ  1 .n
n a

a
-=  Φ∴ ùΣ[Ωôλ− Β± Ïû[ ΦηΚ↓τ ≅ÓχÏÏ°

↑ƒΚûΖ ΣôνκúΣôλ−

ΦÓιÕχΚôγΟôΚ 9

(i) 2 –5 –3
3

117 17 17
17

× = = (ii) 2 –7 –14(5 ) 5=

(iii)
–10

–17
7

23 23
23

= (iv) –3 –3 –3(7) (9) (63)× =

•θΚηΟΞσû[ ¾νχΚ úΞηÓùΤ±ο Ρôλ Φτ∴ ùΜµΥ úΞηÓλ>

(i)
2 1
3 32 2× (ii)

41
53

æ ö
ç ÷
è ø

(iii)
1
5

1
3

7

7
(iv)

1 1
5 513 17×

Ρôλ ΒûΘ ΦκΣ⁄ ùΜµΞÕ> ≅⁄Τô∴λ ♥ûΚ ùΤµ ΦηΠôΚÜλ ≅ÓχÏΚρ

↑€ΘØß ΦηΠôΚÜλ ∆ρΖΞσû[ ≅ÓχÏ Ï° ↑ƒΚûΖ ΣΥτΣÓιƒ ¾νχΚ Ø⁄Ùλ
Φ∴  Ρôλ  ØϕûΘΥ  ΞÏκ×Κ↓ο  Σ⁄ιÕρúΖôλ  ∋≅ÓχÏ  Ï°Κρ  ùΤµ  ΦηΚΖôΚ
ΒÚϕΘôο ≅Ξσû[ ΦπΞôß ↑Ξ↔κΣÕ ΦτΣûΘ ≅ÓιΘ ΣÏƒ♠ο ΣôνκúΣôλ( Α∴ôο
ΒΘσÏ Øτ× Ρôλ ↑ƒΚûΖ ×↔ϕÕ ùΚôρΖ úΞηÓλ− ØΘ←ο Ρôλ ΦûΘ ×↔ϕÕ
ùΚôρΖ úΞηÓλ−

ΦÓιÕΚôγΟôΚ 
3
24  Βƒο Ρôλ ′ΩΞσû[ ùΜµΥ úΞηÓλ− ΣÏƒ 1.4 ο n a  ΦτΣƒο

a > 0  ùΤµ Φη ΦτΣûΘ ΞûςΥßιúΘôλ− n ΦτΣÕ ♥ûΚ ØÝ− úΤÛλ n a  = b Βƒο
bn = a úΤÛλ b > 0.

≅ÓχÏ Ï° ↑ƒκΣ⁄ n a  = 
1
na Φ∴ ΞûςΥßιÕρúΖôλ− Φ∴úΞ 

1
3 32 2=  ΒκúΣôÕ

3
24 τ ¾νûΞ ΒςηÓ Ξ→Κ↓ο ΣôνχΚΩôλ−

3
24  =

31
324 2 8

æ ö
= =ç ÷

è ø

3
24  = ( ) ( )

1 1
3 2 24 64 8= =
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Therefore, we have the following definition:
Let a > 0 be a real number. Let m and n be integers such that m and n have no common

factors other than 1, and n > 0. Then,
m
na  =  m n mn a a

We now have the following extended laws of exponents:
Let a > 0 be a real number and p and q be rational numbers. Then, we have

(i) ap . aq = ap+q (ii) (ap)q = apq

(iii) 
p

p q
q

a a
a

 (iv) apbp = (ab)p

You can now use these laws to answer the questions asked earlier.

Gzcorng"42"< Simplify (i)
2 1
3 32 2 (ii)

41
53

 
 
 

             (iii)
1
5

1
3

7

7
(iv)

1 1
5 513 17

Uqnwvkqp"<

(i)
2 12 1 3

13 33 3 32 2 2 2 2 2
  
      (ii)

41 4
5 53 3

 
 

 

(iii) 
1

1 1 3 5 25
5 3 15 15

1
3

7 7 7 7
7

    
    (iv)

1 1 1 1
5 5 5 513 17 (13 17) 221   

Exercise 1.5

30 Find : (i)
1
264 (ii)

1
532 (iii)

1
3125

40 Find : (i)
3
29 (ii)

2
532 (iii)

3
416 (iv)

1
3125


50 Simplify : (i)
2 1
3 52 2 (ii)

7

3

1
3

 
 
 

(iii)
1
2

1
4

11

11
(iv)

1 1
2 27 8

60 7 788 

(A) 0 (B) 148 (C) 498 (D) None of these
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Φ∴úΞ •θΚηΟΞôß ΞûςΥû[ ùΜµΥΩôλ−

a > 0 ΦτΚ− a ΙÚ ùΤµ Φη− m Τσßλ n ΦτΣ∴ ØÝχΚρ− ΒΞσ°σÏ ùΣôÕ

Κôς∞ 0 ΤγÓúΤ ΦτΚ− Τσßλ n > 0

m
na  = ( )m n mn a a=

Β± Ρôλ •θΚηΟ ≅ÓχÏ ↑ƒΚûΖ ΞûςΥû[ ùΜµΥΩôλ−

a > 0 ΦτΚ− a ΙÚ ùΤµ Φη− p Τσßλ q ΦτΣ∴ ↑€ΘØß ΦηΚρ Φ±ο

(i) ap . aq = ap+q (ii) (ap)q = apq

(iii) 
p

p q
q

a a
a

-= (iv) apbp = (ab)p

ΒϕΘ ↑ƒΚûΖ ΒΘσÏ Øτ× úΚγΟ úΚρ↑ΚÞχÏ ↑ûΟΥ↓χΚ ΣΥτΣÓιΘΩôλ−

ΦÓιÕχΚôγÓ 20 : ÑÚχÏΚ− (i)
2 1
3 32 2×                      (ii) 

41
53

æ ö
ç ÷
è ø

                      (iii)
1
5

1
3

7

7
                         (iv) 

1 1
5 513 17×

¾νÜ :

(i)
2 12 1 3

13 33 3 32 2 2 2 2 2
æ ö+ç ÷
è ø× = = = = (ii)

41 4
5 53 3

æ ö
=ç ÷

è ø

(iii) 
1

1 1 3 5 25
5 3 15 15

1
3

7 7 7 7
7

æ ö - --ç ÷
è ø= = = (iv)

1 1 1 1
5 5 5 513 17 (13 17) 221× = ´ =

Σ♠σ′ 1.5

1. Τƒκ×ΚûΖ ΚηÓ♦⁄9 (i)
1
264 (ii)

1
532 (iii)

1
3125

2. Τƒκ×ΚûΖ ΚηÓ♦⁄9 (i)
3
29 (ii)

2
532 (iii)

3
416 (iv)

1
3125
-

3. ÑÚχÏΚ−: (i)
2 1
3 52 2× (ii)

7

3

1
3

æ ö
ç ÷
è ø

(iii)
1
2

1
4

11

11
(iv)

1 1
2 27 8×

4. 7 781.8 --

(A) 0 (B) 148 (C) 498- (D) ΒΞσ°ο ΓÕ♥οûΩ
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In this chapter, you have studied the following points:
30 A number r is called a rational number, if it can be written in the form p

q , where p and q are
integers and q  0.

40 A number s is called a irrational number, if it cannot be written in the form p
q , where p and

q are integers and q  0.

50 The decimal expansion of a rational number is either terminating or non-terminating
recurring. Moreover, a number whose decimal expansion is terminating or non-terminating
recurring is rational.

60 The decimal expansion of an irrational number is non-terminating non-recurring. Moreover,
a number whose decimal expansion is non-terminating non-recurring is irrational.

70 All the rational and irrational numbers make up the collection of real numbers.

80 If r is rational and s is irrational, then r + s and r – s are irrational numbers, and rs and r
s

are irrational numbers, r  0.

90 For positive real numbers a and b, the following identities hold:

(i) ab a b (ii) a a
b b


(iii)    a b a b a b    (iv)     2a b a b a b   

(v)  2
2a b a ab b   

:0 To rationalise the denominator of 1 ,
a b

 we multiply this by ,a b
a b



 where a and b are
integers.

;0 Let a > 0 be a real number and p and q be rational numbers. Then

(i) ap . aq = ap + q (ii) (ap)q = apq

(iii) 
p

p q
q

a a
a

 (iv) apbp = (ab)p

70 Which of the following statements is true?
A) 403 + 203 = 40 203 

B) 123  103 = 12 103 

C) 143 + 144 = 14(3 4)

D) 203 × 23 = 2 )(3 11
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5. ♦τΞÚλ áσßΚ↓ο ΦÕ Μ↔Υô∴Õ>
A) 403 + 203 = 40 203 +

B) 123 I 103 = 12 103 ´

C) 143 + 144 = 14(3 4)+

D) 203 × 23 = 2 )(3 11

1.6 ùΘôÏκ× :

ΒϕΘ ≅ιƒΥôΥιƒο Ρôλ •θΚηΟ ΚÚιÕΚûΖ ΚσßρúΖôλ−

1. Ιν Φη r ΦτΣÕ ↑€ΘØß Φη Φ±ο ≅ûΘ 
p
q  Ξ⁄↑ο ΦÝΘ Ø⁄Ùλ úΤÛλ  p

Τσßλ q ΦτΣ∴ ØÝχΚρ− úΤÛλ q ¹ 0.
2. ϑν ΦηûΠ p

q  Ξ⁄↑ο ΦÝΘ Ø⁄Υô↑γΟôο ≅ϕΘ Φη s ↑€ΘØ[ô Φη

  Φ∴κΣÓλ− ΒδÏ p Τσßλ q ΦτΣ∴ ØÝχΚρ úΤÛλ q ¹ 0
3. ΙÚ ↑€ΘØß Φη∞τ ↑↔ΞôχΚλ ΦτΣÕ Ø⁄Üß ΘΜΤ Φη Ξ⁄Ξλ ≅οΩÕ

Ø⁄Ü[ô ÑΨο ΘΜΤ Φη Ξ⁄Ξλ ΑÏλ− ΙÚ Φη Ø⁄Üß ΘΜΤ Φη Ξ⁄↑úΩô
∋≅( Ø⁄Ü[ô ÑΨο ΘΜΤ Φη Ξ⁄↑úΩô ΦÝΘ Ø⁄ÙΤô∴ôο ≅ϕΘ Φη ↑€ΘØß
Φη Φ∴κΣÓλ−

4. ΙÚ ↑€ΘØ[ô Φη∞τ ΘΜΤ ↑↔ΞôχΚλ Ø⁄Ü[ôΘûΞ− úΤÛλ ÑΨο
ΘτûΤΥσ[ΘôΚ ΒÚχÏλ− ϑν Φη Ø⁄Ü[ô Τσßλ ÑΨο ΘτûΤΥσ[ ΘΜΤ
♦τ∴ Ξ⁄ΞιûΘ ùΣσ°ÚϕΘôο ≅ϕΘ Φη ↑€ΘØ[ô Φη Φ∴κΣÓλ−

5. ΦοΩô ↑€ΘØß ΦηΚρ Τσßλ ↑€ΘØ[ô ΦηΚ↓τ ùΘôÏκ× ùΤµ ΦηΚ↓τ
ùΘôÏκΣôÏλ−

6. r ΦτΣÕ ΙÚ ↑€ΘØß Φη  úΤÛλ s ΦτΣÕ ΙÚ ↑€ΘØ[ô Φη Φ±ο r + s
Τσßλ r – s ΦτΣ∴ ↑€ΘØ[ô ΦηΚρ ΑÏλ− úΤÛλ r s Τσßλ r

s  ΦτΣ∴ ↑€ΘØ[ô
ΦηΚρ ΒδÏ r ¹ 0.

7. a Τσßλ b ΦτΣ∴ ♥ûΚ ùΤµ ΦηΚρ Φ±ο •θχΚηΟ Øσù[ôÚûΤΚρ ∆ηûΤ
Φ∴Ωôλ−

(i) ab a b= (ii) a a
b b
=

(iii) ( ) ( )a b a b a b+ - = - (iv) ( ) ( ) 2a b a b a b+ - = -

(v) ( )2
2a b a ab b+ = + +

8. 1
a b+

 τ ΣÏƒûΥ ↑€ΘØß ΦηΠôΚ Τôσ[+ ΒûΘ a b
a b
-
-

 ο ùΣÚχΚ úΞηÓλ−

ΒδÏ a Τσßλ b ΦτΣ∴ ØÝχΚρ−

9.  p Τσßλ q ΦτΣ∴ ↑€ΘØß ΦηΚρ− úΤÛλ a > 0 Φ±ο
(i) ap . aq = ap + q (ii) (ap)q = apq

(iii) 
p

p q
q

a a
a

-= (iv) apbp = (ab)p
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POLYNOMIALS

2.1 Introduction

You have studied algebraic expressions, their addition, subtraction, multiplication and division
in earlier classes. You also have studied how to factorise some algebraic expressions. You may
recall the algebraic identities :

(x + y)2 = x2 + 2xy + y2

(x – y)2 = x2 – 2xy + y2

and x2 – y2 = (x + y) (x – y)

and their use in factorisation. In this chapter, we shall start our study with a particular type of
algebraic expression, called polynomial, and the terminology related to it. We shall also study
the Remainder Theorem and Factor Theorem and their use in the factorisation of polynomials.
In addition to the above, we shall study some more algebraic identities and their use in
factorisation and in evaluating some given expressions.

2.2 Polynomials in One Variable
Let us begin by recalling that a variable is denoted by a symbol that can take any real value. We

use the letters x, y, z, etc. to denote variables. Notice that 2x,  3x,  – x,  – 1
2

x are algebraic

expressions. All these expressions are of the form (a constant) × x. Now suppose we want to
write an expression which is (a constant) × (a variable) and we do not know what the constant is.
In such cases, we write the constant as a, b, c, etc. So the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a letter denoting a
variable. The values of the constants remain the same throughout a particular situation, that is,
the values of the constants do not change in a given problem, but the value of a variable can keep
changing.
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ΣοÛßκ×χ úΚôûΞΚρ

2.1 ≅°ØΚλ

Øτ ΞÏκ×Κ↓ο ¿δΚρ ΒΥσΚ∞Θ úΚôûΞΚρ Ï°ιÕλ ≅Ξσ°τ áγΟο+
Κ→ιΘο+ ùΣÚχΚο Τσßλ ΞÏιΘûΩÙλ Σ⁄ιÕρÇν− úΤÛλ ′Ω ΒΥσΚ∞Θ
úΚôûΞΚûΖ ΦπΞôß Κôς∞κΣÓιÕΞÕ ΦτΣÕ Ï°ιÕλ Σ⁄ιÕρÇν− •θχΚηΟ
ΒΥσΚ∞Θ Øσù[ôÚûΤΚûΖ ♣û∴Ü áνΚ.

(x + y)2 = x2 + 2xy + y2

(x – y)2 = x2 – 2xy + y2

Τσßλ x2 – y2 = (x + y) (x – y)

úΤÛλ Κôς∞κΣÓιÕΞƒο ΒΞσ°τ ΣΥτΣôγûΟ ≅°ϕÕχùΚôηúΟôλ− ΒϕΘ
≅ιƒΥôΥιƒο Ï°κ♦γΟ ΞûΚΥô∴ ΒΥσΚ∞Θ úΚôûΞΚρ ≅ΘôΞÕ ΣοÛßκ×χ
úΚôûΞΚρ ùΘôΟν×ûΟΥ ùΜôσù[ôΟνΚρ Ï°ιÕλ Σ⁄κúΣôλ− úΤÛλ Ρôλ Áƒι úΘσ[λ
Τσßλ Κôς∞ι úΘσ[λ Ï°ιÕλ ΣοÛßκ×χ úΚôûΞΚûΖ Κôς∞κΣÓιÕΞƒο
≅Ξσ°τ ΣΥτΣôÓ Ï°ιÕλ Σ⁄κúΣôλ− úΤÛλ ΒΥσΚ∞Θ Øσù[ôÚûΤΚρ
Κôς∞κΣÓιÕΘ←ο ΣΥτΣÓΘûΩÙλ ΣôνκúΣôλ.

2.2 ΙÚ Τô°♠ο ≅ûΤϕΘ ΣοÛßκ×χ úΚôûΞΚρ

ΙÚ Τô° ΦτΣÕ ΙÚ Ï°ÂÓ êΩλ ≅°ΥΩôλ− úΤÛλ ΒϕΘ Ï°ÂÓ ΦϕΘ ΙÚ

ùΤµ Φη∞τ ΤƒκûΣÙλ ≅ûΟÙλ ΦτΣûΘ ♣û∴Ü áνúΞôλ− Τô°ΚûΖ Ï°χΚ

x, y, z Φτ[ ΦÝιÕΚûΖ ΣΥτΣÓιΘΩôλ. 2x, 3x, – x, – 1
2

x ΦτΣ∴ ΒΥσΚ∞Θ úΚôûΞΚρ
ΦτΣûΘ ΚΞ±χΚ− ΒϕΘ úΚôûΞΚρ ≅û∴ιÕλ Τô°← × x Φτ[ ≅ûΤκ♦ο ∆ρΖ∴−
ΒκúΣôÕ Ρôλ ΓΘôΞÕ ΙÚ úΚôûΞûΥ ΦÝΘ úΞηÓλ Φ±ο Τô°← × Τô° Φ∴
ΦÝÕúΞôλ− ΒδÏ Τô°←ΚûΖ a, b, c Φ∴Üλ+ Τô°ΚûΖ x, y, z Φ∴Üλ ΦÝΘΩôλ−
Φ∴úΞ úΚôûΞ ax ΦτΣΘôÏλ.

  Α∴ôο Τô°+ Τô°←ΚûΖ Ï°χÏλ ΦÝιÕΚ↓ο ↑ιƒΥôΜλ ∆ηÓ− ΙÚ Τô°←♠τ
Τƒκ× ΙÚ Ï°κ♦γΟ ãΨ←ο Τô[ôΤο ΒÚχÏλ− ≅ΘôΞÕ Τô°←♠τ Τƒκ× ≅ϕΘ
ΚΠχ€ο Τô[ôÕ− Α∴ôο Τô°Κ↓τ Τƒκ× Τôσ[λ ≅ûΟϕÕχùΚôηúΟ ΒÚχÏλ−

≅ιƒΥôΥλ 2
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Now, consider a square of side 3 units (see Fig. 2.1). What is its
perimeter? You know that the perimeter of a square is the sum of the
lengths of its four sides. Here, each side is  3 units. So, its perimeter is 4
× 3, i.e., 12 units. What will be the perimeter if each side of the square is
10 units? The perimeter is 4 × 10, i.e., 40 units. In case the length of each
side is x units (see Fig. 2.2), the perimeter is given by 4x units. So, as the
length of the side varies, the perimeter varies.

Can you find the area of the square PQRS? It is x × x = x2 square units.
x2 is an algebraic expression. You are also familiar with other algebraic
expressions like 2x, x2 + 2x, x3 – x2 + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole numbers as the
exponents of the variable. Expressions of this form are called polynomials
in one variable. In the examples above, the variable is x. For instance, x3

– x2 + 4x + 7 is a polynomial in x. Similarly, 3y2 + 5y is a polynomial in
the variable y and t2 + 4 is a polynomial in the variable t.

In the polynomial x2 + 2x, the expressions x2 and 2x are called the terms of the polynomial.
Similarly, the polynomial 3y2 + 5y + 7 has three terms, namely, 3y2, 5y and 7. Can you write the
terms of the polynomial –x3 + 4x2 + 7x – 2 ? This polynomial has 4 terms, namely, –x3, 4x2, 7x
and –2.

Each term of a polynomial has a coefficient. So, in –x3 + 4x2 + 7x – 2, the coefficient of x3

is –1, the coefficient of x2 is 4, the coefficient of x is 7 and –2 is the coefficient of x0 (Remember,
x0 = 1). Do you know the coefficient of x in x2 – x + 7? It is –1.

2 is also a polynomial. In fact, 2, –5, 7, etc. are examples of constant polynomials. The
constant polynomial 0 is called the zero polynomial. This plays a very important role in the
collection of all polynomials, as you will see in the higher classes.

Now, consider algebraic expressions such as x + 231 , 3 and .+ +x y y
x

 Do you know that
you can write x + 1

x  = x + x–1? Here, the exponent of the second term, i.e.,
x–1 is –1, which is not a whole number. So, this algebraic expression is not a polynomial.

Again, 3x +  can be written as 
1
2 3x + . Here the exponent of x is 1

2
, which is not a whole

number. So, is 3x +  a polynomial? No, it is not. What about 3 y  + y2? It is also not a polynomial
(Why?).

Fig. 2.1

Fig. 2.2

3

3 3

3

x

x x

xS R

P Q
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ΒκúΣôÕ 3 ≅ΩÏ ΣχΚ ≅ΖÜ ùΚôηΟ ΙÚ ΜÕςιûΘ
ΦÓιÕχùΚôρ (ΣΟλ 2.1). ≅Θτ Ñσ[ΖÜ Φτ∴? ΜÕςιƒτ Ñσ[ΖÜ
ΦτΣÕ ΡôτÏ ΣχΚ ≅ΖÜΚ↓τ áÓΘο ΦτΣÕ ∆δΚÞχÏ ùΘ↔Ùλ−
ΒδÏ ΙπùΞôÚ ΣχΚ ≅ΖÜ 3 ≅ΩÏΚρ− Φ∴úΞ ΒΘτ Ñσ[ΖÜ
4×3, ≅ΘôΞÕ 12 ≅ΩÏΚρ. ΜÕςιƒτ ΙÚ ΣχΚ ¿Ζλ 10 ≅ΩÏΚρ
Φ±ο ≅Θτ Ñσ[ΖÜ ΦπΞΖÜ? 4 × 10 ≅ΩÏΚρ− ≅ΘôΞÕ 40
≅ΩÏΚρ. ΙÚúΞûΖ ΜÕςιƒτ ΙÚ ΣχΚιƒτ ¿Ζλ x ≅ΩÏΚρ
Φ±ο (ΣΟλ 2.2), ≅Θτ Ñσ[ΖÜ 4x ≅ΩÏΚρ− Φ∴úΞ ΜÕςιƒτ
ΣχΚ ≅ΖÜ Τô°∴ôο Ñσ[ΖÜλ Τôßλ.

ΜÕςλ PQRS-τ ΣςκΣΖûΞ ΚηÓ♦⁄χΚ Ø⁄ÙΤô? ΣςκΣΖÜ
x × x = x2 ΜÕς ≅ΩÏΚρ. x2 ΦτΣÕ ΙÚ ΒΥσΚ∞Θ úΚôûΞ−
∆δΚÞχÏ 2x, x2 + 2x, x3 – x2 + 4x + 7 úΣôτ[ ΒΥσΚ∞Θ úΚôûΞΚρ
Ï°ιÕ ùΘ↔Ùλ− ΒÕΞûς Ρôλ ΣôνιΘ úΚôûΞΚρ ≅û∴ιÕλ
Ιúς Τô°Ùλ+ ≅Θτ ≅ÓχÏΚρ ØÝ ΦηΠôΚÜλ ∆ρΖ∴−
ΒπΞûΚΥô∴ úΚôûΞΚρ ΙÚ Τô°♠ο ≅ûΤϕΘ ΣοÛßκ×
úΚôûΞΚρ Φτß ≅ûΨχΚκΣÓ€τ[∴− úΤσΚηΟ ΦÓιÕχΚôγ⁄ο
Τô° x. úΤÛλ x3 – x2 +  4x + 7 ΦτΣÕ x Η Τô°ΥôΚ ùΚôηΟ
ΣοÛßκ×χ úΚôûΞ− ΒúΘúΣôο 3y2 +  5y ΦτΣÕ y Η Τô°ΥôΚ
ùΚôηΟ ΣοÛßκ×χ úΚôûΞ− úΤÛλ t2 + 4 ΦτΣÕ t Η Τô°ΥôΚ
ùΚôηΟ ΣοÛßκ×χ úΚôûΞ.

x2 + 2x Φτ[ ΣοÛßκ×χ úΚôûΞ♠ο x2 Τσßλ 2x ΦτΣ∴ ∆ßκ×Κρ Φ∴κΣÓλ−
ΒúΘúΣôο 3y2 +  5y + 7 Φτ[ ΣοÛßκ×χ úΚôûΞ♠ο êτß ∆ßκ×Κρ ∆ρΖ∴−
≅ûΞ 3y2,  5y Τσßλ 7 ΦτΣ∴. ΣοÛßκ×χ úΚôûΞ –x3 +  4x2 +  7x – 2 ο ∆ρΖ
∆ßκ×ΚûΖ ∆τ∴ôο ΦÝΘ Ø⁄ÙΤô? ΒϕΘ ΣοÛßκ×χ úΚôûΞ♠ο –x3, 4x2, 7x Τσßλ
–2 Φτ[ 4 ∆ßκ×Κρ ∆ρΖ∴.

ΣοÛßκ×χ úΚôûΞ♠τ ΙπùΞôÚ ∆ßκ♦σÏλ ΙÚ ÏΠΚλ ∆ρΖÕ− –x3 + 4x2 +
7x – 2 Φτ[ úΚôûΞ♠ο  x3 τ ÏΠΚλ –1, x2 τ ÏΠΚλ G4, x τ ÏΠΚλ 7,  x0  τ
ÏΠΚλ –2 ( x0 = 1 ΦτΣûΘ ♣û∴Ü áνΚ).   x2 – x + 7 Φτ[ ΣοÛßκ×χ úΚôûΞ♠ο
x τ ÏΠΚλ Φτ∴? ≅Õ –1 ΑÏλ.

2 ΦτΣÕλ ΙÚ ΣοÛßκ×χ úΚôûΞ− 2, ̀ 5, 7... ΦτΣ∴ Τô°← ΣοÛßκ× úΚôûΞχÏ
ΦÓιÕχΚôγΟôÏλ− Τô°← ΣοÛßκ×χ úΚôûΞ »0µ Η  éϖ≥Υ  ΣοÛßκ×χ  úΚôûΞ
Φτ€ú[ôλ− ΒÕ ΣοÛßκ×χ úΚôûΞΚ↓τ ùΘôÏκ♦ο ♥Κ Øχ€ΥΤô∴ ΒΟιûΘ ♦⁄χ€[Õ−
ΒûΘ ¿δΚρ úΤο ΞÏκ♦ο Σ⁄κÀνΚρ.

Ρôλ ΒκúΣôÕ 3,1 ++ x
x

x  Τσßλ yy +3  úΣôτ[ ΒΥσΚ∞Θ úΚôûΞΚûΖ

ΣôνκúΣôλ. x + 1
x  = x + x–1 ΦτΣÕ ∆∴χÏ ùΘ↔ÙΤô? ΒδÏ ΒςηΟôΞÕ ∆ßκ× x–1 τ

≅ÓχÏ –1 ΑÏλ− ΒÕ ØÝ Φη ≅οΩ− Φ∴úΞ ΒϕΘ ΒΥσΚ∞Θχ úΚôûΞ
ΣοÛßκ×χ úΚôûΞ ≅οΩ.

úΤÛλ 3x +  Η 
1
2 3x +  Φ∴ ΦÝΘΩôλ− ΒδÏ x τ ≅ÓχÏ 

1
2

 ΒÕÜλ ØÝ Φη
≅οΩ− Φ∴úΞ 3x +  ΦτΣÕ ΣοÛßκ×χ úΚôûΞ ΑÏΤô? ΒοûΩ− 3 y  + y2 Η Σσ° ¿
Φτ∴ ♣û∴χ€[ôµ? ΒÕÜλ ΣοÛßκ×χ úΚôûΞ ≅οΩ?(Γτ?).

ΣΟλ 2.2

x

x x

xS R

P Q

ΣΟλ 2.1

3

3 3

3
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If the variable in a polynomial is x, we may denote the polynomial by p(x), or q(x), or
r(x), etc. So, for example, we may write :

p(x)  = 2x2 + 5x – 3
q(x) = x3 –1
r(y) = y3 + y + 1
s(u) = 2 – u – u2 + 6u5

A polynomial can have any (finite) number of terms. For instance, x150 + x149 + ...
+ x2 + x + 1 is a polynomial with 151 terms.

Consider the polynomials 2x,  2,  5x3, –5x2, y and u4. Do you see that each of these
polynomials has only one term? Polynomials having only one term are called monomials
(‘mono’ means ‘one’).

Now observe each of the following polynomials:
p(x) = x + 1, q(x) = x2 – x, r(y) = y9 + 1, t(u) = u15 – u2

How many terms are there in each of these? Each of these polynomials has only two
terms. Polynomials having only two terms are called binomials (‘bi’ means ‘two’).

Similarly, polynomials having only three terms are called trinomials
(‘tri’ means ‘three’). Some examples of trinomials are

p(x) = x + x2 + p, q(x) = 2  + x – x2,
r(u) = u + u2 – 2, t(y) = y4 + y + 5.
Now, look at the polynomial p(x) = 3x7 – 4x6 + x + 9. What is the term with the highest

power of x ? It is 3x7. The exponent of x in this term is 7. Similarly, in the polynomial q(y) =
5y6 – 4y2 – 6, the term with the highest power of y is 5y6 and the exponent of y in this term
is 6. We call the highest power of the variable in a polynomial as the degree of the polynomial.
So, the degree of the polynomial 3x7 – 4x6 + x + 9 is 7 and the degree of the polynomial 5y6

– 4y2 – 6 is 6. The degree of a non-zero constant polynomial is zero.

Example 1 : Find the degree of each of the polynomials given below:
(i) x5 – x4 + 3 (ii) 2 – y2 – y3 + 2y8 (iii) 2

Solution : (i) The highest power of the variable is 5. So, the degree of the polynomial is 5.
(ii)The highest power of the variable is 8. So, the degree of the polynomial is 8.
(iii)The only term here is 2 which can be written as 2x0. So the exponent of x is 0. Therefore,

   the degree of the polynomial is 0.
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ΙÚ ΣοÛßκ×χ úΚôûΞ♠ο ∆ρΖ Τô° x Φ±ο Ρôλ ΣοÛßκ×χ úΚôûΞûΥ
p(x) ≅οΩÕ q(x) ≅οΩÕ r(x) úΣôτ[ Ξ⁄↑ο ΦÝΘΩôλ.

ΦÓιÕχΚôγΟôΚ: p(x)  = 2x2 + 5x – 3
q(x) = x3 –1
r(y) = y3 + y + 1
s(u) = 2 – u – u2 + 6u5

ΙÚ ΣοÛßκ×χ úΚôûΞ♠ο ΦιΘû∴ ∋Ï°κ♦γΟ( ∆ßκ×Κρ úΞηÓΤô∴ôÛλ
ΒÚχΚΩôλ− ΦÓιÕχΚôγΟôΚ x150 + x149 + ...+ x2 + x + 1 ΦτΣÕ 151 ∆ßκ×Κρ ùΚôηΟ
ΣοÛßκ×χ úΚôûΞ.

      2x, 2, 5x3, –5x2, y Τσßλ u4 úΣôτ[ ΣοÛßκ×χ úΚôûΞΚûΖ ΚΞ±− ΒΞσ°ο Ιúς
ΙÚ ∆ßκ× ΤγÓλ ∆ρΖûΘ ΚΞ±ιΘôΥô? Ιúς ΙÚ ∆ßκûΣ ΤγÓλ ùΚôηÓρΖ
úΚôûΞΚûΖ ϑÚßκ×χ úΚôûΞΚρ (monomials) ΦτΣν. (úΤôú∴ô (mono) Φτ[ôο 1

Φ∴ ùΣôÚρΣÓλ)
♦τΞÚλ ΣοÛßκ×χ úΚôûΞΚûΖ ΚΞ±:

p(x) = x + 1, q(x) = x2 – x, r(y) = y9 + 1, t(u) = u15 – u2

ΙπùΞôÚ úΚôûΞ♠Ûλ ΦιΘû∴ ∆ßκ×Κρ ∆ρΖ∴? ΙπùΞôτßλ ΒςηÓ
∆ßκ×ΚûΖ ùΚôηÓρΖ∴− ΙÚ ΣοÛßκ×χ úΚôûΞ ΒςηÓ ∆ßκ×ΚûΖ ΤγÓλ
ùΚôη⁄ÚϕΘôο ≅ϕΘ ΣοÛßκ×χ úΚôûΞûΥ ΧÚßκ×χ úΚôûΞ ΦτΣν− ΒúΘúΣôο
ΙÚ ΣοÛßκ×χ úΚôûΞ êτß ∆ßκ×ΚûΖ ΤγÓλ ùΚôη⁄ÚϕΘôο ≅Ξσû[ êÜßκ×χ
úΚôûΞ ΦτΣν− êÜßκ×χ úΚôûΞχÏ ΦÓιÕχΚôγÓ:

p(x) = x + x2 + p, q(x) = 2  + x – x2,
r(u) = u + u2 – 2, t(y) = y4 + y + 5.
p(x) = 3x7 – 4x6 + x + 9 Φτ[ ΣοÛßκ×χ úΚôûΞûΥ ΚΞ±. x τ ♥Κ ≅ƒΚΣγΜ

≅ÓχÏ ùΚôηΟ ∆ßκ× ΦÕ? ≅Õ 3x7 ΦτΣΘôÏλ. ΒϕΘ ∆ßκ♦ο x τ ≅ÓχÏ 7 ΑÏλ−
ΒúΘúΣôο q(y) = 5y6 – 4y2 – 6 Φτ[ ΣοÛßκ×χ úΚôûΞ♠ο y τ ♥Κ ≅ƒΚΣγΜ ≅ÓχÏ
∆ρΖ ∆ßκ× 5y6. úΤÛλ y τ ≅ÓχÏ 6. ΙÚ ΣοÛßκ×χ úΚôûΞ♠ο Τô°♠τ ♥Κ
≅ƒΚΣγΜ ≅ÓχûΚ Ρôλ ≅ϕΘ ΣοÛßκ×χ úΚôûΞ♠τ Σ⁄ Φτ€ú[ôλ− Φ∴úΞ 3x7 –
4x6 + x + 9 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ Σ⁄ 7 ΑÏλ− úΤÛλ 5y6 –  4y2 – 6 Φτ[
ΣοÛßκ×χ úΚôûΞ♠τ Σ⁄ 6 ΑÏλ− Τô°← ∆ßκûΣ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ♠τ
Σ⁄ éϖ≥Υλ ΑÏλ.

ΦÓιÕχΚôγÓ 1 : •úΨ ùΚôÓχΚκΣγΟ ΣοÛßκ×χ úΚôûΞΚ↓τ Σ⁄ΚûΖ ΦÝÕΚ.

(i) x5 – x4 + 3 (ii) 2 – y2 – y3 + 2y8 (iii) 2
¾νÜ : (i) Τô°♠τ ≅ƒΚΣγΜ ≅ÓχÏ 5. Φ∴úΞ ΣοÛßκ×χ úΚôûΞ♠τ Σ⁄ 5.

(ii) Τô°♠τ ≅ƒΚΣγΜ ≅ÓχÏ 8. Φ∴úΞ ΣοÛßκ×χ úΚôûΞ♠τ Σ⁄ 8.

(iii) ΒƒÛρΖ ϑúςùΥôÚ ∆ßκ× 2. ΒûΘ 2x0 Φ∴ ΦÝΘΩôλ− x τ ≅ÓχÏ 0. Φ∴úΞ
ΒϕΘ ΣοÛßκ×χ úΚôûΞ♠∴ Σ⁄ »0µ.
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Now observe the polynomials p(x) = 4x + 5, q(y) = 2y, r(t) = t + 2 and s(u) = 3 – u. Do
you see anything common among all of them? The degree of each of these polynomials is one.
A polynomial of degree one is called a linear polynomial. Some more linear polynomials in
one variable are 2x – 1, 2 y + 1, 2 – u. Now, try and find a linear polynomial in x with 3 terms?
You would not be able to find it because a linear polynomial in x can have at most two terms. So,
any linear polynomial in x will be of the form ax + b, where a and b are constants and a ¹ 0
(why?). Similarly, ay + b is a linear polynomial in y.

Now consider the polynomials :
2x2 +  5, 5x2 + 3x + p, x2 and x2 + 2

5 x
Do you agree that they are all of degree two? A polynomial of degree two is called a quadratic

polynomial. Some examples of a quadratic polynomial are 5 – y2, 4y + 5y2 and 6 – y – y2. Can
you write a quadratic polynomial in one variable with four different terms? You will find that a
quadratic polynomial in one variable will have at most 3 terms. If you list a few more quadratic
polynomials, you will find that any quadratic polynomial in x is of the form ax2 + bx + c, where
a ¹ 0 and a, b, c are constants. Similarly, quadratic polynomial in y will be of the form ay2 + by
+ c, provided a ¹ 0 and a, b, c are constants.

We call a polynomial of degree three a cubic polynomial. Some examples of a cubic
polynomial in x are 4x3, 2x3 + 1, 5x3 + x2, 6x3 – x, 6 – x3, 2x3 + 4x2 + 6x + 7. How many terms
do you think a cubic polynomial in one variable can have? It can have at most 4 terms. These
may be written in the form ax3 + bx2 + cx + d, where a ¹ 0 and a, b, c and d are constants.

Now, that you have seen what a polynomial of degree 1, degree 2, or degree 3 looks like, can
you write down a polynomial in one variable of degree n for any natural number n? A polynomial
in one variable x of degree n is an expression of the form
 anx

n + an–1x
n–1 + . . . + a1x + a0

where a0, a1, a2, . . ., an are constants and an ¹ 0.
In particular, if a0 = a1 = a2 = a3 = . . . = an = 0 (all the constants are zero), we get the zero

polynomial, which is denoted by 0. What is the degree of the zero polynomial? The degree of
the zero polynomial is not defined.

So far we have dealt with polynomials in one variable only. We can also have polynomials in
more than one variable. For example, x2 + y2 + xyz (where variables are x, y and z) is a polynomial
in three variables. Similarly p2 + q10 + r (where the variables are p, q and r), u3 + v2 (where the
variables are u and v) are polynomials in three and two variables, respectively. You will be
studying such polynomials in detail later.
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ΒκúΣôÕ ♦τΞÚλ ΣοÛßκ×χ úΚôûΞΚûΖ ΚΞ±− p(x)  =  4x +  5,  q(y)  =  2y,
r(t) = t + 2 Τσßλ s(u) = 3 – u. ΒΞσ°ο ùΣôÕΞô∴ Ση× ΓΘôΞÕ ∆ρΖΘô? ΒϕΘ
ΣοÛßκ×χ úΚôûΞ ΙπùΞôτ°τ Σ⁄Ùλ 0− ΙÚ Τô° Τσßλ Σ⁄ Ιτ[ôΚ ∆ρΖ
ΣοÛßκ×χ úΚôûΞûΥ ΙÚ Σ⁄ ΣοÛßκ×χ úΚôûΞ ≅οΩÕ úΡ↔Υ ΣοÛßκ×χ
úΚôûΞ Φτß ≅ûΨκΣν− úΤÛλ ′Ω ΙÚ Τô° ùΚôηΟ ΙÚΣ⁄ ΣοÛßκ×χ úΚôûΞΚρ
2x – 1, 2 y + 1, 2 – u ØΘ←Υ∴. ΒκúΣôÕ 3 ∆ßκ× ùΚôηΟ x Τô°ÙΟτ á⁄Υ ΙÚΣ⁄
ΣοÛßκ×χ úΚôûΞûΥ ΚηÓ♦⁄κúΣôλ− ∆τ∴ôο ΚηÓ♦⁄χΚ Ø⁄ΥôÕ− Γù∴±ο
ΙÚΣ⁄ ΣοÛßκ×χ úΚôûΞ♠ο ≅ƒΚΣγΜλ ΒςηÓ ∆ßκ×Κρ ΤγÓúΤ ΒÚχÏλ−
Φ∴úΞ x Τô°ÙΟτ á⁄Υ ΙÚΣ⁄ ΣοÛßκ×χ úΚôûΞ ΦτΣÕ ax + b Φτ[ Ξ⁄↑ο
ΒÚχÏλ− ΒδÏ a Τσßλ b ΦτΣ∴ Τô°←Κρ− úΤÛλ a ¹ 0 (Γτ?). ΒúΘúΣôο ay + b
ΦτΣÕ y ο ΙÚΣ⁄ ΣοÛßκ×χ úΚôûΞ.

ΒκúΣôÕ •θχΚηΟ ΣοÛßκ×χ úΚôûΞΚûΖ ΚΞ±κúΣôλ :

        2x2 +  5, 5x2 + 3x + p, x2 Τσßλ x2 + 2
5 x

ΒûΞ ≅û∴ιÕλ Σ⁄ »2µ Η ùΚôηΟûΞΥô? Σ⁄ 2 Η ùΚôηΟ ΣοÛßκ×χ úΚôûΞΚûΖ
ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞΚρ ΦτΣν− ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞΚÞχÏ ′Ω
ΦÓιÕχΚôγÓΚρ9 5 – y2, 4y + 5y2 Τσßλ 6 – y – y2. ΙÚ Τô°ÙΟτ á⁄Υ ΡôτÏ ùΞπúΞß
∆ßκ×Κρ ùΚôηΟ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞûΥ ΦÝΘ Ø⁄ÙΤô? ΙÚ Τô°ûΥ
ùΚôηΟ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞ♠ο ≅ƒΚΣγΜλ êτß ∆ßκ×Κρ ΒÚχÏλ− x Η
Τô°ΥôΚ ùΚôηΟ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞ♠τ ùΣôÕ Ξ⁄Ξλ ax2 + bx + c ΦτΣΘôÏλ−
ΒδÏ a, b, c ΦτΣ∴ Τô°←Κρ, úΤÛλ a ¹ 0. ΒúΘúΣôο y Η Τô°ΥôΚ ùΚôηΟ ΒÚΣ⁄
ΣοÛßκ×χ úΚôûΞ♠τ ùΣôÕΞ⁄Ξλ ay2 + by + c ΑÏλ− ΒδÏ a, b, c ΦτΣ∴ Τô°←Κρ−
úΤÛλ a ¹ 0 .

Σ⁄ êτ[ôΚ ∆ρΖ ΙÚ ΣοÛßκ×χ úΚôûΞ ØκΣ⁄ ΣοÛßκ×χ úΚôûΞ Φ∴κΣÓλ−
4x3, 2x3 + 1, 5x3 + x2, 6x3 – x, 6 – x3, 2x3 + 4x2 + 6x + 7 ΦτΣ∴ x Η Τô°ΥôΚ ùΚôηΟ ′Ω
ØκΣ⁄ ΣοÛßκ×χ úΚôûΞΚρ ΑÏλ− ΙÚ Τô° ùΚôηΟ ØκΣ⁄ ΣοÛßκ×χ úΚôûΞ♠ο
ΦιΘû∴ ∆ßκ×Κρ ΒÚχΚχáÓλ Φ∴ ¿ ♣û∴χ€[ôµ> ≅ƒΚΣγΜΤôΚ 4 ∆ßκ×Κρ
ΒÚχÏλ− ΒûΘ ax3 + bx2 + cx + d. ΒδÏ a ¹ 0, úΤÛλ a, b, c, d ΦτΣ∴ Τô°←Κρ.

ΒκúΣôÕ Σ⁄ 0+ Σ⁄ 1+ Σ⁄ 2 ùΚôηΟ ΣοÛßκ×χ úΚôûΞΚρ ΦπΞôß ΒÚχÏλ
Φ∴ ∆δΚÞχÏ ùΘ↔Ùλ− ΒΥο Φη n χÏ ΙÚ Τô°ÙΟτ á⁄Υ n Σ⁄ ùΚôηΟ
ΣοÛßκ×χ úΚôûΞûΥ ∆τ∴ôο ΦÝΘ Ø⁄ÙΤô? ΙÚ Τô° x  ùΚôηΟ Σ⁄ n ∆ûΟΥ
ΣοÛßκ×χ úΚôûΞΥô∴Õ
 anx

n + an–1x
n–1 + . . . + a1x + a0   Φτ[ Ξ⁄↑ο ΒÚχÏλ−

ΒδÏ  a0, a1, a2, . . ., an ΦτΣ∴ Τô°←Κρ− úΤÛλ an ¹ 0.
ΙÚúΞûΖ a0 = a1 = a2 = a3 = . . . = an = 0 (ΦοΩô Τô°←ΚÞλ »0µ) Φ±ο ΡΤχÏ éϖ≥Υ

ΣοÛßκ×χ úΚôûΞ €ûΟχ€[Õ− ΒûΘ »0µ Φ∴ Ï°χ€ú[ôλ− éϖ≥Υ ΣοÛßκ×χ
úΚôûΞ♠τ Σ⁄ Φτ∴? ΒÕ ΞûςΥßχΚκΣΟ↑οûΩ.

ΒÕΞûς Ρôλ ΙÚ Τô° ùΚôηΟ ΣοÛßκ×χ úΚôûΞΚρ Σσ° ΤγÓúΤ ΣôνιúΘôλ−
ΙτßχÏ úΤσΣγΟ Τô°Κρ ∆ûΟΥ ΣοÛßκ×χ úΚôûΞΚÞλ ∆ρΖ∴− ΦÓιÕχΚôγΟôΚ
x2 + y2 + xyz (ΒδÏ x, y, z ΦτΣ∴ Τô°Κρ) ΦτΣÕ 3 Τô°Κρ ùΚôηΟ ΣοÛßκ×χ
úΚôûΞ− ΒúΘúΣôο p2 + q10 + r  (ΒδÏ p, q, r ΦτΣ∴ Τô°Κρ), u3 + v2  (ΒδÏ u, v
ΦτΣ∴ Τô°Κρ) ØΘ←Υ∴ 3 Τσßλ 2 Τô°Κρ ùΚôηΟ ΣοÛßκ×χ úΚôûΞΚρ− ΒÕ
Ï°ιÕ ♦[Ï ¿δΚρ ↑↔ΞôΚ Σ⁄κÀνΚρ.
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30 Which of the following expressions are polynomials in one variable and which are not?
State reasons for your answer.
(i) 4x2 – 3x + 7(ii) y2 + 2 (iii) 3 2t t (iv) y + 2

y(v) x10 + y3 + t50

40 Write the coefficients of x2 in each of the following:
(i) 2 + x2 + x (ii) 2 – x2 + x3 (iii) 2

2
x x

 (iv) 2 1x 

50 Give one example each of a binomial of degree 35, and of a monomial of degree 100.
60 Write the degree of each of the following polynomials:

(i) 5x3 + 4x2 + 7x       (ii)4 – y2 (iii) 5t – 7        (iv) 3
70 Classify the following as linear, quadratic and cubic polynomials:

(i) x2 + x (ii) x – x3 (iii) y + y2 + 4 (iv) 1 + x
(v) 3t (vi) r2 (vii) 7x3

80 If P(x) = 6 57 32x x   and Q (x) = 5 37 1x x  are polynomials, then the degree of 
(x) + Q (x) is

(A) 11 (B) 6 (C) 8 (D) 19

"405"\gtqgu"qh"c"Rqn{pqokcn

Consider the polynomialp(x) = 5x3 – 2x2 + 3x – 2.
If we replace x by 1 everywhere in p(x), we get

p(1) = 5 × (1)3 – 2 × (1)2 + 3 × (1) – 2
= 5 – 2 + 3 –2
= 4

So, we say that the value of p(x) at x = 1 is 4.
Similarly, p(0) = 5(0)3 – 2(0)2 + 3(0) –2

= –2
Can you find p(–1)?

Gzcorng"4"< Find the value of each of the following polynomials at the indicated value of
variables:

(i) p(x) = 5x2 – 3x + 7 at x = 1.
(ii) q(y) = 3y3 – 4y + 11  at y = 2.
(iii) p(t) = 4t4 + 5t3 – t2 + 6 at t = a.

P
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Σ♠σ′ 2.1

1. •θχΚηΟ ΣοÛßκ×χ úΚôûΞΚ↓ο ΙÚ Τô°ûΥχ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ

≅οΩôΘÕ ΦÕ> ∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ áß.

(i) 4x2 – 3x + 7(ii) y2 + 2 (iii) 3 2t t+ (iv) y + 2
y

(v) x10 + y3 + t50

2. •θχΚηΟ ΙπùΞôτ°Ûλ x2 τ ÏΠΚδΚûΖ ΦÝÕΚ.

(i) 2 + x2 + x (ii) 2 – x2 + x3 (iii) 2

2
x xp

+ (iv) 2 1x -

3. 35 Η Σ⁄ΥôΚ ùΚôηΟ ΙÚ ΧÚßκ×χ úΚôûΞ, 100 Η Σ⁄ΥôΚ ùΚôηΟ ϑÚßκ×χ
úΚôûΞχÏ ΙπùΞôÚ ∆ΘôςΠλ ùΚôÓ.

4. •θχΚηΟ ΣοÛßκ×χ úΚôûΞ ΙπùΞôτ°τ Σ⁄ΚûΖ ΦÝÕΚ.

(i) 5x3 + 4x2 + 7x          (ii)4 – y2    (iii) 5t – 7 (iv) 3
5. •θχΚηΟΞσ°ο ΙÚΣ⁄+ ΒÚΣ⁄+ ØκΣ⁄ ΣοÛßκ×χ úΚôûΞΚûΖ ΞûΚκΣÓιÕΚ.

(i) x2 + x (ii) x – x3 (iii) y + y2 + 4 (iv) 1 + x
(v) 3t (vi) r2 (vii) 7x3

6. P(x) = 6 57 32x x+ +  Τσßλ Q (x) = 5 37 1x x+ +  Α€Υ∴ ΣοÛßκ×χúΚôûΞΚρ
Φ±ο P (x) + Q (x) τ Σ⁄

(A) 11 (B) 6 (C) 8 (D) 19
2.3 ΣοÛßκ×χ úΚôûΞΚ↓τ éϖ≥ΥδΚρ 9

 p(x)  =  5x3 –  2x2 +  3x – 2 Φτ[ ΣοÛßκ×χ úΚôûΞûΥ ΦÓιÕχùΚôρ. x ΒÚχÏλ
ΒΟιƒο 1 Η ♦ςƒ♠γΟôο+

Ρôλ ùΣßΞÕ+ p(1) = 5 × (1)3 – 2 × (1)2 + 3 × (1) – 2
= 5 – 2 + 3 –2
= 4

Φ∴úΞ p(x) τ Τƒκ× x = 1 Φ±ο 4 ΑÏλ−

ΒúΘúΣôο, p(0) =5(0)3 – 2(0)2 + 3(0) –2
= –2

¿δΚρ p(–1) τ ΤƒκûΣ ΚηÓ♦⁄κÀνΚΖô?

ΦÓιÕχΚôγÓ 2: •θχΚηΟ ΙπùΞôÚ ΣοÛßκ×χ úΚôûΞΚ↓τ ΤƒκûΣÙλ
ùΚôÓχΚκΣγΟ Τô°♠τ Τƒκ♦σÏ Γσ[Ξôß ΚηÓ♦⁄χΚÜλ.

(i) p(x) = 5x2 – 3x + 7. Βƒο x = 1
(ii) q(y) = 3y3 – 4y + 11 . Βƒο y = 2
(iii) p(t) = 4t4 + 5t3 – t2 + 6. Βƒο t = a
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Solution : (i) p(x) = 5x2 – 3x + 7
The value of the polynomial p(x) at x = 1 is given by

p(1) = 5(1)2 – 3(1) + 7
= 5 – 3 + 7 = 9

(ii) q(y) = 3y3 – 4y + 11

The value of the polynomial q(y) at y = 2 is given by
q(2) = 3(2)3 – 4(2) + 11  = 24 – 8 + 11  = 16 + 11

(iii) p(t) = 4t4 + 5t3 – t2 + 6
The value of the polynomial p(t) at t = a is given by

 p(a)  = 4a4 + 5a3 – a2 + 6

Now, consider the polynomial p(x) = x – 1.
What is p(1)? Note that :  p(1) = 1 – 1 = 0.
As p(1) = 0, we say that 1 is a zero of the polynomial p(x).
Similarly, you can check that 2 is a zero of q(x), where q(x) = x – 2.
In general, we say that a zero of a polynomial p(x) is a number c such that p(c) = 0.

You must have observed that the zero of the polynomial x – 1 is obtained by equating it to 0,
i.e., x – 1 = 0, which gives x = 1. We say p(x) = 0 is a polynomial equation and 1 is the root of
the polynomial equation p(x) = 0. So we say 1 is the zero of the polynomial x – 1, or a root of
the polynomial equation x – 1 = 0.

Now, consider the constant polynomial 5. Can you tell what its zero is? It has no zero because
replacing x by any number in 5x0 still gives us 5. In fact, a non-zero constant polynomial has
no zero. What about the zeroes of the zero polynomial? By convention, every real number is a
zero of the zero polynomial.

Example 3 : Check whether –2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) = x + 2.
Then p(2) = 2 + 2 = 4,       p(–2) = –2 + 2 = 0
Therefore, –2 is a zero of the polynomial x + 2, but 2 is not.

Example 4 : Find a zero of the polynomial p(x) = 2x + 1.
Solution : Finding a zero of p(x), is the same as solving the equation

p(x)  = 0
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¾νÜ : (i) p(x) = 5x2 – 3x + 7
 x = 1 ΦàλúΣôÕ p(x) Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ Τƒκ×

p(1) = 5(1)2 – 3(1) + 7
= 5 – 3 + 7 = 9

(ii) q(y) = 3y3 – 4y + 11
          y = 2 ΦàλúΣôÕ, q(y) Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ Τƒκ×

           q(2) =3(2)3 – 4(2) + 11  = 24 – 8 + 11  = 16 + 11

(iii) p(t) = 4t4 + 5t3 – t2 + 6
           t = a ΦàλúΣôÕ, p(t) Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ Τƒκ×

         p(a) =4a4 + 5a3 – a2 + 6
ΒκúΣôÕ ΣοÛßκ×χ úΚôûΞ p(x) = x – 1Η ΦÓιÕχùΚôρúΞôλ.

Βƒο p(1) τ Τƒκ× Φτ∴? p(1) = 1 – 1 = 0 Φ∴ ΚΞ±χΚÜλ. p(1) = 0. p(x) Φτ[
ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υλ 1 Φ∴ Ρôλ á[Ωôλ.

ΒúΘúΣôο, 2 ΦτΣÕ q(x) Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υλ ΑÏΤô Μ↔ΣôνκúΣôλ−
ΒδÏ q(x) = x – 2.
ùΣôÕΞôΚ, ΙÚ ΣοÛßκ×χ úΚôûΞ p(x) τ éϖ≥Υλ ΦτΣÕ ΙÚ Φη c ΑÏλ− ΒδúΚ
p(c) = 0 Φ±ο c Η p(x) τ éϖ≥Υ Τƒκ× ΦτΣν.

x – 1 τ ΤƒκûΣ ΚηÓ♦⁄κΣΘσÏ x – 1 Η 0 χÏ  ΜΤλ  Φ∴  ΚôγÓΞΘτ  êΩλ
ùΣ[Ωôλ− ≅ΘôΞÕ x – 1 = 0 Φ±ο x = 1. ΒδÏ p(x) = 0 ΦτΣÕ ΣοÛßκ×χ úΚôûΞ
ΜΤτΣôÓ ΑÏλ− úΤÛλ p(x) = 0 Φτ[ ΣοÛßκ×χ úΚôûΞ ΜΤτΣôγ⁄τ éϖ≥Υλ 1

ΑÏλ− Φ∴úΞ 1 Η x – 1 Φτ[ ΣοÛßκ×χ úΚôûΞ♠ο éϖ≥Υλ Φ∴Üλ ≅οΩÕ
x – 1 = 0 Φτ[ ΣοÛßκ×χ úΚôûΞ ΜΤτΣôγ⁄τ êΩλ Φ∴Üλ á[Ωôλ.

Ρôλ ΒκúΣôÕ Τô°← ΣοÛßκ×χ úΚôûΞ 5 Η ΦÓιÕχ ùΚôρúΞôλ− ΒΘàûΟΥ
éϖ≥Υλ Φτ∴ùΞτß ∆τ∴ôο á[ Ø⁄ÙΤô? ΒΘσÏ éϖ≥Υλ €ûΟΥôÕ− Γù∴±ο
x χÏ ΣƒΩôΚ ΦϕΘ ΦηûΠχ ùΚôÓιΘôÛλ 5x0 τ Τƒκ× 5 ΤγÓúΤ ΞÚλ− Φ∴úΞ
éϖ≥Υλ ≅οΩôΘ Τô°← ΣοÛßκ×χ úΚôûΞχÏ éϖ≥Υλ ΒοûΩ− éϖ≥Υ ΣοÛßκ×χ
úΚôûΞ♠ο éϖ≥Υλ ΦτΣÕ Φτ∴> ΙπùΞôÚ ùΤµ ΦηÔλ éϖ≥Υ ΣοÛßκ×χ
úΚôûΞ♠τ éϖ≥Υλ ΑÏλ−

ΦÓιÕχΚôγÓ 3: –2 Τσßλ 2 ΦτΣ∴ x + 2 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥ΥδΚΖô
Φ∴ úΜôƒιÕκ Σôν.
¾νÜ : p(x) = x + 2 ΦτΚ.

úΤÛλ p(2) = 2 + 2 = 4,p(–2) = –2 + 2 = 0
 Φ∴úΞ –2 ΦτΣÕ x + 2 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υλ ΑÏλ− Α∴ôο 2,   p(x)χÏ
éϖ≥Υλ ΑΚôÕ−

ΦÓιÕχΚôγÓ 4 : p(x) = 2x + 1 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥ΥιûΘ ΚηÓ♦⁄?

¾νÜ : p(x) R 0 Φ∴ ΚηÓ♦⁄ιΘûΘ úΣôΩúΞ p(x) τ éϖ≥Υ ΤƒκûΣ ΚηÓ♦⁄χΚΩôλ.

p(x) Η 0 χÏ ΜΤΤôχΚ úΞηÓλ.
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Now, 2x + 1 = 0 gives us x = 1–
2

So, 1–
2

 is a zero of the polynomial 2x + 1.

Now, if p(x) = ax + b, a ¹ 0, is a linear polynomial, how can we find a zero of p(x)? Example
4 may have given you some idea. Finding a zero of the polynomial p(x), amounts to solving the
polynomial equation p(x) = 0.

Now, p(x) = 0 means ax + b = 0, a ¹ 0

So, ax = –b
i.e., x = – b

a
.

So, x = b
a

-  is the only zero of p(x), i.e., a linear polynomial has one and only one zeroo.
Now we can say that 1 is the zero of x – 1, and –2 is the zero of x + 2.

Example 5 : Verify whether 2 and 0 are zeroes of the polynomial x2 – 2x.

Solution : Let p(x) = x2 – 2x

Then p(2) = 22 – 4 = 4 – 4 = 0

and p(0) = 0 – 0 = 0

Hence, 2 and 0 are both zeroes of the polynomial x2 – 2x.

Let us now list our observations:

(i) A zero of a polynomial need not be 0.

(ii) 0 may be a zero of a polynomial.

(iii) Every linear polynomial has one and only one zero.

(iv) A polynomial can have more than one zero.

EXERCISE 2.2

1. Find the value of the polynomial 5x – 4x2 + 3 at

(i) x = 0 (ii) x = –1 (iii) x = 2

2. Find p(0), p(1) and p(2) for each of the following polynomials:

(i) p(y) = y2 – y + 1 (ii) p(t) = 2 + t + 2t2 – t3

(iii) p(x) = x3 (iv) p(x) = (x – 1) (x + 1)
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  ΒκúΣôÕ 2x + 1 = 0 Φ±ο  x = 1–
2

 ΑÏλ−

Φ∴úΞ 1–
2

 ΦτΣÕ 2x + 1 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υλ ΑÏλ.

ΒκúΣôÕ p(x) = ax + b úΤÛλ a ¹ 0 Φτ[ úΡ↔Υ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥ΥιûΘ
Ρôλ ΦπΞôß ΚηÓ♦⁄κΣÕ? ΦÓιÕχΚôγÓ 4 τ êΩλ ∆δΚÞχÏ ′Ω Ξ→Øû[Κρ
×↔ϕƒÚχÏλ− ΣοÛßκ×χ úΚôûΞ p(x) τ éϖ≥ΥιûΘ ΚôΠ ΣοÛßκ×χ úΚôûΞ
ΜΤτΣôÓ p(x) = 0 ΦτΣûΘ ¾νχΚ úΞηÓλ.

ΒκúΣôÕ p(x) = 0 Φ±ο ax + b = 0, a ¹ 0

           ΑΚúΞ              ax = –b
           ≅ΘôΞÕ              x = – b

a

Φ∴úΞ p(x) τ éϖ≥Υ Τƒκ× – b
a

 ΤγÓúΤ ΑÏλ− úΡ↔Υ ΣοÛßκ×χ úΚôûΞ Ιúς ΙÚ
éϖ≥ΥιûΘ ΤγÓλ ùΣσ°ÚχÏλ ΦτΣÕ.

1 ΦτΣÕ x – 1 τ éϖ≥Υλ úΤÛλ –2 ΦτΣÕ x + 2 τ éϖ≥Υλ Φ∴χ á[Ωôλ.

ΦÓιÕχΚôγÓ 5:2 Τσßλ 0 ΦτΣ∴ ΣοÛßκ×χ úΚôûΞ x2 – 2x τ éϖ≥ΥδΚρ ΑÏΤô?

¾νÜ : p(x) = x2 – 2x  Φ∴χùΚôρ−

            ΒκúΣôÕ,      p(2) = 22 – 4 = 4 – 4 = 0
             Τσßλ     p(0) = 0 – 0 = 0

Φ∴úΞ, x2 – 2x τ éϖ≥ΥδΚρ 2 Τσßλ 0 ΑÏλ−

ΒÕΞûς Ρôλ ≅°ϕΘûΞ :

(i) ΙÚ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υ ΤƒκΣô∴Õ éϖ≥ΥΤôΚ ΒÚχΚ úΞη⁄Υ
     ≅Ξ′Υ♥οûΩ

(ii) ΙÚ ΣοÛßκ×χ úΚôûΞ♠τ éϖ≥Υλ 0 ΑΚ ΒÚχΚΩôλ.

(iii) úΡ↔Υ ΣοÛßκ×χ úΚôûΞ ΙúςùΥôÚ éϖ≥ΥιûΘ ΤγÓλ ùΣσ°ÚχÏλ.

(iv) ΙÚ ΣοÛßκ×χ úΚôûΞ ΙτßχÏ úΤσΣγΟ éϖ≥ΥδΚûΖ ùΣσ°ÚχÏλ.

Σ♠σ′ 2.2

1. •ÝρΖ Τƒκ×Κ↓ο 5x – 4x2 + 3 Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ ΤƒκûΣ ΚηÓ♦⁄.

(i) x = 0 (ii) x = –1 (iii) x = 2

2. •ÝρΖ ΙπùΞôÚ ΣοÛßκ×χ úΚôûΞχÏλ p(0), p(1) Τσßλ p(2) τ Τƒκ×ΚûΖ

ΚηÓ♦⁄.

(i) p(y) = y2 – y + 1 (ii) p(t) = 2 + t + 2t2 – t3

(iii) p(x) = x3 (iv) p(x) = (x – 1) (x + 1)
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3. Verify whether the following are zeroes of the polynomial, indicated against them.

(i) p(x) = 3x + 1, x = 1–
3

(ii) p(x) = 5x – p, x = 4
5

(iii) p(x) = x2 – 1, x = 1, –1 (iv) p(x) = (x + 1) (x – 2), x = – 1, 2

(v) p(x) = x2, x = 0 (vi) p(x) = lx + m, x = – m
l

(vii) p(x) = 3x2 – 1, x = 1 2,
3 3

- (viii) p(x) = 2x + 1, x = 1
2

4. Find the zero of the polynomial in each of the following cases:

(i) p(x) = x + 5 (ii) p(x) = x – 5 (iii) p(x) = 2x + 5

(iv) p(x) = 3x – 2 (v) p(x) = 3x (vi) p(x) = ax, a ¹ 0

(vii)p(x) = cx + d, c ¹ 0, c, d are real numbers.

2.4 Factorisation of Polynomials

Let us now look at the situation of Example 10 above more closely. It tells us that since the
remainder, 

1
2

qæ ö-ç ÷
è ø

 = 0, (2t + 1) is a factor of q(t), i.e., q(t) = (2t + 1) g(t)

for some polynomial g(t). This is a particular case of the following theorem.

Factor Theorem : If p(x) is a polynomial of degree n > 1 and a is any real number, then
(i) x – a is a factor of p(x), if p(a) = 0, and (ii) p(a) = 0, if x – a is a factor of p(x).

Proof: By the Remainder Theorem, p(x)=(x – a) q(x) + p(a).
(i) If p(a) = 0, then p(x) = (x – a) q(x), which shows that x – a is a factor of p(x).
(ii)Since x – a is a factor of p(x), p(x) = (x – a) g(x) for same polynomial g(x). In this case,

p(a) = (a – a) g(a) = 0.

Example 6 : Examine whether x + 2 is a factor of x3 + 3x2 + 5x + 6 and of 2x + 4.

Solution : The zero of x + 2 is –2. Let p(x) = x3 + 3x2 + 5x + 6 and s(x) = 2x + 4

Then, p(–2) = (–2)3 + 3(–2)2 + 5(–2) + 6

= –8 + 12 – 10 + 6

= 0

So, by the Factor Theorem, x + 2 is a factor of x3 + 3x2 + 5x + 6.
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3. •θχΚηΟ ΣοÛßκ×χ úΚôûΞΚÞχÏ ùΚôÓχΚκΣγÓρΖ x τ Τƒκ× éϖ≥ΥδΚρ

ΑÏΤô Φ∴ Μ↔Σôν.

(i) p(x) = 3x + 1, x = 1–
3

(ii) p(x) = 5x – p, x = 4
5

(iii) p(x) = x2 – 1, x = 1, –1 (iv) p(x) = (x + 1) (x – 2), x = – 1, 2

(v) p(x) = x2, x = 0 (vi) p(x) = lx + m, x = – m
l

(vii) p(x) = 3x2 – 1, x = 1 2,
3 3

- (viii) p(x) = 2x + 1, x = 1
2

4. ♦τΞÚλ ΣοÛßκ×χ úΚôûΞΚ↓τ éϖ≥ΥδΚûΖ ΚηÓ♦⁄.

(i) p(x) = x + 5 (ii) p(x) = x – 5 (iii) p(x) = 2x + 5
(iv) p(x) = 3x – 2 (v) p(x) = 3x (vi) p(x) = ax, a ¹ 0
(vii) p(x) = cx + d, c ¹ 0 úΤÛλ c, d  ùΤµ ΦηΚρ

2.4 ΣοÛßκ×χ úΚôûΞΚûΖ Κôς∞κΣÓιÕΘο

ΒκúΣôÕ ΦÓιÕχΚôγÓ 10 Η ÁηÓλ ΙÚØû[ áνϕÕ ΚΞ±− Βƒο Áƒ 
1
2

qæ ö-ç ÷
è ø

 = 0
ΦτΣΘôο (2t + 1) ΦτΣÕ q(t) τ Κôς∞ Α€[Õ− ≅ΘôΞÕ q(t) = (2t + 1) g(t), ΒδÏ g(t)
ΦτΣÕ ΓΘôΞÕ ΙÚ ΣοÛßκ×χ úΚôûΞ− ΒÕ •θχΚηΟ úΘσ[ιƒσÏ↔Υ ΙÚ ùΜΥο.

Κôς∞ úΘσ[λ : p(x) ΦτΣÕ n > 1 Σ⁄ΥôΚ ùΚôηΟ ΙÚ ΣοÛßκ×χ úΚôûΞ Τσßλ
a ΦτΣÕ ΓúΘàλ ΙÚ ùΤµ Φη ΦτΚ− (i) p(a) = 0 Φ±ο (x – a) ΦτΣÕ p(x) τ ΙÚ
Κôς∞ ΑÏλ− úΤÛλ ΒΘτ ΤßΘûΩΥôΚ (ii) (x – a) ΦτΣÕ p(x) χÏ Κôς∞ Φ±ο
p(a) = 0 ΑÏλ.

♣ìΣΠλ : Áƒι úΘσ[ιƒτΣ⁄+ p(x)=(x – a) q(x) + p(a)
(i) p(a) = 0 Φτ[ áσû[ ΦÓιÕχùΚôηΟôο  p(x) = (x – a) q(x) ΑÏλ− úΤÛλ

p(x) χÏ (x – a) ΙÚ Κôς∞ Α€[Õ.

(ii)  ΒúΘúΣôο+ (x – a) ΦτΣÕ p(x) χÏ ΙÚ Κôς∞Υô∴Θôο p(x) = (x – a) g(x) .

 ΒπΞôß \ p(a) = (a – a) g(a) = 0.  (x – a) ΦτΣÕ p(x) χÏ ΙÚ Κôς∞ Φ±ο
 p(a) = 0 ΑÏλ.

ΦÓιÕχΚôγÓ 6 : x + 2 ΦτΣÕ x3 + 3x2 + 5x + 6 Τσßλ 2x + 4 χÏ Κôς∞ΥôÏΤô?

¾νÜ :x + 2 τ éϖ≥Υλ –2 .  ΒδÏ p(x) = x3 + 3x2 + 5x + 6 Τσßλ s(x) = 2x + 4 Φ∴χùΚôρ.

              p(–2) = (–2)3 + 3(–2)2 + 5(–2) + 6
             = –8 + 12 – 10 + 6

ΒκúΣôÕ, = 0
Φ∴úΞ Κôς∞ι úΘσ[ιƒτΣ⁄ x3 + 3x2 + 5x + 6 χÏ x + 2 ΦτΣÕ ΙÚ Κôς∞ ΑÏλ.
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Again, s(–2) = 2(–2) + 4 = 0

So, x + 2 is a factor of 2x + 4. In fact, you can check this without applying the Factor Theorem,
since 2x + 4 = 2(x + 2).

Example 7 : Find the value of k, if x – 1 is a factor of 4x3 + 3x2 – 4x + k.

Solution : As x – 1 is a factor of p(x) = 4x3 + 3x2 – 4x + k, p(1) = 0
Now, p(1) =4(1)3 + 3(1)2 – 4(1) + k
So, 4 + 3 – 4 + k = 0
i.e., k = –3
We will now use the Factor Theorem to factorise some polynomials of degree 2 and 3. You are
already familiar with the factorisation of a quadratic polynomial like
x2 + lx + m. You had factorised it by splitting the middle term lx as ax + bx so that
ab = m. Then x2 + lx + m = (x + a) (x + b). We shall now try to factorise quadratic polynomials
of the type ax2 + bx + c, where a ¹ 0 and a, b, c are constants.
Factorisation of the polynomial ax2 + bx + c by splitting the middle term is as follows:

Let its factors be (px + q) and (rx + s). Then 
23x

x
= 3x = first term of quotient

ax2 + bx + c = (px + q) (rx + s) = pr x2 + (ps + qr) x + qs

Comparing the coefficients of x2, we get a = pr.

Similarly, comparing the coefficients of x, we get b = ps + qr.

And, on comparing the constant terms, we get c = qs.

This shows us that b is the sum of two numbers ps and qr, whose product is
(ps)(qr) = (pr)(qs) = ac.

Therefore, to factorise ax2 + bx + c, we have to write b as the sum of two numbers whose
product is ac. This will be clear from Example 13.

Example 8 : Factorise 6x2 + 17x + 5 by splitting the middle term, and by using the Factor
Theorem.

Solution 1 : (By splitting method) : If we can find two numbers p and q such that
p + q = 17 and pq = 6 × 5 = 30, then we can get the factors.
So, let us look for the pairs of factors of 30. Some are 1 and 30, 2 and 15, 3 and 10, 5 and 6. Of
these pairs, 2 and 15 will give us p + q = 17.
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úΤÛλ, s(–2) = 2(–2) + 4 = 0
Φ∴úΞ (x + 2) ΦτΣÕ 2x + 4 τ ΙÚ Κôς∞ ΑÏλ− Κôς∞ι úΘσ[ιûΘ ΣΥτΣÓιΘôΤúΩ
ΒûΘ ¿δΚρ ♣ì♦χΚΩôλ− ΦπΞôß Φ±ο 2x + 4 = 2(x + 2)

ΦÓιÕχΚôγÓ 7 : (x – 1) ΦτΣÕ 4x3 + 3x2 – 4x + k τ Κôς∞ Φ±ο k τ ΤƒκûΣ ΚηÓ♦⁄.

¾νÜ : (x – 1)  ΦτΣÕ p(x) = 4x3 + 3x2 – 4x + k τ Κôς∞ ΦτΣΘôο, p(1) = 0
ΒκúΣôÕ, p(1) = 4(1)3 + 3(1)2 – 4(1) + k
ΑΚúΞ,                                       4 + 3 – 4 + k = 0
≅ΘôΞÕ., k = –3
Σ⁄ 2 Τσßλ Σ⁄ 3 ùΚôηΟ ′Ω ΣοÛßκ×χ úΚôûΞΚûΖ Κôς∞κΣÓιΘ Κôς∞
úΘσ[ιûΘ ΣΥτΣÓιÕúΞôλ− ΓσΚ∴úΞ ¿δΚρ ΒÚΣ⁄ úΚôûΞΚûΖ Κôς∞κΣÓιÕΘûΩ
≅°ϕƒÚχ€ÈνΚρ− ∆ΘôςΠΤôΚ x2 + lx + m τ ûΤΥ ∆ßκ× lx Η ♦↔ιÕ ax + bx Φτßλ+
Βƒο ab = m Φτßλ ùΚôηÓ x2 + lx + m =  (x + a) (x + b) Φ∴ Κôς∞κΣÓιΘΩôλ− Ρôλ
ΒκúΣôÕ ax2 + bx + c Φτ[ Ξ⁄↑ο ∆ρΖ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞΚûΖ
Κôς∞κΣÓιÕúΞôλ− ΒδÏ a ¹ 0 úΤÛλ a, b, c ΦτΣ∴ Τô°←Κρ.

 ax2 + bx + c Φτ[ ΣοÛßκ×χ úΚôûΞ♠τ ûΤΥ ∆ßκûΣ •θχΚηΟΞôß
Κôς∞κΣÓιΘΩôλ.

≅Ξσ°τ Κôς∞Κρ (px + q) úΤÛλ (rx + s) Φ∴χùΚôρΚ.

Φ∴úΞ ax2 + bx + c = (px + q) (rx + s) = pr x2 + (ps + qr) x + qs

x2 τ ÏΠΚδΚûΖ Ικ♦ÓλúΣôÕ a = pr Φ∴ €ûΟχ€[Õ−

ΒúΘúΣôο, x τ ÏΠΚδΚûΖ Ικ♦ÓλúΣôÕ b = ps + qr Φ∴ €ûΟχ€[Õ−

úΤÛλ Τô°←ΚûΖ Ικ♦ÓλúΣôÕ c = qs Φ∴χ €ûΟχ€[Õ.

Βƒ←ÚϕÕ Ρôλ b ΦτΣÕ ps Τσßλ qr Φτ[ ΒÚ ΦηΚ↓τ áÓΘο Φ∴ ≅°€ú[ôλ−
ΒΞσ°τ ùΣÚχΚο (ps)(qr) = (pr)(qs) = ac .

Φ∴úΞ ax2 + bx + c ΦτΣûΘ Κôς∞κΣÓιΘ b ΦτΣûΘ ΒÚ ΦηΚ↓τ áÓΘΩôΚ
ΦÝΘ úΞηÓλ− ≅ϕΘ ΒÚ ΦηΚ↓τ ùΣÚχΚσΣΩτ ac.

ΦÓιÕχΚôγÓ 13 τ êΩλ ΒûΘ Μ↔ΥôΚ ×↔ϕÕχ ùΚôρΖΩôλ.

ΦÓιÕχΚôγÓ 8 : Κôς∞ úΘσ[ιûΘ ΣΥτΣÓιƒÙλ+ ûΤΥ ∆ßκûΣ ♦↔ιÕλ
6x2 + 17x + 5 Η Κôς∞κΣÓιÕΚ.

¾νÜ 1: (ûΤΥ ∆ßκûΣ ♦↔χÏλ Øû[) : ΒςηÓ ΦηΚρ p Τσßλ q ο p + q = 17
Φ∴Üλ pq = 6 × 5 = 30 Φ∴Üλ ΞÚΤô∴ôο ΡΤχÏ Κôς∞Κρ €ûΟχÏλ− Φ∴úΞ 30τ
Κôς∞Κ↓τ ú⊥ô⁄ûΥ ΚôηúΣôλ− (1,30) , (2,15), (3,10) (5 ,6) ΒϕΘ ú⊥ô⁄Κ↓ο
(2,15) ΦτΣûΞ p + q = 17 Φτß ΞÚ€[Õ.
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So, 6x2 + 17x +  5 = 6x2 + (2 + 15)x + 5

= 6x2 + 2x + 15x + 5

= 2x(3x + 1) + 5(3x + 1)

= (3x + 1) (2x + 5)

Solution 2 : (Using the Factor Theorem)

6x2 + 17x + 5 = 2 17 56
6 6

x xæ ö+ +ç ÷
è ø

 = 6 p(x), say. If a and b are the zeroes of p(x), then

6x2 + 17x + 5 = 6(x – a) (x – b). So, ab = 5 .
6

 Let us look at some possibilities for a and b.

They could be 1 1 5 5, , , , 1
2 3 3 2

± ± ± ± ± . Now, 1 1 17 1 5
2 4 6 2 6

pæ ö æ ö= + +ç ÷ ç ÷
è ø è ø

 ¹ 0. But

1
3

p -æ ö
ç ÷
è ø

 = 0. So, 
1
3

xæ ö+ç ÷
è ø

 is a factor of p(x). Similarly, by trial, you can find that 5
2

xæ ö+ç ÷
è ø

 is a

factor of p(x).

Therefore, 6x2 + 17x + 5 = 6 1 5
3 2

x xæ ö æ ö+ +ç ÷ ç ÷
è ø è ø

= 3 1 2 56
3 2

x x+ +æ ö æ ö
ç ÷ ç ÷
è ø è ø

= (3x + 1) (2x + 5)

For the example above, the use of the splitting method appears more efficient. However, let us

consider another example.

Example 9 : Factorise y2 – 5y + 6 by using the Factor Theorem.

Solution : Let p(y) = y2 – 5y + 6. Now, if p(y) = (y – a) (y – b), you know that the constant term

will be ab. So, ab = 6. So, to look for the factors of p(y), we look at the factors of 6.

The factors of 6 are 1, 2 and 3.

Now, p(2) = 22 – (5 × 2) + 6 = 0

So, y – 2 is a factor of p(y).
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Φ∴úΞ          6x2 + 17x + 5 = 6x2 + (2 + 15)x + 5

= 6x2 + 2x + 15x + 5
= 2x(3x + 1) + 5(3x + 1)
= (3x + 1) (2x + 5)

¾νÜ 2 : (Κôς∞ úΘσ[ιûΘ ΣΥτΣÓιÕΘο)

6x2 + 17x + 5 = 2 17 56
6 6

x xæ ö+ +ç ÷
è ø

 = 6 p(x) Φ∴χùΚôρ−  a, b ΦτΣ∴ p(x) τ éϖ≥ΥδΚρ

Φ±ο 6x2 + 17x + 5 = 6(x – a) (x – b). ΑûΚΥôο ab = 5 .
6

 ΒκúΣôÕ a, b χÏ ′Ω

ΜôιƒΥχáßΚûΖ ΣôνκúΣôλ,

≅ûΞ  1 1 5 5, , , , 1
2 3 3 2

± ± ± ± ±  Φ∴ ΒÚχΚΩôλ− ΒκúΣôÕ 
1 1 17 1 5
2 4 6 2 6

pæ ö æ ö= + +ç ÷ ç ÷
è ø è ø

 ¹ 0.

Α∴ôο 1
3

p -æ ö
ç ÷
è ø

 = 0, Φ∴úΞ 
1
3

xæ ö+ç ÷
è ø

 ΦτΣÕ p(x) τ ΙÚ Κôς∞ ΑÏλ− ΒúΘúΣôο

ØΥσ′ιΘôο  5
2

xæ ö+ç ÷
è ø

 ΦτΣÕλ ΙÚ Κôς∞ Φ∴ ≅°ΥΩôλ.

ΑûΚΥôο, 6x2 + 17x + 5 = 6 1 5
3 2

x xæ ö æ ö+ +ç ÷ ç ÷
è ø è ø

= 3 1 2 56
3 2

x x+ +æ ö æ ö
ç ÷ ç ÷
è ø è ø

= (3x + 1) (2x + 5)

úΤσΚηΟ ΦÓιÕχΚôγ⁄←ÚϕÕ ûΤΥ ∆ßκûΣ ♦↔χÏλ Øû[ ♥ΚÜλ Φ↓Θô∴ûΞ
Φ∴ ≅°ΥΩôλ− Φ±àλ Τσßλ ϑν ΦÓιÕχΚôγûΟ ΚôηúΣôλ.

ΦÓιÕχΚôγÓ 9 :  y2 – 5y + 6 Η Κôς∞ úΘσ[ιûΘ ΣΥτΣÓιƒ Κôς∞κΣÓιÕΚ.

¾νÜ : p(y) = y2 – 5y + 6. ΦτΚ−  p(y) = (y – a) (y – b) Φ±ο ΒΘτ Τô°← ∆ßκ× ab.
Φ∴úΞ ab = 6. p(y) τ Κôς∞ΚûΖ ΚηÓ♦⁄χΚ ØΘ←ο 6 τ Κôς∞ΚûΖ ΚηÓ♦⁄χΚ
úΞηÓλ−

6 τ Κôς∞Κρ 1,2,3 Τσßλ 6.

ΒκúΣôÕ p(2) = 22 – (5 × 2) + 6 = 0

Φ∴úΞ (y – 2) ΦτΣÕ p(y) τ Κôς∞.
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Also, p(3) = 32 – (5 × 3) + 6 = 0

So, y – 3 is also a factor of y2 – 5y + 6.

Therefore, y2 – 5y + 6 = (y – 2)(y – 3)

Note that y2 – 5y + 6 can also be factorised by splitting the middle term –5y.
Now, let us consider factorising cubic polynomials. Here, the splitting method will not be
appropriate to start with. We need to find at least one factor first, as you will see in the following
example.

Example 10 : Factorise x3 – 23x2 + 142x – 120.
Solution : Let p(x) = x3 – 23x2 + 142x – 120
We shall now look for all the factors of –120. Some of these are ±1, ±2, ±3,
±4, ±5, ±6, ±8, ±10, ±12, ±15, ±20, ±24, ±30, ±60.
By trial, we find that p(1) = 0. So x – 1 is a factor of p(x).
Now we see that x3 – 23x2 + 142x – 120 = x3 – x2 – 22x2 + 22x + 120x – 120
                                            = x2(x –1) – 22x(x – 1) + 120(x – 1) (Why?)
                                            = (x – 1) (x2 – 22x + 120) [Taking (x – 1) common]
We could have also got this by dividing p(x) by x – 1.
Now x2 – 22x + 120 can be factorised either by splitting the middle term or by using the Factor
theorem. By splitting the middle term, we have:

x2 – 22x + 120 = x2 – 12x – 10x + 120
= x(x – 12) – 10(x – 12)
= (x – 12) (x – 10)

So, x3 – 23x2 – 142x – 120 = (x – 1)(x – 10)(x – 12)

EXERCISE 2.3

1. Determine which of the following polynomials has (x + 1) a factor :
(i) x3 + x2 + x + 1 (ii) x4 + x3 + x2 + x + 1
(iii) x4 + 3x3 + 3x2 + x + 1 (iv) x3 – x2 – ( )2 2 2x+ +

2. Use the  Factor Theorem to determine whether g(x) is a factor of p(x) in each of the
following cases:
(i) p(x) = 2x3 + x2 – 2x – 1, g(x) = x + 1
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ΒúΘúΣôο, p(3) = 32 – (5 × 3) + 6 = 0
Φ∴úΞ (y – 3) ΦτΣÕλ y2 – 5y + 6 τ ϑν Κôς∞.

ΑûΚΥôο,  y2 – 5y + 6 = (y – 2)(y – 3)
  y2 – 5y + 6 ΦτΣΘτ ûΤΥ ∆ßκ× –5y Η ♦↔ιÕλ Κôς∞κΣÓιΘΩôλ ΦτΣûΘ ΚΞ±χΚ.

y2 – 5y + 6 ο ûΤΥ ∆ßκ× –5y Η ♦↔ιΘ←τ êΩúΤ Κôς∞κΣÓιÕΘο ΡûΟùΣσ[Õ
ΦτΣûΘ ♣û∴↑οùΚôρ. ΒκúΣôÕ ØκΣ⁄ ΣοÛßκ×χ úΚôûΞΚûΖ Κôς∞κΣÓιÕΘο
ΦπΞôß Φ∴ ΣôνκúΣôλ− ΒδÏ ♦↔ιΘο Øû[ûΥ ΣΥτΣÓιÕΞÕ Μ↔ΞςôÕ− Ρôλ
ØΘ←ο Ïû[ϕΘΣγΜλ ΙÚ Κôς∞ΥôΞÕ ΚηÓ♦⁄κΣÕ ≅Ξ′Υλ− ΒûΘ •θχΚηΟ
ΦÓιÕχΚôγ⁄ο ΣôνχΚΩôλ.

ΦÓιÕχΚôγÓ 10 : x3 – 23x2 + 142x – 120 Η Κôς∞κΣÓιÕΚ.

¾νÜ  : p(x) =x3 – 23x2 + 142x – 120 ΦτΚ.

ΒκúΣôÕ –120 τ ΦοΩô Κôς∞ΚûΖÙλ Ρôλ ΣôνκúΣôλ− ≅Ξσ°ο ′Ω  ±1, ±2, ±3,
±4, ±5, ±6, ±8, ±10, ±12, ±15, ±20, ±24, ±30, ±60.
ØΥσ′ιΘο Øû[♠ο  p(1) = 0 ΦτΣûΘ ΚηΟ°ϕúΘôλ− Φ∴úΞ (x – 1) ΦτΣÕ p(x) χÏ
ϑν Κôς∞.

ΒκúΣôÕ x3 – 23x2 + 142x – 120 = x3 – x2 – 22x2 + 22x + 120x – 120
                                            = x2(x –1) – 22x(x – 1) + 120(x – 1) (Γτ?)
                                            = (x – 1) (x2 – 22x + 120)  (x – 1 Η ùΣôÕΞôΚ ΦÓχΚ)

  p(x) Η x – 1 Αο ΞÏχÏλ úΣôÕλ ΒûΘ Ρôλ ùΣ[Ωôλ. x2 – 22x + 120.
ΒκúΣôÕ x2 – 22x + 120 Φτ[ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞûΥ ûΤΥ ∆ßκûΣ ♦↔ιÕ
Κôς∞ΣÓιÕúΞôλ.

x2 – 22x + 120 = x2 – 12x – 10x + 120
= x(x – 12) – 10(x – 12)
= (x – 12) (x – 10)

Φ∴úΞ, x3 – 23x2 – 142x – 120 = (x – 1)(x – 10)(x – 12)
Σ♠σ′ 2.3

 1. •θχΚηΟ ΣοÛßκ× úΚôûΞΚ↓ο (x + 1) Η Κôς∞ΥôΚ ùΚôηΟûΞ ΦûΞ Φ∴
ΚηÓ♦⁄χΚÜλ?

(i) x3 + x2 + x + 1 (ii) x4 + x3 + x2 + x + 1
(iii) x4 + 3x3 + 3x2 + x + 1 (iv) x3 – x2 – ( )2 2 2x+ +

2. •θχΚηΟ ΙπùΞôτ°Ûλ g(x) ΦτΣÕ p(x) τ Κôς∞Υô ΦτΣûΘ Κôς∞
úΘσ[ιûΘ ΣΥτΣÓιƒ ΚηÓ♦⁄.

(i) p(x) = 2x3 + x2 – 2x – 1, g(x) = x + 1
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(ii)  p(x) = x3 + 3x2 + 3x + 1, g(x) = x + 2
(iii) p(x) = x3 – 4x2 + x + 6, g(x) = x – 3

3. Find the value of k, if x – 1 is a factor of p(x) in each of the following cases:
(i) p(x) = x2 + x + k (ii) p(x) = 2x2 + kx + 2

(iii) p(x) = kx2 – 2 x + 1 (iv) p(x) = kx2 – 3x + k

4. Factorise :
(i) 12x2 – 7x + 1 (ii) 2x2 + 7x + 3
(iii) 6x2 + 5x – 6 (iv) 3x2 – x – 4

5. Factorise :
(i) x3 – 2x2 – x + 2 (ii) x3 – 3x2 – 9x – 5
(iii) x3 + 13x2 + 32x + 20 (iv) 2y3 + y2 – 2y – 1

2.5 Algebraic Identities

From your earlier classes, you may recall that an algebraic identity is an algebraic equation that
is true for all values of the variables occurring in it. You have studied the following algebraic
identities in earlier classes:

Identity I : (x + y)2 = x2 + 2xy + y2

Identity II : (x – y)2 = x2 – 2xy + y2

Identity III: x2 – y2 = (x + y) (x – y)

Identity IV: (x + a) (x + b) = x2 + (a + b)x + ab
You must have also used some of these algebraic identities to factorise the algebraic

expressions. You can also see their utility in computations.

Example 11 : Find the following products using appropriate identities:
(i) (x + 3) (x + 3) (ii) (x – 3) (x + 5)

Solution : (i) Here we can use Identity I : (x + y)2 = x2 + 2xy + y2. Putting y = 3 in it, we get
(x + 3) (x + 3) = (x + 3)2 = x2 + 2(x)(3) + (3)2

= x2 + 6x + 9
(ii) Using Identity IV above, i.e., (x + a) (x + b) = x2 + (a + b)x + ab, we have

(x – 3) (x + 5) = x2 + (–3 + 5)x + (–3)(5)
= x2 + 2x – 15
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(ii)  p(x) = x3 + 3x2 + 3x + 1, g(x) = x + 2
(iii) p(x) = x3 – 4x2 + x + 6, g(x) = x – 3

3. •θχΚηΟΞσ°ο p(x) τ Κôς∞ x – 1 Φ±ο k τ ΤƒκûΣ ΚηÓ♦⁄.

(i) p(x) = x2 + x + k (ii) p(x) = 2x2 + kx + 2

(iii) p(x) = kx2 – 2 x + 1 (iv) p(x) = kx2 – 3x + k

4. Κôς∞ΣÓιÕΚ.

(i) 12x2 – 7x + 1 (ii) 2x2 + 7x + 3
(iii) 6x2 + 5x – 6 (iv) 3x2 – x – 4

5. Κôς∞ΣÓιÕΚ.

(i) x3 – 2x2 – x + 2 (ii) x3 – 3x2 – 9x – 5
(iii) x3 + 13x2 + 32x + 20 (iv) 2y3 + y2 – 2y – 1

2.5 ΒΥσΚ∞Θ Øσù[ôÚûΤΚρ 9

ΒΥσΚ∞Θ Øσù[ôÚûΤ ΦτΣÕ ΙÚ ΒΥσΚ∞Θ ΜΤτΣôγ⁄ο ΞÚλ Τô°ΚÞχÏ ΦϕΘ
Τƒκ× ≅↓ιΘôÛλ ≅Õ Μ↔ΥôΚ ΒÚχÏλ ΦτΣûΘ ¿δΚρ Øτ ΞÏκ×Κ↓ο Σ⁄ιΘûΘ
♣û∴Ü áßδΚρ− •θχΚηΟ ΒΥσΚ∞Θ Øσù[ôÚûΤΚûΖ ¿δΚρ ΓσΚ∴úΞ Σ⁄ιÕρÇνΚρ.

Øσù[ôÚûΤ I : (x + y)2 = x2 + 2xy + y2

Øσù[ôÚûΤ II : (x – y)2 = x2 – 2xy + y2

Øσù[ôÚûΤ III: x2 – y2 = (x + y) (x – y)

Øσù[ôÚûΤ IV: (x + a) (x + b) = x2 + (a + b)x + ab
ΒΥσΚ∞Θ úΚôûΞΚûΖ Κôς∞ΣÓιΘ úΤσΚηΟ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ

ΒÚκÀνΚρ− ≅Ξσ°τ ΣΥτΣôγûΟ •úΨ ΣôÚδΚρ.

ΦÓιÕχΚôγÓ 11: Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ •θΚηΟΞσ°τ ùΣÚχΚσΣΩû∴ ΚηÓ♦⁄.

(i) (x + 3) (x + 3) (ii) (x – 3) (x + 5)
¾νÜ : (i) Ρôλ ΒδúΚ Øσù[ôÚûΤ I (x + y)2 = x2 + 2xy + y2 Η ΣΥτΣÓιΘ úΞηÓλ.

ΒδÏ y = 3 Φ∴ ♦ςƒ♠γΟôο

(x + 3) (x + 3) = (x + 3)2 = x2 + 2(x)(3) + (3)2

= x2 + 6x + 9
(ii) Ρôλ ΒδúΚ Øσù[ôÚûΤ IV (x + a) (x + b) = x2 + (a + b)x + ab Η ΣΥτΣÓιΘ úΞηÓλ−

ΒκúΣôÕ (x – 3) (x + 5) = x2 + (–3 + 5)x + (–3)(5)
= x2 + 2x – 15
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Example 12 : Evaluate 105 × 106 without multiplying directly.

Solution : 105 × 106 = (100 + 5) × (100 + 6)

= (100)2 + (5 + 6) (100) + (5 × 6), using Identity IV

= 10000 + 1100 + 30

= 11130

You have seen some uses of the identities listed above in finding the product of some given
expressions. These identities are useful in factorisation of algebraic expressions also, as you
can see in the following examples.

Example 13 : Factorise:

(i) 49a2 + 70ab + 25b2 (ii) 
2

225
4 9

yx -

Solution : (i) Here you can see that

49a2 = (7a)2, 25b2 = (5b)2, 70ab = 2(7a) (5b)

Comparing the given expression with x2 + 2xy + y2, we observe that x = 7a and y = 5b.

Using Identity I, we get

49a2 + 70ab + 25b2 = (7a + 5b)2 = (7a + 5b) (7a + 5b)

(ii) We have 
2 22

225 5– –
4 9 2 3

y yx xæ ö æ ö= ç ÷ ç ÷
è ø è ø

Now comparing it with Identity III, we get

2
225 –

4 9
yx  =

2 25 –
2 3

yxæ ö æ ö
ç ÷ ç ÷
è ø è ø

= 5 5
2 3 2 3

y yx xæ ö æ ö+ -ç ÷ ç ÷
è ø è øSo far, all our identities involved products of binomials. Let us now extend the Identity I to a

trinomial x + y + z. We shall compute (x + y + z)2 by using Identity I.
Let x + y = t. Then,

(x + y + z)2 = (t + z)2

= t2 + 2tz + t2                                                     (Using Identity I)

= (x + y)2 + 2(x + y)z + z2                                (Substituting the value of t)
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ΦÓιÕχΚôγÓ 12 : ùΣÚχΚο ùΜµΥôΤο 105 × 106 τ ΤƒκûΣ ΚηÓ♦⁄.

¾νÜ : 105 × 106 = (100 + 5) × (100 + 6)
= (100)2 + (5 + 6) (100) + (5 × 6), (Øσù[ôÚûΤ IV Η ΣΥτΣÓιƒ)

= 10000 + 1100 + 30
= 11130

ùΚôÓχΚκΣγΟ ΒΥσΚ∞Θ úΚôûΞΚ↓τ ùΣÚχΚσΣΩû∴ ΚôΠ Øσù[ôÚûΤΚûΖ
ΣΥτΣÓιƒΥûΘ ΣôνιúΘôλ− ΒϕΘ Øσù[ôÚûΤΚρ ΒΥσΚ∞Θ úΚôûΞΚûΖ
Κôς∞ΣÓιΘÜλ ΣΥτΣÓΞûΘ •úΨ ΚôΠΩôλ.

ΦÓιÕχΚôγÓ 13 : Κôς∞ΣÓιÕΚ.

(i) 49a2 + 70ab + 25b2 (ii) 
2

225
4 9

yx -

¾νÜ : (i) ΒδÏ 49a2 = (7a)2, 25b2 = (5b)2, 70ab = 2(7a) (5b)

ùΚôÓχΚκΣγΟ úΚôûΞûΥ  x2 +  2xy + y2 ΦτΣÕΟτ Ικ♦γΟôο Ρôλ ùΣßΞÕ x =  7a
Τσßλ y = 5b.

Øσù[ôÚûΤ I Η ΣΥτΣÓιƒ

49a2 + 70ab + 25b2 = (7a + 5b)2 = (7a + 5b) (7a + 5b)

(ii) 
2 22

225 5– –
4 9 2 3

y yx xæ ö æ ö= ç ÷ ç ÷
è ø è ø

ΒûΘ Øσù[ôÚûΤ III ∆Οτ Ικ♦γΟôο

ΒÕΞûς ΧÚßκ×χ úΚôûΞΚûΖ Øσù[ôÚûΤ ∆Θ↑ÙΟτ ¾νιúΘôλ− ΒκúΣôÕ
Øσù[ôÚûΤ I Η êÜßκ× úΚôûΞ x + y + z ΦτΣƒο ΦπΞôß ΣΥτΣÓιÕΞÕ Φ∴
ΣôνκúΣôλ− (x + y + z)2 ΦτΣûΘÙλ Øσù[ôÚûΤ I Η ΣΥτΣÓιƒ ↑↔ÜΣÓιÕúΞôλ.

              ΒδÏ x + y = t  ΦτΚ−

(x + y + z)2 = (t + z)2

= t2 + 2tz + t2                                                     (Øσù[ôÚûΤ I Ση×)

= (x + y)2 + 2(x + y)z + z2                                ( t τ ΤƒκûΣ ♦ςƒ♠γΟôο)

 =
2 25 –

2 3
yxæ ö æ ö

ç ÷ ç ÷
è ø è ø

2
225 –

4 9
yx

 =
5 5
2 3 2 3

y yx xæ ö æ ö+ -ç ÷ ç ÷
è ø è ø
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= x2 + 2xy + y2 + 2xz + 2yz + z2 (Using Identity I)
= x2 + y2 + z2 + 2xy + 2yz + 2zx(Rearranging the terms)

So, we get the following identity:
Identity V : (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx
Remark : We call the right hand side expression the expanded form of the left hand side
expression. Note that the expansion of (x + y + z)2 consists of three square terms and three
product terms.

Example 14 : Write (3a + 4b + 5c)2 in expanded form.
Solution : Comparing the given expression with (x + y + z)2, we find that

x = 3a, y = 4b and z = 5c.
Therefore, using Identity V, we have
(3a + 4b + 5c)2 = (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5c)(3a)

= 9a2 + 16b2 + 25c2 + 24ab + 40bc + 30ac
Example 15 : Expand (4a – 2b – 3c)2.
Solution : Using Identity V, we have
(4a – 2b – 3c)2 = [4a + (–2b) + (–3c)]2

= (4a)2 + (–2b)2 + (–3c)2 + 2(4a)(–2b) + 2(–2b)(–3c) + 2(–3c)(4a)
= 16a2 + 4b2 + 9c2 – 16ab + 12bc – 24ac

Example 16 : Factorise 4x2 + y2 + z2 – 4xy – 2yz + 4xz.
Solution : We have 4x2 + y2 + z2 – 4xy – 2yz + 4xz = (2x)2 + (–y)2 + (z)2 + 2(2x)(–y)

+ 2(–y)(z) + 2(2x)(z)
= [2x + (–y) + z]2 (Using Identity V)
= (2x – y + z)2 = (2x – y + z)(2x – y + z)

So far, we have dealt with identities involving second degree terms. Now let us extend Identity
I to compute (x + y)3. We have:

(x + y)3 = (x + y) (x + y)2

= (x + y)(x2 + 2xy + y2)
= x(x2 + 2xy + y2) + y(x2 + 2xy + y2)
= x3 + 2x2y + xy2 + x2y + 2xy2 + y3

= x3 + 3x2y + 3xy2 + y3

= x3 + y3 + 3xy(x + y)
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= x2 + 2xy + y2 + 2xz + 2yz + z2   (Øσù[ôÚûΤ I τ Σ⁄)
= x2 + y2 + z2 + 2xy + 2yz + 2zx  (∆ßκ×Κ↓τ Ξ↔ûΜûΥ ΤôσßΞΘôο)

Φ∴úΞ ΡΤχÏ ♦τΞÚλ Øσù[ôÚûΤ €ûΟχ€[Õ.

Øσù[ôÚûΤ V : (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx
↑ΖχΚλ : ΞΩÕ×[ úΚôûΞûΥ ΒΟÕ×[ úΚôûΞ♠τ ↑↔ΞôχΚλ Φτ€ú[ôλ. (x + y +
z)2 ΦτΣΘτ ↑↔ΞôχΚλ êτß ΞνχΚ ∆ßκ×ΚûΖÙλ êτß ùΣÚχΚο ∆ßκ×ΚûΖÙλ
ùΚôηÓρΖ∴.

ΦÓιÕχΚôγÓ 14 : (3a + 4b + 5c)2 τ ↑↔ΞôχΚιûΘ ΚηÓ♦⁄.

¾νÜ : ùΚôÓχΚκΣγΟ úΚôûΞûΥ (x + y + z)2 ∆Οτ Ικ♦ÓλúΣôÕ

x = 3a, y = 4b, z = 5c

Øσù[ôÚûΤ V Η ΣΥτΣÓιÕΚ−

(3a + 4b + 5c)2 = (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5c)(3a)
= 9a2 + 16b2 + 25c2 + 24ab + 40bc + 30ac

ΦÓιÕχΚôγÓ 15: (4a – 2b – 3c)2 Η ↑↔ΞôχÏ.

¾νÜ : Øσù[ôÚûΤ V Η ΣΥτΣÓιƒ∴ôο,

(4a – 2b – 3c)2 = [4a + (–2b) + (–3c)]2

= (4a)2 + (–2b)2 + (–3c)2 + 2(4a)(–2b) + 2(–2b)(–3c) + 2(–3c)(4a)
= 16a2 + 4b2 + 9c2 – 16ab + 12bc – 24ac

ΦÓιÕχΚôγÓ 16  : 4x2 + y2 + z2 – 4xy – 2yz + 4xz Η Κôς∞ΣÓιÕΚ.

¾νÜ : 4x2 + y2 + z2 – 4xy – 2yz + 4xz = (2x)2 + (–y)2 + (z)2 + 2(2x)(–y)
+ 2(–y)(z) + 2(2x)(z)

= [2x + (–y) + z]2  (Øσù[ôÚûΤ V Η ΣΥτΣÓιƒ∴ôο)
= (2x – y + z)2 = (2x – y + z)(2x – y + z)

ΒÕΞûς Ρôλ ΒςηÓ ≅ÓχÏ ùΚôηΟ Øσù[ôÚûΤΚûΖ Σσ° ΣôνιúΘôλ−
ΒκúΣôÕ Øσù[ôÚûΤ I Η ΣΥτΣÓιƒ (x + y)3 Η ΦπΞôß ↑↔ÜΣÓιÕΞÕ Φ∴ ΣôνκúΣôλ−

(x + y)3 = (x + y) (x + y)2

= (x + y)(x2 + 2xy + y2)
= x(x2 + 2xy + y2) + y(x2 + 2xy + y2)
= x3 + 2x2y + xy2 + x2y + 2xy2 + y3

= x3 + 3x2y + 3xy2 + y3

= x3 + y3 + 3xy(x + y)
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So, we get the following identity:
Identity VI : (x + y)3 = x3 + y3 + 3xy (x + y)
Also, by replacing y by –y in the Identity VI, we get
Identity VII :(x – y)3 = x3 – y3 – 3xy(x – y)

= x3 – 3x2y + 3xy2 – y3

Example 17 : Write the following cubes in the expanded form:
(i) (3a + 4b)3 (ii) (5p – 3q)3

Solution : (i) Comparing the given expression with (x + y)3, we find that
x = 3a and y = 4b.

So, using Identity VI, we have:
(3a + 4b)3 = (3a)3 + (4b)3 + 3(3a)(4b)(3a + 4b)

= 27a3 + 64b3 + 108a2b + 144ab2

(ii) Comparing the given expression with (x – y)3, we find that
x = 5p, y = 3q.

So, using Identity VII, we have:
(5p – 3q)3 = (5p)3 – (3q)3 – 3(5p)(3q)(5p – 3q)

= 125p3 – 27q3 – 225p2q + 135pq2

Example 18 : Evaluate each of the following using suitable identities:
(i) (104)3 (ii) (999)3

Solution : (i) We have
(104)3 = (100 + 4)3

= (100)3 + (4)3 + 3(100)(4)(100 + 4)
(Using Identity VI)

= 1000000 + 64 + 124800
= 1124864

(ii) We have
(999)3 = (1000 – 1)3

= (1000)3 – (1)3 – 3(1000)(1)(1000 – 1)
(Using Identity VII)

= 1000000000 – 1 – 2997000
= 997002999
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Φ∴úΞ ΡΤχÏ •θχΚηΟ Øσù[ôÚûΤ €ûΟχ€[Õ.

Øσù[ôÚûΤ VI : (x + y)3 = x3 + y3 + 3xy (x + y)

 ΒúΘúΣôο Øσù[ôÚûΤ VI ο y ΣƒΩôΚ –y Η ΣΥτΣÓιƒ∴ôο ΡΤχÏ €ûΟκΣÕ

Øσù[ôÚûΤ VII : (x – y)3 = x3 – y3 – 3xy(x – y)
= x3 – 3x2y + 3xy2 – y3

ΦÓιÕχΚôγÓ 17 : •θχΚηΟ ØκΣ⁄ úΚôûΞΚûΖ ↑↔ÜΣÓιƒ ΦÝÕΚ.

(i) (3a + 4b)3 (ii) (5p – 3q)3

¾νÜ : (i) ùΚôÓχΚκΣγΟ úΚôûΞûΥ (x + y)3 ∆Οτ Ικ♦ÓλúΣôÕ

x = 3a Τσßλ y = 4b.

Φ∴úΞ+ Øσù[ôÚûΤ VI Η ΣΥτΣÓιƒ∴ôο

(3a + 4b)3 = (3a)3 + (4b)3 + 3(3a)(4b)(3a + 4b)
= 27a3 + 64b3 + 108a2b + 144ab2

(ii) ùΚôÓχΚκΣγΟ úΚôûΞûΥ (x – y)3 ∆Οτ Ικ♦ÓλúΣôÕ

x = 5p,  y = 3q.
Φ∴úΞ+ Øσù[ôÚûΤ VII Η ΣΥτΣÓιƒ∴ôο

(5p – 3q)3 = (5p)3 – (3q)3 – 3(5p)(3q)(5p – 3q)
= 125p3 – 27q3 – 225p2q + 135pq2

ΦÓιÕχΚôγÓ 18 : Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ •θχΚηΟΞσû[ ↑↔ÜΣÓιƒ ΤƒκûΣ
ΚôηΚ.

(i) (104)3 (ii) (999)3

¾νÜ : (i) (104)3 = (100 + 4)3

= (100)3 + (4)3 + 3(100)(4)(100 + 4)
(Øσù[ôÚûΤ VI Η ΣΥτΣÓιƒ)

= 1000000 + 64 + 124800
= 1124864

(ii) (999)3 = (1000 – 1)3

= (1000)3 – (1)3 – 3(1000)(1)(1000 – 1)
(Øσù[ôÚûΤ VII Η ΣΥτΣÓιƒ)

= 1000000000 – 1 – 2997000
= 997002999
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Example 19 : Factorise 8x3 + 27y3 + 36x2y + 54xy2

Solution : The given expression can be written as
(2x)3 + (3y)3 + 3(4x2)(3y) + 3(2x)(9y2)

= (2x)3 + (3y)3 + 3(2x)2(3y) + 3(2x)(3y)2

= (2x + 3y)3 (Using Identity VI)
= (2x + 3y)(2x + 3y)(2x + 3y)

Now consider (x + y + z)(x2 + y2 + z2 – xy – yz – zx)
On expanding, we get the product as
x(x2 + y2 + z2 – xy – yz – zx) + y(x2 + y2 + z2 – xy – yz – zx)
+ z(x2 + y2 + z2 – xy – yz – zx) = x3 + xy2 + xz2 – x2y – xyz – zx2 + x2y
+ y3 + yz2 – xy2 – y2z – xyz + x2z + y2z + z3 – xyz – yz2 – xz2

= x3 + y3 + z3 – 3xyz (On simplification)
So, we obtain the following identity:
Identity VIII : x3 + y3 + z3 – 3xyz = (x + y + z)(x2 + y2 + z2 – xy – yz – zx)

Example 20 : Factorise : 8x3 + y3 + 27z3 – 18xyz
Solution : Here, we have

8x3 + y3 + 27z3 – 18xyz
= (2x)3 + y3 + (3z)3 – 3(2x)(y)(3z)
= (2x + y + 3z)[(2x)2 + y2 + (3z)2 – (2x)(y) – (y)(3z) – (2x)(3z)]
= (2x + y + 3z) (4x2 + y2 + 9z2 – 2xy – 3yz – 6xz)

EXERCISE 2.4

1. Use suitable identities to find the following products:

(i) (x + 4) (x + 10) (ii) (x + 8) (x – 10)(iii) (3x + 4) (3x – 5)

(iv) (y2 + 3
2

) (y2 – 3
2

) (v)(3 – 2x) (3 + 2x)

2. Evaluate the following products without multiplying directly:

(i) 103 × 107 (ii) 95 × 96 (iii) 104 × 96

3. Factorise the following using appropriate identities:

(i) 9x2 + 6xy + y2 (ii) 4y2 – 4y + 1 (iii) x2 – 
2

100
y
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ΦÓιÕχΚôγÓ 19 : 8x3 + 27y3 + 36x2y + 54xy2 Η Κôς∞ΣÓιÕΚ.

¾νÜ : ùΚôÓχΚκΣγΟ úΚôûΞûΥ ΒπΞôß ΦÝΘΩôλ

= (2x)3 + (3y)3 + 3(4x2)(3y) + 3(2x)(9y2)
= (2x)3 + (3y)3 + 3(2x)2(3y) + 3(2x)(3y)2

= (2x + 3y)3 ( Øσù[ôÚûΤ VI τ Σ⁄)
= (2x + 3y)(2x + 3y)(2x + 3y)

ΒκúΣôÕ  (x + y + z)(x2 + y2 + z2 – xy – yz – zx) ΦτΣûΘ ΦÓιÕχùΚôρ.

ΒΘû∴ ↑↔ÜΣÓιƒ ùΣÚχ€∴ôο.

x(x2 + y2 + z2 – xy – yz – zx) + y(x2 + y2 + z2 – xy – yz – zx)
+ z(x2 + y2 + z2 – xy – yz – zx) = x3 + xy2 + xz2 – x2y – xyz – zx2 + x2y
+ y3 + yz2 – xy2 – y2z – xyz + x2z + y2z + z3 – xyz – yz2 – xz2

= x3 + y3 + z3 – 3xyz (ÑÚχ€∴ôο €ûΟκΣÕ)
Φ∴úΞ+ ΡΤχÏ •θχΚηΟ Øσù[ôÚûΤ €ûΟχ€[Õ.

Øσù[ôÚûΤ VIII : x3 + y3 + z3 – 3xyz = (x + y + z)(x2 + y2 + z2 – xy – yz – zx)

ΦÓιÕχΚôγÓ 20 : 8x3 + y3 + 27z3 – 18xyz Η Κôς∞ΣÓιÕΚ.

¾νÜ  : ùΚôÓχΚκΣγΟ úΚôûΞ

8x3 + y3 + 27z3 – 18xyz
= (2x)3 + y3 + (3z)3 – 3(2x)(y)(3z)
= (2x + y + 3z)[(2x)2 + y2 + (3z)2 – (2x)(y) – (y)(3z) – (2x)(3z)]
= (2x + y + 3z) (4x2 + y2 + 9z2 – 2xy – 3yz – 6xz)

Σ♠σ′ 2.4

1. ΘÏϕΘ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ •θχΚηΟΞσ°τ ùΣÚχΚσΣΩû∴ ΚôηΚ.

(i) (x + 4) (x + 10) (ii) (x + 8) (x – 10)     (iii) (3x + 4) (3x – 5)

(iv) (y2 + 3
2

) (y2 – 3
2

) (v) (3 – 2x) (3 + 2x)

2. •θχΚηΟΞσû[ ùΣÚχΚο ùΜµΥôΤο Τƒκ×ΚûΖ ΚôηΚ.

(i) 103 × 107 (ii) 95 × 96 (iii) 104 × 96
3. •θχΚηΟΞσû[ ùΣôÚιΘΤô∴ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ Κôς∞κΣÓιÕΚ.

(i) 9x2 + 6xy + y2 (ii) 4y2 – 4y + 1 (iii) x2 – 
2

100
y
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4. Expand each of the following, using suitable identities:
(i) (x + 2y + 4z)2 (ii) (2x – y + z)2 (iii) (–2x + 3y + 2z)2

(iv) (3a – 7b – c)2 (v) (–2x + 5y – 3z)2 (vi)
21 1 1

4 2
a bé ù- +ê úë û

5. Factorise:
(i) 4x2 + 9y2 + 16z2 + 12xy – 24yz – 16xz
(ii)2x2 + y2 + 8z2 – 2 2 xy + 4 2 yz – 8xz

6. Write the following cubes in expanded form:

(i) (2x + 1)3 (ii) (2a – 3b)3 (iii)
33 1

2
xé ù+ê úë û

(iv)
32

3
x yé ù-ê úë û

7. Evaluate the following using suitable identities:
(i) (99)3 (ii) (102)3 (iii) (998)3

8. Factorise each of the following:
(i) 8a3 + b3 + 12a2b + 6ab2 (ii) 8a3 – b3 – 12a2b + 6ab2

(iii) 27 – 125a3 – 135a + 225a2 (iv) 64a3 – 27b3 – 144a2b + 108ab2

(v) 27p3 – 1
216

 – 29 1
2 4

p p+

9. Verify : (i) x3 + y3 = (x + y) (x2 – xy + y2) (ii) x3 – y3 = (x – y) (x2 + xy + y2)
10.Factorise each of the following:
                     (i) 27y3 + 125z3 (ii) 64m3 – 343n3

[Hint : See Question 9.]
11. Factorise : 27x3 + y3 + z3 – 9xyz

12.Verify that x3 + y3 + z3 – 3xyz = 2 2 21 ( ) ( ) ( ) ( )
2

x y z x y y z z xé ù+ + - + - + -ë û

13. If x + y + z = 0, show that x3 + y3 + z3 = 3xyz.
14.Without actually calculating the cubes, find the value of each of the following:

(i) (–12)3 + (7)3 + (5)3

(ii) (28)3 + (–15)3 + (–13)3

15.Give possible expressions for the length and breadth of each of the following rectangles,
in which their areas are given:

Area : 25a2 – 35a + 12             Area :    35y2 + 13y –12

                              (i) (ii)
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4. ùΣôÚιΘΤô∴ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ •θχΚηΟΞσû[ ↑↔ΞôχÏΚ.

(i) (x + 2y + 4z)2 (ii) (2x – y + z)2 (iii) (–2x + 3y + 2z)2

(iv) (3a – 7b – c)2 (v) (–2x + 5y – 3z)2 (vi)
21 1 1

4 2
a bé ù- +ê úë û

5. Κôς∞ΣÓιÕΚ.

(i) 4x2 + 9y2 + 16z2 + 12xy – 24yz – 16xz
(ii)2x2 + y2 + 8z2 – 2 2 xy + 4 2 yz – 8xz

6. •θχΚηΟ ØκΣ⁄ΚûΖ ↑↔ΞôχÏΚ.

(i) (2x + 1)3 (ii) (2a – 3b)3 (iii)
33 1

2
xé ù+ê úë û

(iv)
32

3
x yé ù-ê úë û

7. ùΣôÚιΘΤô∴ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ •θχΚηΟΞσ°τ Τƒκ×ΚûΖ ΚôηΚ:
(i) (99)3 (ii) (102)3 (iii) (998)3

8. •θχΚηΟΞσû[ Κôς∞ΣÓιÕΚ:
(i) 8a3 + b3 + 12a2b + 6ab2 (ii) 8a3 – b3 – 12a2b + 6ab2

(iii) 27 – 125a3 – 135a + 225a2 (iv) 64a3 – 27b3 – 144a2b + 108ab2

(v) 27p3 – 1
216

 – 29 1
2 4

p p+

9. Μ↔ΣôνχΚÜλ: (i) x3 + y3 = (x + y) (x2 – xy + y2) (ii) x3 – y3 = (x – y) (x2 + xy + y2)
10.  •θχΚηΟΞσû[ Κôς∞ΣÓιÕΚ:
                     (i) 27y3 + 125z3 (ii) 64m3 – 343n3

[Ï°κ× :  9 λ úΚρ↑ûΥ Σôν]
11.  27x3 + y3 + z3 – 9xyz Η Κôς∞ΣÓιÕΚ−

12.  Μ↔Σôν 9 x3 + y3 + z3 – 3xyz = 2 2 21 ( ) ( ) ( ) ( )
2

x y z x y y z z xé ù+ + - + - + -ë û

13.  x + y + z = 0 Φ±ο  x3 + y3 + z3 = 3xyz Φ∴χΚôγÓ.

14.  •θχΚηΟ Κ∴δΚ↓τ Τƒκ×ΚûΖ Øσù[ôÚûΤΚûΖ ΣΥτΣÓιƒ ΚôηΚ.

(i) (–12)3 + (7)3 + (5)3

(ii) (28)3 + (–15)3 + (–13)3

15.  ♦τΞÚλ úΚôûΞΚρ ΙÚ ùΜπΞΚιƒτ ΣςκΣΖÜ Φ±ο ≅Ξσ°σÏ
ùΣôÚιΘΤô∴ ¿Ζ+ ≅ΚΩ ≅ΖÜΚûΖ ΚηÓ♦⁄.

  ΣςκΣΖÜ:   25a2 – 35a + 12          ΣςκΣΖÜ:     35y2 + 13y –12

                              (i) (ii)
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380What are the possible expressions for the dimensions of the cuboids whose volumes are
given below?

    Volume :  3x2 – 12x                Volume :  12ky2 + 8ky – 20k

                                      (i)        (ii)
390  A  girl is playing with a toy building block. The volume of the block is

3 2( ) 4 4V x x xx  
What are the three dimensions of the block?

408 Uwooct{

In this chapter, you have studied the following points:
30 A polynomial p(x) in one variable x is an algebraic expression in x of the form

p(x) = anx
n + an–1x

n – 1 + . . . + a2x
2 + a1x + a0,

where a0, a1, a2, . . ., an are constants and an  0.
a0, a1, a2, . . ., an are respectively the coefficients of x0, x, x2, . . ., xn, and n is called the
degree of the polynomial. Each of anx

n, an–1 xn–1, ..., a0, with an  0, is called a term of the
polynomial p(x).

40 A polynomial of one term is called a monomial.
50 A polynomial of two terms is called a binomial.
60 A polynomial of three terms is called a trinomial.
70 A polynomial of degree one is called a linear polynomial.
80 A polynomial of degree two is called a quadratic polynomial.
90 A polynomial of degree three is called a cubic polynomial.
:0 A real number ‘a’ is a zero of a polynomial p(x) if p(a) = 0. In this case, a is also called a

root of the equation p(x) = 0.
;0 Every linear polynomial in one variable has a unique zero, a non-zero constant polynomial

has no zero, and every real number is a zero of the zero polynomial.
320 Factor Theorem : x – a is a factor of the polynomial p(x), if p(a) = 0. Also, if x – a is a

factor of p(x), then p(a) = 0.
330 (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx
340 (x + y)3 = x3 + y3 + 3xy(x + y)
350 (x – y)3 = x3 – y3 – 3xy(x – y)
360 x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)
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16.  •úΨ Κ∴ ùΜπΞΚδΚ↓τ Κ∴ ≅ΖÜΚρ ùΚôÓχΚκΣγÓρΖ∴− ≅Ξσ°σÏ
ùΣôÚιΘΤô∴ ≅ΖÜΚûΖ ΚηÓ♦⁄. 

Κ∴ ≅ΖÜ:      3x2 – 12x        Κ∴ ≅ΖÜ :   12ky2 + 8ky – 20k

                                      (i)        (ii)
17.  ΙÚ ′ß♥ Κ∴εùΜπΞΚ Ξ⁄Ξ Κγ⁄ΟùΘôÏƒ ùΣôλûΤûΥ ùΚôηÓ

↑ûΖΥôÓ€[ôρ− ≅Θτ Κ∴≅ΖÜ
3 2( ) 4 4V x x xx= + +

Φ±ο ≅Θτ êτß Σ↔Τô∴δΚûΖ ΦÝÕΚ−

2.6 Ρôλ Κσ[ûΞ :

ΒϕΘ ≅ιƒΥôΥιƒο Ρôλ •θχΚηΟΞσû[ Σσ° ↑ΞôƒιúΘôλ.

1. ΙÚ Τô° x ο n ΞÕ Σ⁄ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ p(x) τ ùΣôÕ Ξ⁄Ξλ,

p(x) = anx
n + an–1x

n – 1 + . . . + a2x
2 + a1x + a0  ΑÏλ.

ΒδÏ a0, a1, a2, . . ., an  ΦτΣ∴ Τô°←Κρ, an ¹ 0
a0, a1, a2, . . ., an ΦτΣ∴ Øû[úΥ x0, x, x2, . . ., xn  τ ÏΠΚδΚρ− úΤÛλ n ΦτΣÕ ΣοÛßκ×χ
úΚôûΞ♠τ Σ⁄− anx

n, an–1 x
n–1, ..., a0 Α€Υ∴ ΣοÛßκ×χ úΚôûΞ♠τ ∆ßκ×Κρ ΑÏλ.

2. ϑν ∆ßκûΣ ΤγÓúΤ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ ϑÚßκ×χ úΚôûΞ Φ∴κΣÓλ.

3. ΒςηÓ ∆ßκ×ΚûΖ ΤγÓúΤ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ ΧÚßκ×χ úΚôûΞ Φ∴κΣÓλ.

4. êτß ∆ßκ×ΚûΖ ΤγÓúΤ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ êÜßκ× úΚôûΞ Φ∴κΣÓλ.

5. Σ⁄ 0 Η ùΚôηΟ ΣοÛßκ×χ úΚôûΞ ΙÚΣ⁄ ΣοÛßκ×χ úΚôûΞ ∋≅( úΡ↔Υ
ΣοÛßκ×χ úΚôûΞ Φ∴κΣÓλ.

6. Σ⁄ 1 Η ùΚôηΟ ΣοÛßκ×χ úΚôûΞ ΒÚΣ⁄ ΣοÛßκ×χ úΚôûΞ Φ∴κΣÓλ.

7. Σ⁄ 2 Η ùΚôηΟ ΣοÛßκ×χ úΚôûΞ ØκΣ⁄ ΣοÛßκ×χ úΚôûΞ Φ∴κΣÓλ.

8. p(x) Φàλ ΣοÛßκ×χ úΚôûΞ♠ο ΓΘôΞÕ ΙÚ ùΤµ Φη a χÏ p(a) = 0 Φ±ο a
Η ≅χúΚôûΞ♠τ éϖ≥Υλ ΦτΣν− ΒπΞôú[ a Η ΣοÛßκ×χ úΚôûΞ p(x) = 0 χÏ
êΩλ Φτßλ áßΞν.

9. ΙÚ Τô°ûΥ ùΚôηΟ ΦοΩô úΡ↔Υ ΣοÛßκ×χ úΚôûΞΚÞλ Θ±ιΘ éϖ≥ΥιûΘ
ùΚôη⁄ÚχÏλ− ΙÚ éϖ≥ΥΤσ[ Τô°←ûΥ ùΚôηΟ ΣοÛßκ×χ úΚôûΞ
éϖ≥ΥιûΘ ùΚôη⁄ςôÕ.

10. Κôς∞ úΘσ[λ: p(a) = 0 Φ±ο x – a ΦτΣÕ p(x) τ ΙÚ Κôς∞ ΑÏλ− úΤÛλ
x – a ΦτΣÕ p(x) χÏ Κôς∞ Φ±ο p(a) = 0 ΑÏλ.

11. (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx
12. (x + y)3 = x3 + y3 + 3xy(x + y)
13. (x – y)3 = x3 – y3 – 3xy(x – y)
14. x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)
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CHAPTER 3

COORDINATE GEOMETRY

What’s the good of Mercator’s North Poles and Equators, Tropics, Zones and Meridian Lines?’
So the Bellman would cry; and crew would reply ‘ They are merely conventional signs!’

LEWIS CARROLL, The Hunting of the Snark

3.1 Introduction

You have already studied how to locate a point on a number line. You also know how to describe
the position of a point on the line. There are many other situations, in which to find a point we
are required to describe its position with reference to more than one line. For example, consider
the following situations:

I. In Fig. 3.1, there is a main road running in the East-
West direction and streets with numbering from West to East.
Also, on each street, house numbers are marked. To look for
a friend’s house here, is it enough to know only one reference
point? For instance, if we only know that she lives on Street
2, will we be able to find her house easily? Not as easily as
when we know two pieces of information about it, namely,
the number of the street on which it is situated, and the house
number. If we want to reach the house which is situated in the
2nd street and has the number 5, first of all we would identify
the 2nd street and then the house numbered 5 on it. In Fig. 3.1,
H shows the location of the house. Similarly, P shows the
location of the house corresponding to Street number 7 and
House number 4.

Fig. 3.1
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ΑΥùΘôûΩÜ Ξ⁄↑Υο

ΞΟ ÕÚΞδΚρ Τσßλ éΤιƒΥ úςûΚΚρ+ ùΞκΣ ΤηΟΩδΚρ Τσßλ ¾νχΚ

úςûΚΚ↓τ ΡτûΤ Φτ∴> Φτ∴ùΞτß úΚγΟôο ùΣοúΤτ ≅ÝΞôν− ≅Ξ↔τ

∆Θ↑ΥôΖνΚρ ΒπΞôß ΣƒΩ↓κΣôνΚρ »≅ûΞ ΞΨχΚΤô∴ ≅ûΟΥôΖδΚρ ΤγÓúΤµ.

                                                       í♠υΚúςôο, The Hunting of the Snark

3.1 ≅°ØΚλ
Φη úΚôγ⁄τ ÁÕ ×ρ↓ΚûΖ Ï°χÏλ Øû[ûΥ Σσ° ΓσΚ∴úΞ ùΘ↔ϕÕ ùΚôη≈νΚρ−
ΙÚ úΚôγ⁄τ ÁÕ ×ρ↓ûΥ ΞûςΥßχÏλ Øû[ûΥ Σσ° ∆δΚÞχÏ ùΘ↔Ùλ− ′Ω
ΜΤΥδΚ↓ο ΙτßχÏλ úΤσΣγΟ úΚôÓΚûΖ ùΣôßιÕ ΙÚ ×ρ↓ûΥ ΞûςΥßχΚ
úΞη⁄ÙρΖÕ− ∆ΘôςΠιÕχÏ •θΚôÔλ ãθ♣ûΩûΥ ΚΞ±ÙδΚρ−
I. ΣΟλ 3.1 ο €ΨχÏ úΤσΚôΚ ΙÚ Øχ€Υ ΜôûΩ
Ιτß ∆ρΖÕ− ΒϕΘ ΜôûΩûΥ Ιγ⁄ ≅ûΤϕÕρΖ
ùΘÚχΚÞχÏ úΤσÏ €ΨχΚôΚ Φη∞ΟκΣγÓρΖÕ−
ΙπùΞôÚ ùΘÚ↑Ûλ ∆ρΖ ÅÓΚÞχÏ Φη
Ï°χΚκΣγÓρΖÕ− ∆τ ΡηΣ±τ ÅγûΟ ΚηΟ°Υ
≅Ξ↔τ ÅγûΟ Σσ°Υ Ιúς ΙÚ Ï°κ× ΤγÓλ
ùΘ↔ϕΘôο úΣôÕΤô> ∆ΘôςΠΤôΚ ≅Ξτ Åƒ Φη
1ο Ξ′χ€[ôτ Φτ[ Ιúς ΙÚ Ï°κ× ΤγÓλ ûΞιÕ
ùΚôηÓ ≅ΞàûΟΥ ÅγûΟ ΚηΟ°Υ Ø⁄ÙΤô> ≅Õ
≅πΞΖÜ ÑΩΣΤô∴Õ ≅οΩ− Åƒ Φη Τσßλ Åγ⁄τ
Φη Α€Υ ΒςηÓ ↑ΞςδΚρ ΒοΩôΤο ≅ΞàûΟΥ
ÅγûΟ ΚηΟ°ΞÕ ÑΩΣΤοΩ− Åƒ Φη 1ο ∆ρΖ
4λ Φη ÅγûΟ ΚηΟ°Υ úΞηÓΤô∴ôο ØΘ←ο
Åƒ Φη 1χÏ ùΜτß ÅγÓ Φη 4χÏ ùΜοΩ
úΞηÓλ− ΣΟλ 2−0 ο H ΦτΣÕ Åƒ Φη 1ο Φη
4Η ùΚôηΟ ÅΟôÏλ− P ΦτΣÕ Åƒ Φη 6ο Φη
3Η ùΚôηΟ ÅΟôÏλ−

≅ιƒΥôΥλ3

ΣΟλ. 3.1

ù
Θ
Ú

`
1

ù
Θ
Ú

`
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ù
Θ
Ú

`
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ù
Θ
Ú

`
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ù
Θ
Ú

`
2

ù
Θ
Ú
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II. Suppose you put a dot on a sheet of paper [Fig.3.2 (a)]. If we ask you to tell us the
position of the dot on the paper, how will you do this? Perhaps you will try in some such manner:
“The dot is in the upper half of the paper”, or “It is near the left edge of the paper”, or “It is very
near the left hand upper corner of the sheet”. Do any of these statements fix the position of the
dot precisely? No! But, if you say “ The dot is nearly 5 cm away from the left edge of the paper”,
it helps to give some idea but still does not fix the position of the dot. A little thought might
enable you to say that the dot is also at a distance of 9 cm above the bottom line. We now know
exactly where the dot is!

Fig. 3.2

For this purpose, we fixed the position of the dot by specifying its distances from two fixed
lines, the left edge of the paper and the bottom line of the paper [Fig.3.2 (b)]. In other words, we
need two independent informations for finding the position of the dot.

Now, perform the following classroom activity known as ‘Seating Plan’.

Activity 1 (Seating Plan) : Draw a plan of the seating in your classroom, pushing all the desks
together. Represent each desk by a square. In each square, write the name of the student occupying
the desk, which the square represents. Position of each student in the classroom is described
precisely by using two independent informations:

(i) the column in which she or he sits,

(ii) the row in which she or he sits.

If you are sitting on the desk lying in the 5th column and 3rd row (represented by the shaded
square in Fig. 3.3), your position could be written as (5, 3), first writing the column number, and
then the row number. Is this the same as (3, 5)? Write down the names and positions of other
students in your class. For example, if Sonia is sitting in the 4th column and 1st row, write S(4,1).
The teacher’s desk is not part of your seating plan. We are treating the teacher just as an observer.
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II. ΙÚ ùΞρûΖ Θô↓τ ÁÕ ΙÚ ×ρ↓ûΥχ Ï°ιΘôµ Φ∴χùΚôρ− ΒκùΣôÝÕ ΡôδΚρ
∆δΚûΖ ùΞρûΖι Θô↓τ ÁÕ ×ρ↓ ΦδúΚ ∆ρΖÕ Φ∴χ úΚγΟôο ¿ Φτ∴ ùΜôοΞôµ>
ΙÚ úΞûΖ ¿ ♦τΞÚΤôß ΣƒΩ↓χΚ áÓλ ≅ΘôΞÕ ×ρ↓ ùΞρûΖι Θô↓τ úΤο Σôƒ
ΣÏƒ♠ο ∆ρΖÕ− ≅οΩÕ ≅Õ Θô↓τ ΒΟÕ ↑↓λ♦σÏ ≅ÚúΚ ∆ρΖÕ Φτß ùΜôοΞôµ−
≅οΩÕ ×ρ↓ ΒΟκ×[ιƒτ úΤο ↑↓λ♦σÏ ≅ÚúΚ ∆ρΖÕ Φτß ùΜôοΞôµ− úΤσΚηΟ
êτß ΣƒοΚÞλ ×ρ↓♠τ ΒΟιûΘι Õο←ΥΤôΚ ΚôΠ ∆ΘÜ€τ[∴Ξô> ΒοûΩ− Α∴ôο
¿δΚρ  ΙÚ  úΞûΖ  ≅ϕΘ  ×ρ↓  ΒΟÕ  ↑↓λ♦←ÚϕÕ  4ùΜ−Á−  çςιƒο  ∆ρΖÕ  Φτß
á°∴ôο ≅Õ ×ρ↓♠τ ΒÚκ♦ΟιûΘ ≅°Υ ϑςΖ↑σÏ ΤγÓúΤ ∆ΘÜλ− ΒÚϕΘôÛλ ≅Õ
×ρ↓♠τ Μ↔Υô∴ ΒΟιûΘ Õο←ΥΤôΚ Ï°χΚôÕ> ≅ϕΘ ×ρ↓ •úΨ ∆ρΖ ↑↓λ♦←ÚϕÕ
8ùΜ−Á− çςιƒο ∆ρΖÕ Φτß ùΜôτ∴ôο ≅Õ ×ρ↓♠τ ΒΟιûΘ Õο←ΥΤôΚ Ï°χÏλ−

ΣΟλ 3.2

Φ∴úΞ ×ρ↓♠τ Μ↔Υô∴ ΒΟιûΘ Ï°χΚ ΒΟÕ ↑↓λ♦←ÚϕÕ ∆ρΖ çςλ Τσßλ
•úΨ ∆ρΖ ↑↓λ♦←ÚϕÕ ∆ρΖ çςλ Α€Υ ΒςηÓ ↑ΞςδΚρ úΘûΞκΣÓ€τ[∴−
ΣΟλ 3.2 (b) úΞß ΞûΚ♠ο ùΜôοΞΘ∴ôο ΙÚ ×ρ↓ûΥχ Ï°χΚ ΒςηÓ Θ±κΣγΟ
≅οΩÕ ΜôνΣσ[ ↑ΞςδΚρ úΘûΞκΣÓ€τ[∴− ΘσúΣôÕ •θΚηΟ ΞÏκΣû[
ùΜΥοΣôγûΟ ùΜµÕκΣôν−
ùΜΥοΣôÓ 1: (ΒÚχûΚι ƒγΟλ): ∆τàûΟΥ Σρ↓♠τ ΒÚχûΚι ƒγΟλ Ιτû[
ΞûςΥÜλ− ≅û∴ιÕ úΤûΜΚûΖÙλ ϑ↔Οιƒο úΜÚδΚρ− ΙπùΞôÚ úΤûΜûΥÙλ
ΙÚ ΜÕςιΘôο Ï°χΚÜλ− ΙπùΞôÚ ΜÕςιƒÛλ ≅λúΤûΜχ Ï°Υ ΤôΠΞτ ≅οΩÕ
ΤôΠ↑♠τ ùΣΥûς ΦÝΘÜλ− ΒκúΣôÕ ΙπùΞôÚ ΤôΠΞτ ≅οΩÕ ΤôΠ↑♠τ
ΒΟιûΘ Õο←ΥΤôΚ Ï°χΚ ΒςηÓ ≅ΖÜΚρ úΘûΞκΣÓ€τ[∴−
(i) ΤôΠΞτ ≅οΩÕ ΤôΠ↑ ≅ΤÚλ ♣ςο Ξ↔ûΜ
(ii) ΤôΠΞτ ≅οΩÕ ΤôΠ↑ ≅ΤÚλ ♣ûς Ξ↔ûΜ

¿  ≅ΤνϕƒÚχÏλ  úΤûΜ  4  ΞÕ  ♣ςο  Ξ↔ûΜ  2  ΞÕ  ♣ûς  Ξ↔ûΜ  Φ±ο
∆τàûΟΥ ΒΟιƒτ ♣ûΩ ΣΟλ 2−2 ο Κôγ⁄ΥΣ⁄ ΒÚχÏλ− ΒûΘ (5,3) Φ∴ Ï°χΚΩôλ−
ØΘ←ο ΞÚΞÕ ♣ςο Ξ↔ûΜ♠τ ≅ΖÜ+ ΒςηΟôΞÕ ΞÚΞÕ ♣ûς Ξ↔ûΜ♠τ ≅ΖÜ
ΒÕ (3,5) úΣôτß ΒÚχÏΤô> ΒúΘ úΣôο Τσ[ ΤôΠΞνΚρ ≅ΤÚλ ΒΟιƒτ ♣ûΩûΥ
Ï°ιÕχΚôγÓ− ΦÓιÕχΚôγΟôΚ úΜô±Υô ΦτΣΞν 3 ΞÕ ♣ςο Ξ↔ûΜ Τσßλ 0 ΞÕ
♣ûς Ξ↔ûΜ♠ο ∆γΚôνϕÕρΖôν Φ∴ ΦÓιÕχùΚôηΟôο ΒûΘ S (4,1) Φ∴ ΦÝΘΩôλ−
∆τàûΟΥ ΒÚχûΚ ƒγΟιƒο Α′↔Υ↔τ ΒÚχûΚ ΒΟλ ùΣ[↑οûΩ− ≅Ξν ùΞßλ

ΣôνûΞΥôΖςôΚ ΚÚΘκΣÓ€[ôν−

ùΜ−Á−

ùΜ−Á−
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Fig. 3.3

In the discussion above, you observe that position of any object lying in a plane can be
represented with the help of two perpendicular lines. In case of ‘dot’, we require distance of the
dot from bottom line as well as from left edge of the paper. In case of seating plan, we require
the number of the column and that of the row. This simple idea has far reaching consequences,
and has given rise to a very important branch of Mathematics known as Coordinate Geometry.
In this chapter, we aim to introduce some basic concepts of coordinate geometry. You will
study more about these in your higher classes. This study was initially developed by the French
philosopher and mathematician René Déscartes.

René Déscartes, the great French mathematician of the
seventeenth century, liked to lie in bed and think! One day,
when resting in bed, he solved the problem of describing the
position of a point in a plane. His method was a development
of the older idea of latitude and longitude. In honour of
Déscartes, the system used for describing the position of a
point in a plane is also known as the Cartesian system.

EXERCISE 3.1
1. How will you describe the position of a table lamp on your study table to another person?

2. (Street Plan) : A city has two main roads which cross each other at the centre of the
city. These two roads are along the North-South direction and East-West direction. All
the other streets of the city run parallel to these roads and are 200 m apart. There are 5
streets in each direction. Using 1cm = 200 m, draw a model of the city on your notebook.
Represent the roads/streets by single lines.

René Déscartes (1596 -1650)
Fig. 3.4
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úΤσΚηΟ ↑ΖχΚιƒ←ÚϕÕ ¿ ≅°ϕÕ ùΚôρΞÕ Φτ∴ùΞτ[ôο ΙÚ ΜΤΘΖιƒτ
ÁÕρΖ ΙÚ ùΣôÚ↓τ ♣ûΩûΥ ΒÚ ùΜδÏιÕχ úΚôÓΚρ ∆Θ↑ÙΟτ Ï°χΚΩôλ−
ΒΘσÏ Øτ∴ν ×ρ↓♠τ ♣ûΩûΥ Ï°κΣƒÛλ ΒΟÕ ↑↓λ♦←ÚϕÕ çςλ+ •θ
↑↓λ♦←ÚϕÕ çςλ úΣôτ[ ΒςηÓ ↑ΞςδΚρ úΘûΞκΣγΟÕ− ΒÚχûΚ ƒγΟιƒο
ΡΤχÏι úΘûΞκΣÓΞÕ ♣ςο Ξ↔ûΜ Φη Τσßλ ♣ûς Ξ↔ûΜ Φη ΑÏλ− ΒϕΘ
Φ↓Υ ΑúΩôΜû∴Υô∴Õ ΑΥι ùΘôûΩ Ξ⁄↑Υο Φτ[ Øχ€ΥΤô∴ Κ∞Θ ∆γ♦↔↑σÏ
↑ιƒγÓρΖÕ− ΒϕΘ ΣôΟιƒο ΑΥι ùΘôûΩ Ξ⁄↑Υ←τ ≅⁄κΣûΟχ ΚÚιÕχΚρ
Ï°ιÕ ΚσúΣôλ− ΒÕ Ï°ΘÕ ≅ƒΚΤôΚ úΤο ΞÏκΣΚ↓ο ΚσÀνΚρ ΒΥσΚ∞ΘιûΘκ
ΣΥτΣÓιƒ Ξ⁄↑ΥûΩχ ΚσÏλ Øû[♠û∴ ♦ςφÑ ΘιÕΞ úΤûΘÙλ Κ∞Θ↑Υο
≅°ΝÚΤô∴ ùς± ùΟυΚôν⁄υ(Rene Descartes) ≅°ØΚκΣÓιƒ∴ôν−

17 ΞÕ èσ°η⁄ο ΞôθϕΘ ♥Κκ ùΣ↔Υ Κ∞Θ úΤûΘ ùς±
ùΟυΚôν⁄υ− ≅Ξν ΣÓχûΚ♠ο ΣÓιÕχùΚôηúΟ ′ϕƒκΣƒο
ΑνΞλ ∆ûΟΥΞν− ΙÚ Ρôρ ≅πΞôß ′ϕƒιΘ úΣôÕ
ΜΤΘΖιƒο ∆ρΖ ×ρ↓♠τ ♣ûΩûΥ ↑ΖχÏλ Øû[ûΥ
ΚηΟ°ϕΘôν− ΒΞςÕ ΒϕΘ Øû[Υô∴Õ ΣηûΟΥ ≅γΜúςûΚ+
¾νχΚúςûΚΚ↓τ ùΘôΟνε′ΥôÏλ− ΒΞûς ùΚΖς↑χÏλ
ΞûΚ♠ο ΜΤΘΖιƒο ×ρ↓ûΥχ Ï°χÏλ Øû[ûΥ Κôν≈′Υτ
Øû[ Φτ€ú[ôλ−

ùς± ùΟυΚôν⁄υ
(1596 -1650)
ΣΟλ 3.4

Α′↔Υν ΒÚχûΚûΥ Ï°χ€[Õ
úΜô±Υô↑τ ΒΟιΘûΘ Ï°χ€[Õ

♣ûς Ξ↔ûΜ

♣ςο Ξ↔ûΜ

                                  Σ♠σ′ 3.1

1. ∆τàûΟΥ Σ⁄κ× ≅û[♠ÛρΖ úΤûΜ ♥τ↑Ζχ€τ ♣ûΩûΥ úΞù[ôÚΞÚχÏ ΦκΣ⁄
ΦÓιÕχ áßΞôµ>

2. (ùΘÚ ƒγΟλ) : ΙÚ ΡΚςιƒο ΒςηÓ ♦ςΘô∴ ΜôûΩΚρ ΡΚς ûΤΥιƒο Ιτû[ Ιτß
ΜϕƒχÏλ ΞûΚ♠ο ≅ûΤχΚκΣγÓρΖÕ− ΒϕΘ ΒςηÓ ΜôûΩΚÞλ ΞΟχÏ ùΘσΚôΚÜλ
Τσßλ €ΨχÏ úΤσΚôΚÜλ ∆ρΖ∴− ΒϕΘ ΜôûΩ♠ÛρΖ Τσ[ι ùΘÚχΚρ ΒϕΘ
ΜôûΩΚÞχÏ ΒûΠΥôΚ 1// ÁγΟν çςιƒο ùΜο€τ[∴− ΙπùΞôÚ ƒûΜ♠Ûλ 4
ùΘÚχΚρ ∆ρΖ∴− 0 ùΜ−Á−< 1//Á Φτ[ ≅ΖÜ ƒγΟιûΘ ΣΥτΣÓιƒ ΡΚςιƒτ
Τôƒ↔κ ΣΟιûΘ ∆τàûΟΥ úΡôγÓκ ×ιΘΚιƒο Ξûς− ΜôûΩΚûΖÙλ ùΘÚχΚûΖÙλ
Ισû[χ úΚôÓ êΩλ ΚôγÓ−

ΣΟλ 3.3
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There are many cross- streets in your model. A particular cross-street is made by
two streets, one running in the North - South direction and another in the East - West
direction. Each cross street is referred to in the following manner : If the 2nd street
running in the North - South direction and 5th in the East - West direction meet at some
crossing, then we will call this cross-street (2, 5). Using this convention, find:
(i) how many cross - streets can be referred to as (4, 3).
(ii)how many cross - streets can be referred to as (3, 4).

3.2 Cartesian System

You have studied the number line in the chapter on ‘Number System’. On the number line,
distances from a fixed point are marked in equal units positively in one direction and negatively
in the other. The point from which the distances are marked is called the origin. We use the
number line to represent the numbers by marking points on a line at equal distances. If one unit
distance represents the number ‘1’, then 3 units distance represents the number ‘3’, ‘0’ being at
the origin. The point in the positive direction at a distance r from the origin represents the
number r. The point in the negative direction at a distance r from the origin represents the
number -r. Locations of different numbers on the number line are shown in Fig. 3.5.

Fig. 3.5

Descartes invented the idea of placing two such lines perpendicular to each other on a plane,
and locating points on the plane by referring them to these lines. The perpendicular lines may
be in any direction such as in Fig.3.6. But, when we choose

Fig. 3.6
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∆τàûΟΥ Τôƒ↔κ ΣΟιƒο ΣΩ ùΘÚχΚρ Ιτû[ùΥôτû[ ΚΟϕÕ
ùΜο€τ[∴− Ï°κ♦γΟ ΜϕƒκΣô∴Õ ΞΟχÏ ùΘσÏ Τσßλ €ΨχÏ úΤσΚôΚε ùΜοÛλ
ΒςηÓ ùΘÚχΚΖôο Α∴Õ ΦτΣûΘ ΚΞ±− ΙπùΞôÚ Μϕƒκ×λ •θΚηΟΞôß
≅ûΤχΚκΣγ⁄ÚχÏλ− ΞΟχÏ ùΘσΚôΚ ùΜοÛλ ΜϕƒχÏλ ΒϕΘ ΜϕƒκûΣ Ρôλ (2, 5)

Φ∴ Ï°κ♦ÓúΞôλ− ΒϕΘ Øû[ûΥκ ΣΥτΣÓιƒ •θΚηΟΞσû[χ ΚηÓ♦⁄−
(i) (4, 3) Φ∴ ΦιΘû∴ Μϕƒκ×Κρ Ï°χΚκΣγ⁄ÚχÏλ>

(ii) (3, 4) Φ∴ ΦιΘû∴ Μϕƒκ×Κρ Ï°χΚκΣγ⁄ÚχÏλ>

Φη ≅ûΤκ× Φτ[ ΣôΟιƒο Φη úΚôγûΟκ Σσ° Σ⁄ι¾νΚρ− Φη úΚôγ⁄τ ΙÚ
Ï°κ♦γΟ ×ρ↓♠←ÚϕÕ ΜΤ ≅ΩÏΚΖôΚ ΙÚ ΣχΚλ ♥ûΚ∋∗( ΦηΚΖôΚÜλ Φƒν
ΣχΚλ Ïû[∋,( ΦηΚΖôΚÜλ Ï°χΚκΣγ⁄ÚχÏλ− ΦϕΘ ×ρ↓♠←ÚϕÕ ≅ΖÜ
ÕΞδÏ€[úΘô ≅ϕΘ ×ρ↓ûΥ ΑςλΣκ∋Αƒ( ×ρ↓ Φτ€ú[ôλ− Φη úΚôγ⁄û∴
≅Θτ ÁÕ ΜΤ çςιƒο ΦηΚûΖ Ï°χΚκ ΣΥτΣÓιÕ€τú[ôλ− ΙÚ ≅ΩÏ çςλ
0≅ΩÏ Φ∴χ Ï°χ€τú[ôλ− 0≅ΩÏ çςλ 0 Φ∴χ Ï°ιΘôο 2 ≅ΩÏ çςλ 2 Φτ[
ΦηûΠχ Ï°χÏλ− / ΦτΣÕ Αƒκ×ρ↓+ ♥ûΚ∋∗( ƒûΜ♠ο r çςιƒο ∆ρΖ ×ρ↓
r Φ∴Üλ ΦƒνκΣχΚλ Αƒκ×ρ↓♠←ÚϕÕ r çςλ ∆ρΖ ×ρ↓ - r Φ∴Üλ+ Ï°χΚκΣÓλ−
ΣΟλ 2−4ο ùΞπúΞß ΦηΚûΖ Φη úΚôγ⁄τ ÁÕ Ï°ιƒÚκΣûΘχ Κôη€ú[ôλ−

ùΟυΚôν⁄υ ΦτΣΞν ΒιΘûΚΥ ΒÚ úΚôÓΚρ ΙτßχùΚôτß ùΜδÏιΘôΚ ΜΤΘΖιƒτ
ÁÕ ûΞχÏλ Øû[ûΥχ ΚηÓ♦⁄ιΘôν−  úΤÛλ ≅Θτ ÁÕ ×ρ↓ΚûΖ Ï°χÏλ
Øû[ûΥÙλ ≅°ØΚκΣÓιƒ∴ôν− ùΜδÏιÕχ úΚôÓΚρ ΣΟλ 2−5ο Κôγ⁄ΥΣ⁄ ΦϕΘ
ƒûΜ♠Ûλ ΒÚχΚΩôλ− Α∴ôο ΒϕΘ ΒÚ úΚôÓΚûΖÙλ Ρôλ úΘνϕùΘÓχÏλúΣôÕ
ΜΤΘΖιƒο ≅Ξσ°τ ÁÕ ×ρ↓ΚûΖ Ï°χΚ Ιτû[ €ûΟχúΚôΟôΚÜλ Τσù[ôτû[
ÏιÕχúΚôΟôΚÜλ ΣΟλ 2−5ο Κôγ⁄ΥΣ⁄ ΒϕΘ ΣôΟιƒο ∆ΣúΥôΚκΣÓιÕ€τú[ôλ−

ΣΟλ. 3.6

3.2 Κôν¼″Υτ ΑΥØû[ :

ΣΟλ. 3.5

ϑν ≅ΩÏ
 çςλ

ϑν ≅ΩÏ
 çςλ

Αƒ ×ρ↓
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these two lines to locate a point in a plane in this chapter, one line will be
horizontal and the other will be vertical, as in Fig. 3.6(c).

These lines are actually obtained as follows : Take two number lines, calling
them X¢X and Y¢Y. Place X¢X horizontal [as in Fig. 3.7(a)] and write the numbers
on it just as written on the number line. We do the same thing with Y¢Y except
that Y¢Y is vertical, not horizontal [Fig. 3.7(b)].

Combine both the lines in such a way that the
two lines cross each other at their zeroes, or origins
(Fig. 3.8). The horizontal line X¢X is called the x -
axis and the vertical line YY¢ is called the y - axis.
The point where X¢X and Y¢Y cross is called the
origin, and is denoted by O. Since the positive
numbers lie on the directions OX and OY, OX and
OY are called the positive directions of the x -
axis and the y - axis, respectively. Similarly, OX¢
and OY¢ are called the negative directions of the
x - axis and the y - axis, respectively.

Fig. 3.8

Fig. 3.7
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 ΒϕΘ úΚôÓΚρ ΦπΞôß €ûΟχ€τ[∴ ΦτΣûΘ ΒκúΣôÕ

ΣôνκúΣôλ− ΒςηÓ Φη úΚôÓΚûΖ ΦÓιÕχùΚôρ− ≅Ξσû[

X¢X Φ∴Üλ Y¢Y Φ∴Üλ Ï°− ΣΟλ 2−6(a) ♦[Ï ≅Ξσ°τ ÁÕ

ΦηúΚôγ⁄τ ÁÕ ΦηΚûΖ ΦÝÕΞÕ úΣôο ΦÝÕ− ΒúΘ úΣôο

Y¢Y ÁÕ ΦηΚûΖ Ï°κúΣôλ− Α∴ôο Y¢Y ΦτΣÕ €ûΟχ úΚôΟôΚ

ΒοΩôΤο ΣΟλ 2−6(b) Κôγ⁄ΥΣ⁄ ùΜδÏιΘôΚ ΒÚχÏλ−

ΣΟλ. 3.7

ΒϕΘ ΒÚúΚôÓΚÞλ Αƒκ×ρ↓♠ο

ùΞγ⁄χùΚôρÞλΣ⁄ ΣΟλ 2−7ο ∆ρΖΣ⁄

úΜνχΚ úΞηÓλ− €ûΟχúΚôÓ X¢X ΦτΣÕ

x - ≅εÑ Φ∴Üλ ùΜδÏιÕχ úΚôÓ Y¢Y
ΦτΣÕ y - ≅εÑ Φ∴Üλ ≅ûΨχΚκΣÓ€[Õ−

X¢X Τσßλ Y¢Y ΒûΞ  ùΞγÓλ  ×ρ↓

Αƒκ×ρ↓ Φ∴κΣÓλ− ♥ûΚ ΦηΚρ OX
Τσßλ OY ƒûΜΚ↓ο ≅ûΤΞΘôο OX
Τσßλ OY ΦτΣ x,y- ≅εÑΚ↓τ ♥ûΚ

≅εÑ Φ∴Üλ OX ¢  Τσßλ OY ¢

ΦτΣûΞΚûΖ x,y- ≅εÑΚ↓τ Ïû[

≅εÑΚρ Φ∴Üλ ≅ûΨχΚκΣÓ€τ[∴−

Αƒ ×ρ↓

Αƒ ×ρ↓

ΣΟλ. 3.8

♥ûΚ y- ≅εÑ

Ïû[ x - ≅εÑ ♥ûΚ x- ≅εÑ

Ïû[ y- ≅εÑ
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You observe that the axes (plural of the word ‘axis’) divide
the plane into four parts. These four parts are called the quadrants
(one fourth part), numbered I, II, III and IV anticlockwise from
OX (see Fig.3.9). So, the plane consists of the axes and these
quadrants. We call the plane, the Cartesian plane, or the
coordinate plane, or the xy-plane. The axes are called the
coordinate axes.

Now, let us see why this system is so basic to mathematics, and how it is useful. Consider
the following diagram where the axes are drawn on graph paper. Let us see the distances of the
points P and Q from the axes. For this, we draw perpendiculars PM on the x - axis and PN on the
y - axis. Similarly, we draw perpendiculars QR and QS as shown in Fig. 3.10.

Fig.3.10

You find that

(i) The perpendicular distance of the point P from the y - axis measured along the positive
direction of the x - axis is PN = OM = 4 units.

(ii)The perpendicular distance of the point P from the x - axis measured along the positive
direction of the y - axis is PM = ON = 3 units.

Fig. 3.9
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Αƒκ×ρ↓ûΥ / Φ∴χ Ï°χΚΩôλ− ≅εÑΚρ ΒςηÓλ
ΜΤΘΖιûΘ 3 ΣôΚδΚΖôΚκ ♦↔κΣûΘ ΚΞ±− ΒϕΘ ΡôτÏ
ΣôΚδΚÞλ Κôο ΣÏƒΚρ Φ∴ ≅ûΨχΚκΣÓλ− ΒûΞ OX
←ÚϕÕ Κ⁄Κôς Øρ ÑΨÛλ ƒûΜχÏ Φƒν ƒûΜ♠ο I, II, III
Τσßλ IV Φ∴ Φη ΒΟκΣÓλ− ΣΟλ 2−8Η ΣôνχΚÜλ−
Φ∴úΞ ΜΤΘΖιƒο ΒςηÓ ≅εÑΚρ Τσßλ ΒϕΘ Κôο
ΣÏƒΚρ ∆ρΖ ΒϕΘ ΜΤΘΖιûΘ Κôν≈′Υτ ΘΖλ ≅οΩÕ
ΑΥι ùΘôûΩ ΘΖλ ≅οΩÕ xy- ΘΖλ Φτ€ú[ôλ−
≅εÑΚûΖ ΑΥι ùΘôûΩ ≅εÑΚρ Φτ€ú[ôλ−

ΒκúΣôÕ ¿δΚρ ≅°ΞÕ+

(i)  y- ≅ε′←ÚϕÕ ×ρ↓ Pτ çςλ xτ ♥ûΚ  ≅εÑ ÁÕ ≅ΖχΚκΣÓλ çςλ

OMχÏ ΜΤλ PN=OM=4 ≅ΩÏΚρ−

(ii)   x- ≅ε′←ÚϕÕ ×ρ↓ Pτ ùΜδÏιÕ çςλ yτ ♥ûΚ  ≅ε′τ ÁÕ ≅ΖχΚκΣÓλ

çςλ ONχÏ ΜΤλ PM=ON=3 ≅ΩÏΚρ−

ΣΟλ. 3.9

ΚôσΣÏƒ

ΒϕΘ ≅ûΤκ× Γτ Κ∞ΘιƒσÏ ≅⁄ΘΖΤôΚ ∆ρΖÕ Φ∴Üλ ΒÕ ΦκΣ⁄ ΣΥτΣÓ€[Õ
Φ∴Üλ Ρôλ ΒκúΣôÕ ΣôνκúΣôλ− •θΚηΟ ΣΟιûΘκΣôν− ≅εÑΚΚρ ΞûςΣΟι Θô↓τ
ÁÕ ΞûςΥκΣγÓρΖ∴− ΒκúΣôÕ P Τσßλ Q ×ρ↓Κρ ≅εÑΚ↓←ÚϕÕ ΦπΞΖÜ
çςλ ∆ρΖ∴ Φ∴κ ΣôνκúΣôλ− ≅ΘσΚôΚ Ρôλ X- ≅ε′σÏ PM Φτ[  ùΜδÏιÕχ
úΚôγûΟÙλ Y - ≅ε′σÏ PN Φτ[ ùΜδÏιÕχ úΚôγûΟÙλ ΞûςΥ úΞηÓλ− ΣΟλ
2−0/ο ∆ρΖΣ⁄ QR Τσßλ QS Φτ[ ùΜδÏιÕχ úΚôÓΚûΖ ΞûςΥΩôλ−

ΣΟλ. 3.10

ΚôσΣÏƒ

ΚôσΣÏƒ ΚôσΣÏƒ
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(iii) The perpendicular distance of the point Q from the y - axis measured along the negative
direction of the x - axis is OR = SQ = 6 units.

(iv) The perpendicular distance of the point Q from the x - axis measured along the negative
direction of the y - axis is OS = RQ = 2 units.

Now, using these distances, how can we describe the points so that there is no confusion?

We write the coordinates of a point,  using the following conventions:

(i) The x - coordinate of a point is its perpendicular distance from the y - axis measured
along the x -axis (positive along the positive direction of the x - axis and negative along
the negative direction of the x - axis). For the point P, it is + 4 and for Q, it is – 6. The x
- coordinate is also called the abscissa.

(ii)The y - coordinate of a point is its perpendicular distance from the x - axis measured
along the y - axis (positive along the positive direction of the y - axis and negative along
the negative direction of the y - axis). For the point P, it is + 3 and for Q, it is –2. The y
- coordinate is also called the ordinate.

(iii) In stating the coordinates of a point in the coordinate plane, the x - coordinate comes
first, and then the y - coordinate. We place the coordinates in brackets.

Hence, the coordinates of P are (4, 3) and the coordinates of Q are (– 6, – 2).

Note that the coordinates describe a point in the plane uniquely. (3, 4) is not the same as
      (4, 3).

Example 1 : See Fig. 3.11 and complete the following statements:

(i) The abscissa and the ordinate of the point B are _ _ _ and _ _ _, respectively.
Hence, the coordinates of B are (_ _, _ _).

(ii) The x-coordinate and the y-coordinate of the point M are _ _ _ and _ _ _, respectively.
Hence, the coordinates of M are (_ _, _ _).

(iii) The x-coordinate and the y-coordinate of the point L are _ _ _ and _ _ _, respectively.
Hence, the coordinates of L are (_ _, _ _).

(iv) The x-coordinate and the y-coordinate of the point S are _ _ _ and _ _ _, respectively.
Hence, the coordinates of S are (_ _, _ _).
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(iii) y- ≅ε′←ÚϕÕ ×ρ↓  Qτ ùΜδÏιÕ çςλ xτ Ïû[  ≅ε′τ ÁÕ ≅ΖχΚκΣÓλ
çςλ ORχÏ ΜΤλ OR = SQ = 6 ≅ΩÏΚρ−

(iv) x- ≅ε′←ÚϕÕ ×ρ↓ Qτ ùΜδÏιÕ çςλ yτ Ïû[  ≅ε′τ ÁÕ ≅ΖχΚκΣÓλ
çςλ OS χÏ ΜΤλ OS = RQ = 2 ≅ΩÏΚρ−

ΒϕΘ ≅ΖÜΚûΖκ ΣΥτΣÓιƒ ÏΨκΣλ ΒοΩôΤο ×ρ↓ΚûΖ ΞûςΥßκΣÕ ΦκΣ⁄>

•θΚηΟ ΞΨχΚκΣ⁄ ×ρ↓♠τ ΑΥι ùΘôûΩûΞ ΦÝΘΩôλ−

(i) ΙÚ ×ρ↓♠τ x ≅εÑ çςλ y ≅ε′←ÚϕÕ ≅Θτ ùΜδÏιÕ çςλ+ ΒÕ x ≅εÑ
Ξ→ΥôΚ ∋ xτ ♥ûΚ ≅ε′ο úΡν ΑΚÜλ x- Ïû[ ≅ε′ο Φƒν ƒûΜ♠ο Φƒν
ΑΚÜλ( ≅ΖχΚκΣÓλ− ×ρ↓ PχÏ ΒÕ + 4 Τσßλ ×ρ↓ Q↑σÏ ΒÕ -6.

(ii ) ΙÚ ×ρ↓♠τ y ≅εÑ çςλ x ≅ε′←ÚϕÕ ≅Θτ ùΜδÏιÕ çςλ+ ΒÕ
y ≅εÑ Ξ→ΥôΚ ∋ yτ ♥ûΚ ≅ε′ο úΡν ΑΚÜλ y- Ïû[ ≅ε′ο Φƒν ƒûΜ♠ο
Φƒν ΑΚÜλ( ≅ΖχΚκΣÓλ− ×ρ↓ PχÏ ΒÕ + 3 Τσßλ ×ρ↓ Q↑σÏ ΒÕ
-2 ΑÏλ− Y ≅εÑ ΦτΣÕ Y-≅εÑ Φ∴Üλ ≅ûΨχΚκΣÓλ−

(iii) ΙÚ ×ρ↓♠τ ΑΥι ùΘôûΩ ≅εÑ çςδΚûΖχ Ï°χÏλ úΣôÕ ØΘ←ο
X-≅εÑ ♦[Ï Y- ≅εÑ çςδΚûΖÙλ ΦÝÕúΞôλ− ΒΞσû[ ≅ûΟκ♦ο Ï°κ♦γÓ
Βςη⁄σÏλ ΒûΟúΥ +∋ΚΤô( Ï° êΩλ úΞßΣÓιƒ ΚôγÓúΞôλ− Φ∴úΞ P♠τ
≅εÑ çςδΚρ (4,3) Τσßλ Q↑τ ≅εÑ çςδΚρ (-6, -2) ΙÚ ΘΖιƒο ≅εÑ
çςδΚρ ΙÚ Θ±ιΘ ×ρ↓ûΥ ΤγÓúΤ Ï°χÏλ (3, 4) ΦτΣÕ (4, 3) χÏ
ΜΤΤοΩ− ∋ΒûΞΚρ ΒςηÓλ ùΞπúΞ[ô∴ûΞ(−

ΦÓιÕχΚôγÓ 1: ΣΟλ 3.11 Η ΚΞ±− ♦[Ï •úΨ ùΚôÓχΚκγΟ áσßΚûΖ éνιƒ ùΜµ−.

(i) ×ρ↓ B τ x-≅εÑ Τσßλ y-≅εÑ çςδΚρ ΦτΣûΞ Øû[úΥ _ _ _ Τσßλ_ _ _

ΦτΣ∴− Φ∴úΞ B ♠τ ≅εÑ çςδΚρ (_ _, _ _).

(ii)  ×ρ↓ M τ x-≅εÑ Τσßλ y-≅εÑ çςδΚρ ΦτΣûΞ Øû[úΥ _ _ _ Τσßλ_ _ _

ΦτΣ∴− Φ∴úΞ M ♠τ ≅εÑ çςδΚρ (_ _, _ _).

(iii)×ρ↓ L τ x-≅εÑ Τσßλ y-≅εÑ çςδΚρ ΦτΣûΞ Øû[úΥ _ _ _ Τσßλ_ _ _

ΦτΣ∴− Φ∴úΞ L ♠τ ≅εÑ çςδΚρ (_ _, _ _).

(iv)×ρ↓ S τ x-≅εÑ Τσßλ y-≅εÑ çςδΚρ ΦτΣûΞ Øû[úΥ _ _ _ Τσßλ_ _ _

ΦτΣ∴− Φ∴úΞ S ♠τ ≅εÑ çςδΚρ (_ _, _ _).
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Solution: (i) Since the distance of the point B from the y - axis is 4 units, the

x - coordinate or abscissa of the point B is 4. The distance of the point B from the

x - axis is 3 units; therefore, the y - coordinate, i.e., the ordinate, of the point B is 3. Hence, the

coordinates of the point B are (4, 3).

As in (i) above :

(ii) The x - coordinate and the y - coordinate of the point M are –3 and 4, respectively. Hence,

the coordinates of the point M are (–3, 4).

(iii) The x - coordinate and the y - coordinate of the point L are –5 and  – 4, respectively. Hence,

the coordinates of the point L are (–5, – 4).

(iv) The x - coordinate and the y- coordinate of the point S are 3 and  – 4, respectively. Hence,

the coordinates of the point S are (3, – 4).

Fig. 3.11
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¾νÜ : (i) ×ρ↓ B τ çςλ y - ≅ε′←ÚϕÕ 3 ≅ΩÏΚρ ΦτΣΘôο ΒΘτ x - ≅εÑ

çςλ 3−  ×ρ↓ B τ çςλ x - ≅ε′←ÚϕÕ 2 ≅ΩÏΚρ ΦτΣΘôο ΒΘτ y - ≅εÑ

çςλ 2− Φ∴úΞ ×ρ↓ B(4, 3) Φ∴κΣÓλ.

(ii) x - ≅εÑ Τσßλ y - ≅ε′τ çςδΚρ Øû[úΥ ,2 Τσßλ 3 ΦτΣΘôο ×ρ↓

M ΦτΣÕ (-3,4).

(iii) ×ρ↓ Lτ x - ≅εÑ Τσßλ y - ≅ε′τ çςδΚρ Øû[úΥ  ,4  Τσßλ  ,3

ΦτΣΘôο ×ρ↓ L ΦτΣÕ (-5,-4) Φ∴χ Ï°χΚκΣÓλ−

(iv) ×ρ↓ Sτ x - ≅εÑ Τσßλ y - ≅ε′τ çςδΚρ Øû[úΥ 2 Τσßλ ,3 ΦτΣΘôο

×ρ↓ S ΦτΣÕ (3,-4) Φ∴χ Ï°χΚκΣÓλ−

ΣΟλ. 3.11
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Example 2 : Write the coordinates of the points marked
on the axes in Fig. 3.12.

Solution : You can see that :

(i) The point A is at a distance of + 4 units from the y -axis
and at a distance zero from the x - axis. Therefore, the
x - coordinate of A is 4 and the y - coordinate is 0.
Hence, the coordinates of A are (4, 0).

(ii) The coordinates of B are (0, 3). Why?

(iii) The coordinates of C are (– 5, 0). Why?

(iv) The coordinates of D are (0, – 4). Why?

(v) The coordinates of E are 
2 , 0
3

æ ö
ç ÷
è ø

. Why?

Since every point on the x - axis has no distance (zero distance) from the x - axis, therefore,
the y - coordinate of every point lying on the x - axis is always zero. Thus, the coordinates of any
point on the x - axis are of the form (x, 0), where x is the distance of the point from the y - axis.
Similarly, the coordinates of any point on the y - axis are of the form (0, y), where y is the
distance of the point from the x - axis. Why?

What are the coordinates of the origin O? It has zero distance from both the axes so that its
abscissa and ordinate are both zero. Therefore, the coordinates of the origin are (0, 0).

In the examples above, you may have observed the following relationship between the signs
of the coordinates of a point and the quadrant of a point in which it lies.

(i) If a point is in the 1st quadrant, then the point will be in the form (+, +), since the 1st
quadrant is enclosed by the positive x - axis and the positive y - axis.

(ii) If a point is in the 2nd quadrant, then the point will be in the form (–, +), since the 2nd
quadrant is enclosed by the negative x - axis and the positive y - axis.

(iii) If a point is in the 3rd quadrant, then the point will be in the form (–, –), since the 3rd
quadrant is enclosed by the negative x - axis and the negative y - axis.

(iv) If a point is in the 4th quadrant, then the point will be in the form (+, –), since the 4th
quadrant is enclosed by the positive x - axis and the negative y - axis
(see Fig. 3.13).

Fig. 3.12
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ΦÓιÕχΚôγÓ 2: ΣΟλ 3.12 ο ≅εÑΚ↓τ ÁÕ
Ï°χΚκΣγÓρΖ ×ρ↓Κ↓τ ≅εÑ çςδΚûΖ ΦÝÕΚ−

¾νÜ:

(i) A Φτ[ ×ρ↓ Y-≅ε′←ÚϕÕ 3 ≅ΩÏΚρ
çςιƒÛλ Τσßλ X- ≅ε′←ÚϕÕ / ≅ΩÏΚρ
çςιƒÛλ ∆ρΖÕ− Φ∴úΞ X- ≅εÑ çςλ ∗3
Τσßλ Y-≅εÑ çςλ / Φ∴úΞ ×ρ↓ A ΦτΣÕ
(4, 0) Φ∴χ Ï°χΚκΣÓλ−.

(ii) B τ ≅εÑ çςλ (0,3) Γτ?

(iii) C τ ≅εÑΚρ (-5, 0) Γτ?

(iv) D τ ≅εÑΚρ (0,- 4) Γτ?

(v) E τ ≅εÑΚρ 
2 , 0
3

æ ö
ç ÷
è ø

 Γτ?

X- ≅ε′τ ÁÕρΖ ΦϕΘ ΙÚ ×ρ↓♠τ Y-  ≅εÑ ùΘôûΩÜ éϖ≥Υλ ΑÏλ− Φ∴úΞ
X- ≅εÑ  ÁÕρΖ  ΦϕΘ  ΙÚ  ×ρ↓Ùλ  (x,0) Φ∴χ Ï°χΚκΣÓλ− ΒδúΚ x ΦτΣÕ
Y-≅ε′←ÚϕÕ ×ρ↓ ∆ρΖ çςλ ΑÏλ− ΒúΘ úΣôο Y- ≅ε′τ ÁÕρΖ ΦϕΘ ΙÚκ
×ρ↓Ùλ (0,y) Φ∴χ Ï°χΚκΣÓλ− ΒδúΚ y ΦτΣÕ X- ≅ε′←ÚϕÕ ×ρ↓ ∆ρΖ çςλ−
Γτ>

Αƒκ×ρ↓ / ΦτΣÕ X Τσßλ Y ≅ε′←ÚϕÕ éϖ≥Υ çςιƒ←ÚχÏλ− Φ∴úΞ
Αƒκ×ρ↓ûΥ (0, 0) Φ∴χ Ï°κúΣôλ−

úΤσΚηΟ ΦÓιÕχΚôγ⁄←ÚϕÕ ΙÚ ×ρ↓♠τ Ï°Âγ⁄σÏλ ≅κ×ρ↓
≅ûΤϕƒÚχÏλ ΚôσΣÏƒΚÞχÏλ ΒÚχÏλ ùΘôΟνûΣ ¿ ΚΞ±ιƒÚκΣôµ−

(i) ΙÚ ×ρ↓ ØΘο Κôο ΣÏƒ♠ο ΒÚϕΘôο ≅Õ (G, G) Φτ[ Ξ⁄↑ο ΒÚχÏλ−
Γù∴±ο ØΘο Κôο ΣÏƒ X- ≅ε′τ ♥ûΚ ΦηΚρ Τσßλ Y- ≅ε′τ ♥ûΚ
ΦηΚρ ≅Οδ€Υ ΣÏƒ ΑÏλ−

(ii) ΙÚ ×ρ↓ ØΘο 1ΞÕ ΣÏƒ♠ο ΒÚϕΘôο ≅Õ (-, G) Φτ[ Ξ⁄↑ο ΒÚχÏλ−
Γù∴±ο ΒςηΟôΞÕ Κôο ΣÏƒ X- ≅ε′τ Ïû[ ΦηΚρ Τσßλ Y- ≅ε′τ
♥ûΚ ΦηΚρ ≅Οδ€Υ ΣÏƒ ΑÏλ− ΣΟλ 2−02Η Σôν−

(iii) ΙÚ ×ρ↓ ØΘο 2ΞÕ ΣÏƒ♠ο ΒÚϕΘôο ≅Õ (-, -) Φτ[ Ξ⁄↑ο ΒÚχÏλ−
Γù∴±ο êτ[ôΞÕ Κôο ΣÏƒ X- ≅ε′τ Ïû[ ΦηΚρ Τσßλ Y- ≅ε′τ
Ïû[ ΦηΚρ ≅Οδ€Υ ΣÏƒ ΑÏλ− ΣΟλ 2−02Η Σôν−

(iv) ΙÚ ×ρ↓ ØΘο 3ΞÕ ΣÏƒ♠ο ΒÚϕΘôο ≅Õ (G, -) Φτ[ Ξ⁄↑ο ΒÚχÏλ−
Γù∴±ο ΡôτΚôΞÕ Κôο ΣÏƒ X- ≅ε′τ ♥ûΚ ΦηΚρ Τσßλ Y- ≅ε′τ
Ïû[ ΦηΚρ ≅Οδ€Υ ΣÏƒ ΑÏλ− ΣΟλ 2−02Η Σôν−

ΣΟλ. 3.12
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Fig. 3.13

Remark : The system we have discussed above for describing a point in a plane is only a
convention, which is accepted all over the world. The system could also have been, for example,
the ordinate first, and the abscissa second. However, the whole world sticks to the system we
have described to avoid any confusion.

EXERCISE 3.2

1. Write the answer of each of the following questions:

(i) What is the name of horizontal and the vertical lines drawn to determine the position
of any point in the Cartesian plane?

(ii)What is the name of each part of the plane formed by these two lines?

(iii) Write the name of the point where these two lines intersect.

2. See Fig.3.14, and write the following:

(i) The coordinates of B.

(ii)The coordinates of C.

(iii) The point identified by the coordinates (–3, –5).
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ΣΟλ. 3.13

Ï°κ× : Ρôλ ↑Ξ↔ιΘ úΤσΚηΟ ΜΤΘΖκ ×ρ↓ûΥ Ï°χÏλ Øû[ ∆ΩΚλ ØÝΞÕλ
∆δΚΖôο Γσßχ ùΚôρΖκΣγΟ ≅ûΤκ× ΑÏλ− Y ≅εÑ  ØΘΩôΚÜλ   X ≅εÑ
ΒςηΟôΞΘôΚχ áΟ ΞϕƒÚχΚΩôλ Α∴ôο ≅Õ ÏΨκΣιûΘ ∆ÚΞôχÏλ− Φ∴úΞ
ΒϕΘ ÏΨκΣιûΘκ úΣôχΚ ∆ΩΚλ ØÝΞÕλ Ρôλ ↑Ξ↔ιΘ ≅ûΤκ× Øû[úΥ
ΣΥτΣÓιΘκΣÓ€[Õ−

Σ♠σ′ 3.2

1. •θΚηΟ ↑∴ôχΚÞχÏ ↑ûΟΥ↓−
(i) Κôν≈″Υτ ΘΖιƒο ΙÚ ×ρ↓♠τ ΒΟιûΘ ♣νΠ♠χΚ ∆ΘÜλ €ûΟχúΚôÓ

Τσßλ ÏιÕχ úΚôÓ ΒΞσ°τ ùΣΥν Φτ∴>
(ii) ΒϕΘ úΚôÓΚΖôο ΘΖιƒτ ÁÕ ∆ÚΞôÏλ ΙπùΞôÚ ΣÏƒ♠τ ùΣΥνΚûΖ

ΦÝÕΚ−
(iii)ΒϕΘ ΒÚ úΚôÓΚÞλ ùΞγÓλ ×ρ↓♠τ ùΣΥûς ΦÝÕΚ−

2. ΣΟλ 3.14 Η ΣôνιÕ •θΚηΟΞσû[ ΦÝÕΚ−
(i) ×ρ↓ B τ ≅εÑ çςλ
(ii) ×ρ↓ C ≅εÑ çςλ
(iii) (-3, -5) ≅εÑ çςλ Ï°χÏλ ×ρ↓♠τ ùΣΥν−
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(iv) The point identified by the coordinates (2, ⁄ 4).

(v) The abscissa of the point D.

(vi) The ordinate of the point H.

(vii) The coordinates of the point L.

(viii) The coordinates of the point M.

Hki0"5036

50  A car is located at the point P(2,5) on a map. From P it travels 3 units towards east and

    reaches Q. What are the new coordinates of the car's location at Q?

A)  (5,8) B)  (5,5)

C)  (-1,5) D)  (-1, 8)
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(iv) (2, -4) ≅εÑ çςλ Ï°χÏλ ×ρ↓♠τ ùΣΥν−

(v) ×ρ↓ D τ X ≅εÑ çςλ

(vi) ×ρ↓ H τ X ≅εÑ çςλ

(vii) L ×ρ↓♠τ ≅εÑ çςλ

(viii) ×ρ↓ M τ ≅εÑ çςλ

ΣΟλ. 3.14

3.  ΙÚ Κôν+ ΙÚ ΞûςΣΟιƒτ ÁÕ P(2,5) Φàλ ×ρ↓♠ο ∆ρΖÕ− ≅Õ P ×ρ↓♠←ÚϕÕ

     3 ≅ΩÏΚρ €ΨχÏ ƒûΜûΥ úΡôχ€ ΡΚνϕÕ  Q  ×ρ↓ûΥ ≅ûΟ€[Õ− ΘσúΣôÕ Κôν

  ≅ûΤϕÕρΖ  Q ×ρ↓♠τ ≅εÑçςδΚûΖ ΚηÓ♦⁄−

A)  (5,8) B)  (5,5)

C)  (-1,5) D)  (-1, 8)
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505 Uwooct{

In this chapter, you have studied the following points :

30 To locate the position of an object or a point in a plane, we require two perpendicular lines.
One of them is horizontal, and the other is vertical.

40 The plane is called the Cartesian, or coordinate plane and the lines are called the coordinate
axes.

50 The horizontal line is called the x -axis, and the vertical line is called the y - axis.

60 The coordinate axes divide the plane into four parts called quadrants.

70 The point of intersection of the axes is called the origin.

80 The distance of a point from the y - axis is called its x-coordinate, or abscissa, and the

distance of the point from the x-axis is called its y-coordinate, or ordinate.

90 If the abscissa of a point is x and the ordinate is y, then (x, y) are called the coordinates of

the point.

:0 The coordinates of a point on the x-axis are of the form (x, 0) and that of the point on the y-

axis are (0, y).

;0 The coordinates of the origin are (0, 0).

320 The coordinates of a point are of the form (+ , +) in the first quadrant, (–, +) in the second

quadrant, (–, –) in the third quadrant and (+, –) in the fourth quadrant, where + denotes a

positive real number and – denotes a negative real number.

330 If x  y, then (x, y)  (y, x), and (x, y) = (y, x), if x = y.
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3.3 ùΘôÏκ×:

ΒϕΘ ΣôΟιƒο •θΚηΟΞσû[ Κσú[ôλ−

1. ΜΤΘΖιƒτ ÁÕ ΙÚ ×ρ↓ ≅οΩÕ ùΣôÚûΖ Ï°χΚ ΒςηÓ ùΜδÏιÕ

úΚôÓΚρ úΘûΞ− ≅Ξσ°ο Ιτß €ûΟχúΚôÓ Τσù[ôτß ÏιÕχúΚôÓ−

2. ΜΤΘΖλ Κôν≈″Υτ ΘΖλ Φτú[ô ≅οΩÕ ΑΥι ùΘôûΩι ΘΖλ Φτú[ô

≅ûΨχΚκΣÓλ−

3. €ûΟχúΚôÓ X - ≅εÑ Φ∴ ≅ûΨχΚκΣÓλ Τσßλ ÏιÕχúΚôÓ Y - ≅εÑ Φ∴

≅ûΨχΚκΣÓλ−

4.  ΑΥ ùΘôûΩ ≅εÑΚρ ΜΤΘΖιûΘ ΡôτÏ ΜΤΤô∴ Κôο ΣÏƒΚΖôΚ ♦↔χ€τ[∴−

5. ≅εÑΚ↓τ ùΞγÓλ ×ρ↓ Αƒκ×ρ↓ Φ∴ ≅ûΨχΚκΣÓ€[Õ−

6. Y - ≅ε′←ÚϕÕ ×ρ↓♠τ çςιûΘ x- ≅εÑ çςλ Φ∴Üλ x -≅ε′←ÚϕÕ ×ρ↓♠τ

çςιûΘ y - ≅εÑ çςλ Φ∴Üλ ≅ûΨχΚκΣÓ€[Õ−

7. ΙÚ ×ρ↓ ≅εÑ çςιûΘ (x,y) Φ∴ Ï°χ€ú[ôλ− x ΦτΣÕ x ≅εÑ çςιûΘÙλ y

ΦτΣÕ y ≅εÑ çςιûΘÙλ Ï°χÏλ−

8. X - ≅ε′τ ÁÕρΖ ×ρ↓Κρ (x, 0) Φτ[ Ξ⁄↑Ûλ Y - ≅ε′τ ÁÕρΖ ×ρ↓Κρ

(0,y) Φτ[ Ξ⁄↑ο ΒÚχÏλ−

9. Αƒκ×ρ↓ (0, 0) Φ∴χ Ï°χΚκΣÓλ−

10. ØΘο Κôο ΣÏƒ♠ο (+, +) Φ∴Üλ+ ΒςηΟôλ Κôο ΣÏƒ♠ο (`, G) Φ∴Üλ+ êτ[ôλ

Κôο ΣÏƒ♠ο (`, `) Φ∴Üλ+ ΡôτΚôλ Κôο ΣÏƒ♠ο (G,`) Φ∴Üλ ×ρ↓Κρ

Ï°χΚκΣÓλ−

11. x ¹ y Φ±ο (x, y) ¹ (y, x), Τσßλ x = y Φ±ο (x, y) = (y, x)
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CHAPTER 4

LINEAR EQUATIONS IN TWO VARIABLES

The principal use of the Analytic Art is to bring Mathematical Problems to Equations
and to exhibit those Equations in the most simple terms that can be.

—Edmund Halley

4.1 Introduction

In earlier classes, you have studied linear equations in one variable. Can you write down a linear
equation in one variable? You may say that x + 1 = 0, x + 2  = 0 and 2 y + 3  = 0 are
examples of linear equations in one variable. You also know that such equations have a unique
(i.e., one and only one) solution. You may also remember how to represent the solution on a
number line. In this chapter, the knowledge of linear equations in one variable shall be recalled
and extended to that of two variables. You will be considering questions like: Does a linear
equation in two variables have a solution? If yes, is it unique? What does the solution look like
on the Cartesian plane? You shall also use the concepts you studied in Chapter 3 to answer these
questions.

4.2 Linear Equations

Let us first recall what you have studied so far. Consider the following equation:
2x + 5 = 0

Its solution, i.e., the root of the equation, is 5
2

- . This can be represented on the number line

as shown below:

Fig. 4.1
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ΒÚ Τô°Κ↓ο ú⊥ô⁄ úΡ↔Υ ΜΤτΣôÓΚρ

ΒΥσΚ∞Θ ΚûΩ♠τ Øχ€Υ ΣΥτΣôΟô∴Õ Κ∞Θ ′χΚûΩ ΜΤτΣôγÓ
Ξ⁄↑ο ΤôσßΞÕλ+ ≅εΜΤτΣôÓΚûΖ ♥Κ Φ↓ûΤΥô∴ ùΜôσΚ↓ο
ùΞ↓κΣÓιÕΞÕλ ΑÏλ−

-  ΦγΤηγ ô←

4.1 ≅°ØΚλ :

ΒΘσÏ ØϕûΘΥ ΞÏκ×Κ↓ο ¿δΚρ ΙÚ Τô°χ ùΚôηΟ ΙÚΣ⁄ε ΜΤτΣôÓΚρ
Ï°ιÕ Σ⁄ι¾νΚρ− ΙÚ Τô°χ ùΚôηΟ ΙÚΣ⁄ε ΜΤτΣôÓΚρ Ιτû[ ∆τ∴ôο ΦÝΘ
Ø⁄ÙΤô? x + 1 = 0, x + 2  = 0 Τσßλ 2 y + 3  = 0 ΦτΣ∴ ΙÚ Τô°χ ùΚôηΟ ΙÚΣ⁄ε
ΜΤτΣôÓΚÞχÏ ′Ω ΦÓιÕχΚôγÓΚρ Φ∴ ¿ ùΜôοΩΩôλ− ΒιΘûΚΥ ΜΤτΣôγ⁄σÏ
ΙúςΙÚ (unique) ¾νÜ ΤγÓúΤ ∆ηÓ ΦτΣûΘÙλ ¿ ≅°Ξôµ− ΒϕΘ ¾νûΞ Φη
úΚôγ⁄τ ÁÕ ΦκΣ⁄ Ï°κΣÕ ΦτΣûΘÙλ ♣û∴Ü ΣÓιƒχùΚôρ− ΒϕΘκ ΣôΟιƒο ΙÚ
Τô°χ ùΚôηΟ ΙÚΣ⁄ε ΜΤτΣôÓΚρ Ï°ιÕ Σ⁄κúΣôλ− •θχΚηΟ ↑∴ôχΚûΖ Ï°ιÕ
′ϕƒιÕκΣôν− ΒςηÓ Τô°Κρ ùΚôηΟ ΙÚΣ⁄ε ΜΤτΣôγ⁄σÏ ¾νÜ ∆ηΟô? Αλ
Φ±ο ≅Õ Ιúς ¾νΞô? Κôν≈′Υτ ΜΤΘΖιƒο ≅ϕΘ ¾νÜ ΦκΣ⁄ ΒÚχÏλ? ΒιΘûΚΥ
↑∴ôχΚÞχÏ ↑ûΟ ΚôΠ ΣôΟλ 2,ο Σ⁄ιΘΞσû[ ΣΥτΣÓιƒχ ùΚôρ−

4.2 ΙÚΣ⁄ε ΜΤτΣôÓΚρ :

ΒÕΞûς ¿ Σ⁄ιΘΞσû[ ÁηÓλ ♣û∴ÜκΣÓιƒχ ùΚôρ− •θχΚηΟ ΜΤτΣôγûΟ
ΚΞ±.

2x + 5 = 0

ΒΘτ ¾νÜ ≅ΘôΞÕ ΒΘτ êΩλ ΦτΣÕ 
5
2

-  ΒûΘ •θχΚηΟΞôß ΦηúΚôγ⁄τ

ÁÕ Ï°ιÕχΚôγΟΩôλ−

ΣΟλ. 4.1

≅ιƒΥôΥλ 4

êΩλ
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While solving an equation, you must always keep the following points in mind:
The solution of a linear equation is not affected when:
(i) the same number is added to (or subtracted from) both the sides of the equation.
(ii) you multiply or divide both the sides of the equation by the same non-zero number.
Let us now consider the following situation:
In a One-day International Cricket match between India and Sri Lanka played in Nagpur, two

Indian batsmen together scored 176 runs. Express this information in the form of an equation.
Here, you can see that the score of neither of them is known, i.e., there are two unknown

quantities. Let us use x and y to denote them. So, the number of runs scored by one of the
batsmen is x, and the number of runs scored by the other is y. We know that

                                                           x + y = 176,
which is the required equation.

This is an example of a linear equation in two variables. It is customary to denote the variables
in such equations by x and y, but other letters may also be used. Some examples of linear
equations in two variables are:

1.2s + 3t = 5, p + 4q = 7, pu + 5v = 9 and 3 = 2 x – 7y.
Note that you can put these equations in the form 1.2s + 3t – 5 = 0, p + 4q – 7 = 0, pu + 5v

– 9 = 0 and 2 x – 7y – 3 = 0, respectively..
So, any equation which can be put in the form ax + by + c = 0, where a, b and c are real

numbers, and a and b are not both zero, is called a linear equation in two variables. This
means that you can think of many many such equations.

Example 1 : Write each of the following equations in the form ax + by + c = 0 and indicate the
values of a, b and c in each case:

(i) 2x + 3y = 4.37 (ii) x – 4 = 3 y (iii) 4 = 5x – 3y (iv) 2x = y

Solution : (i) 2x + 3y = 4.37 can be written as 2x + 3y – 4.37 = 0. Here a = 2, b = 3 and
c = – 4.37.

(ii) The equation x – 4 = 3 y can be written as x – 3 y – 4 = 0. Here a = 1,
b = – 3  and c = – 4.

(iii) The equation 4 = 5x – 3y can be written as 5x – 3y – 4 = 0. Here a = 5, b
= –3 and c = – 4. Do you agree that it can also be written as –5x + 3y + 4
= 0 ? In this case a = –5, b = 3 and c = 4.
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ΙÚ ΜΤτΣôγûΟ ¾νχÏλúΣôÕ •θχΚηΟ ∆ηûΤΚûΖ ΚΞ∴ιƒο ùΚôρΖ úΞηÓλ:

ΙÚ ΙÚΣ⁄ ΜΤτΣôγ⁄τ ¾νÜ ΦκúΣôùΘοΩôλ Τôσ[λ ≅ûΟΥôÕ Φ±ο
1. Ιúς ΦηûΠ ΜΤτΣôγ⁄τ ΒÚ×[Øλ áγ⁄∴ôúΩô ≅οΩÕ Κ→ιΘôúΩô,
2. úΤÛλ ΜΤτΣôγ⁄τ ΒÚ×[ιûΘÙλ éϖ≥Υλ ≅οΩôΘ ΦηΠôο ùΣÚχ€∴ôúΩô
  ≅οΩÕ ΞÏιΘôúΩô.

•θχΚηΟ ãΨûΩ Ρôλ ΒκúΣôÕ ΚΞ±κúΣôλ.

Ρôχé↔ο ΒϕƒΥô↑σÏλ ΒΩδûΚχÏλ ΒûΟúΥ ΡΟϕΘ ΙÚΡôρ €↔χùΚγ
úΣôγ⁄♠ο ΒςηÓ ΒϕƒΥ ΤγûΟ ÅεΜôΖνΚρ úΜνιÕ ΦÓιΘ ϑγΟλ 176. ΒϕΘ
↑ΞςιûΘ ΙÚ ΜΤτΣôγ⁄τ êΩλ ùΘ↔↑.

ΒδÏ ΦϕΘ ΙÚ ΤγûΟ ÅεΜôΖ↔τ ϑγΟØλ ùΚôÓχΚκΣΟ↑οûΩ− ≅ΘôΞÕ ΒςηÓλ
ùΘ↔ΥôΘ ≅ΖÜΚρ− ≅Ξσû[ x Τσßλ y êΩλ Ï°κúΣôλ− Φ∴úΞ ΙÚ ΤγûΟ ÅεΜôΖν
ΦÓιΘ ϑγΟδΚρ x Φ∴Üλ+ Τσù[ôÚΞν ΦÓιΘ ϑγΟδΚρ y Φ∴Üλ ùΚôρΚ− Φ∴úΞ
ΡΤχÏ €ûΟχÏλ ΜΤτΣôÓ

                                                           x + y = 176,
ΒÕúΞ ΡΤχÏι úΘûΞΥô∴ ΜΤτΣôÓ ΑÏλ.

ΒÕ ΒςηÓ Τô°ΚûΖχ ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôγ⁄σÏ ΙÚ ∆ΘôςΠλ ΑÏλ− x
Τσßλ y Φ∴χ Ï°κΣÕ Τς×− Α∴ôο ΒûΘ úΞß Τô°Κρ êΩΤôΚÜλ Ï°χΚΩôλ−
ΒςηÓ Τô°Κρ ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôγ⁄σÏ úΤÛλ ′Ω ΦÓιÕχΚôγÓΚρ:

1.2s + 3t = 5, p + 4q =7, pu + 5v = 9 Τσßλ 3 = 2 x – 7y.
ΒϕΘ ΜΤτΣôÓΚûΖ •θχΚηΟΞôßλ ΦÝΘΩôλ, 1.2s + 3t – 5 = 0, p + 4q – 7 = 0,
pu + 5v – 9 = 0 Τσßλ 2 x – 7y – 3 = 0 .

Φ∴úΞ+ ax + by + c = 0 Φτ[ Ξ⁄↑ο ΦÝΘκΣÓλ ΦϕΘ ΜΤτΣôÓλ ΒςηÓ Τô°Κρ
ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôÓ Φ∴κΣÓλ− ΒδÏ a, b Τσßλ c ΦτΣ∴ ùΤµ ΦηΚρ Τσßλ
a, b ΒûΞ ΒςηÓλ Ιúς ΜΤΥιƒο éϖ≥Υλ ΒÚχΚχáΟôÕ− ΒúΘúΣôτß ΣΩ
ΜΤτΣôÓΚρ Ï°ιÕ ¿ ′ϕƒχΚΩôλ.

ΦÓιÕχΚôγÓ 1: •θχΚηΟ ΙπùΞôÚ ΜΤτΣôγûΟÙλ ax + by + c = 0 Φτ[ Ξ⁄↑ο
ΦÝÕ Τσßλ a,b,c ΒΞσ°τ Τƒκ×ΚûΖ ΙπùΞôτ°Ûλ ΚηÓ♦⁄.

(i) 2x + 3y = 4.37 (ii) x – 4 = 3 y (iii) 4 = 5x – 3y (iv) 2x = y
¾νÜ:

(i) ΜΤτΣôÓ 2x + 3y = 4.37 ΒûΘ 2x + 3y – 4.37 = 0 Φ∴ ΦÝΘΩôλ− ΒδÏ a = 2, b = 3
Τσßλ c = – 4.37

(ii) ΜΤτΣôÓ x – 4 = 3 y ΦτΣûΘ x – 3 y – 4 = 0 Φ∴ ΦÝΘΩôλ− ΒδÏ a = 1, b = – 3
Τσßλ c = – 4

(iii) ΜΤτΣôÓ 4 = 5x – 3y ΦτΣûΘ 5x – 3y – 4 = 0 Φ∴ ΦÝΘΩôλ− ΒδÏ a = 5, b = –3
Τσßλ c = – 4
  ΒûΘ –5x + 3y + 4 = 0 Φ∴Üλ ΦÝΘΩôλ ΦτΣûΘ ¿ Ικ×χùΚôρ€[ôΥô?  ΒδÏ
a = –5, b = 3 Τσßλ c = 4
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(iv) The equation 2x = y can be written as 2x – y + 0 = 0. Here a = 2, b = –1 and
c = 0.

Equations of the type ax + b = 0 are also examples of linear equations in two variables because
they can be expressed as

ax + 0.y + b = 0
For example, 4 – 3x = 0 can be written as –3x + 0.y + 4 = 0.

Example 2 : Write each of the following as an equation in two variables:
            (i) x = –5 (ii) y = 2 (iii) 2x = 3 (iv) 5y = 2

Solution :  (i) x = –5 can be written as 1.x + 0.y = –5, or 1.x + 0.y + 5 = 0.
(ii) y = 2 can be written as 0.x + 1.y = 2, or 0.x + 1.y – 2 = 0.
(iii) 2x = 3 can be written as 2x + 0.y – 3 = 0.
(iv) 5y = 2 can be written as 0.x + 5y – 2 = 0.

EXERCISE 4.1

1. The cost of a notebook is twice the cost of a pen. Write a linear equation in two variables
to represent this statement.

(Take the cost of a notebook to be ` x and that of a pen to be ` y).

2. Express the following linear equations in the form ax + by + c = 0 and indicate the
values of a, b and c in each case:

(i) 2x + 3y = 9.35 (ii) x – 
5
y  – 10 = 0 (iii) –2x + 3y = 6 (iv) x = 3y

(v) 2x = –5y (vi) 3x + 2 = 0 (vii) y – 2 = 0 (viii) 5 = 2x

4.3 Solution of a Linear Equation

You have seen that every linear equation in one variable has a unique solution. What can you say
about the solution of a linear equation involving two variables? As there are two variables in the
equation, a solution means a pair of values, one for x and one for y which satisfy the given
equation. Let us consider the equation 2x + 3y = 12. Here, x = 3 and y = 2 is a solution because
when you substitute x = 3 and y = 2 in the equation above, you find that

2x + 3y = (2 × 3) + (3 × 2) = 12
This solution is written as an ordered pair (3, 2), first writing the value for x and then the

value for y. Similarly, (0, 4) is also a solution for the equation above.



ΒÚΤô°Κ↓ο ú⊥ô⁄ úΡ↔Υ ΜΤτΣôÓΚρ

1159 Αλ ΞÏκ× Κ∞Θλ

(iv) ΜΤτΣôÓ 2x = y ΦτΣûΘ 2x – y + 0 = 0 Φ∴ ΦÝΘΩôλ− ΒδÏ a = 2, b = –1 Τσßλ c = 0.
ax + b = 0 Φτ[ ΞûΚΥô∴ ΜΤτΣôÓΚÞλ ΒÚ Τô°Κρ ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôÓ
Φ∴Ωôλ− Γù∴±ο ≅Ξσû[ ax + 0.y + b = 0 Φ∴ ΦÝΘΩôλ−

ΦÓιÕχΚôγΟôΚ 4– 3x = 0 ΦτΣûΘ –3x + 0.y + 4 = 0 Φ∴ ΦÝΘΩôλ.

ΦÓιÕχΚôγÓ 2 :  •θχΚηΟ ΙπùΞôτû[Ùλ ΒςηÓ Τô°Κρ ùΚôηΟ ΜΤτΣôÓΚΖôΚ
ΦÝÕ.

            (i) x = –5 (ii) y = 2 (iii) 2x = 3 (iv) 5y = 2

¾νÜ  : (i) x = –5 ΦτΣûΘ 1.x + 0.y = –5, ≅οΩÕ 1.x + 0.y + 5 = 0 Φ∴ ΦÝΘΩôλ−

(ii) y = 2 ΦτΣûΘ 0.x + 1.y = 2, ≅οΩÕ 0.x + 1.y – 2 = 0 Φ∴ ΦÝΘΩôλ−

(iii) 2x = 3 ΦτΣûΘ 2x + 0.y – 3 = 0 Φ∴ ΦÝΘΩôλ−

(iv) 5y = 2 ΦτΣûΘ 0.x + 5y – 2 = 0 Φ∴ ΦÝΘΩôλ.

Σ♠σ′ 4.1

1. ΙÚ úΡôγÓκ ×ιΘΚιƒτ ↑ûΩ ΙÚ úΣ∴ô↑τ ↑ûΩûΥκ úΣôο ΒÚ ΤΟδÏ−
ΒϕΘχ áσû[ Ï°χΚ ΒςηÓ Τô°Κρ ùΚôηΟ ΙÚ ΙÚΣ⁄ε ΜΤτΣôγûΟ
ΦÝÕ.

(úΡôγÓκ ×ιΘΚιƒτ ↑ûΩ ` x Φ∴Üλ úΣ∴ô↑τ ↑ûΩ ` y Φ∴Üλ ùΚôρΚ).

2. •θχΚηΟ ΙÚΣ⁄ε ΜΤτΣôÓΚûΖ ax + by + c =  0  Φτ[ Ξ⁄↑ο ΦÝÕΚ−

ΙπùΞôτ°Ûλ a, b, c τ Τƒκ×ΚûΖ ΦÝÕΚ.

(i) 2x + 3y = 9.35 (ii) x – 
5
y  – 10 = 0 (iii) –2x + 3y = 6 (iv) x = 3y

(v) 2x = –5y (vi) 3x + 2 = 0 (vii) y – 2 = 0 (viii) 5 = 2x

4.3 ΙÚΣ⁄ε ΜΤτΣôÓΚûΖ ¾νχÏλ Øû[ 9

ΙÚ Τô° ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôγ⁄σÏ Ιúς ΙÚ ¾νÜ ΤγÓúΤ ∆ηÓ ΦτΣûΘ ¿
≅°Ξôµ− ΒςηÓ Τô°Κρ ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôγ⁄σÏ ¾νÜ Φτ∴ ΦτΣÕ Ï°ιÕ
¿ Φτ∴ ùΜôο€[ôµ> ΜΤτΣôγ⁄ο ΒςηÓ Τô°Κρ ΒÚκΣΘôο ¾νÜλ ΙÚ ú⊥ô⁄ΥôΚ
ΒÚχÏλ− x χÏ ΙÚ Τƒκ×λ+ y χÏ ΙÚ Τƒκ×λ Φ∴ ΙÚ ú⊥ô⁄ Τƒκ×Κρ ΒÚχÏλ−
2x + 3y = 12 Φτ[ ΜΤτΣôγûΟ ΚΞ±− ΒδÏ x = 3 Τσßλ y = 2 Φτ[ ¾νÜ €ûΟχ€[Õ−
ΜΤτΣôγ⁄ο ΒϕΘ Τƒκ×ΚûΖ ♦ςƒ♠γΟôο,

2x + 3y = (2 × 3) + (3 × 2) = 12
ΒϕΘ ¾νûΞ (3,2) Φτ[ ú⊥ô⁄ΥôΚ ΦÝΘΩôλ− ØΘ←ο x τ ΤƒκûΣÙλ+ ΒςηΟôΞΘôΚ

y τ ΤƒκûΣÙλ ΦÝΘ úΞηÓλ− ΒúΘúΣôο (0, 4) ΦτΣÕλ úΤσΚηΟ ΜΤτΣôγ⁄σÏ
ΙÚ ¾νÜ ΑÏλ−
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On the other hand, (1, 4) is not a solution of 2x +  3y = 12, because on putting
x = 1 and y = 4 we get 2x + 3y = 14, which is not 12. Note that (0, 4) is a solution but not (4, 0).

You have seen at least two solutions for 2x + 3y = 12, i.e., (3, 2) and (0, 4). Can you find any
other solution? Do you agree that (6, 0) is another solution? Verify the same. In fact, we can get
many many solutions in the following way. Pick a value of your choice for x (say x = 2) in 2x +
3y = 12. Then the equation reduces to 4 + 3y = 12, which is a linear equation in one variable. On
solving this, you get y = 8

3
. So 82,

3
æ ö
ç ÷
è ø

 is another solution of 2x + 3y = 12. Similarly, choosing
x = – 5, you find that the equation becomes –10 + 3y = 12. This gives y = 22

3
. So, 225,

3
æ ö-ç ÷
è ø

 is
another solution of 2x + 3y = 12. So there is no end to different solutions of a linear equation
in two variables. That is, a linear equation in two variables has infinitely many solutions.

Example 3 : Find four different solutions of the equation x + 2y = 6.

Solution : By inspection, x = 2, y = 2 is a solution because for x = 2, y = 2

                                                        x + 2y = 2 + 4 = 6

Now, let us choose x = 0. With this value of x, the given equation reduces to 2y = 6 which has
the unique solution y = 3. So x = 0, y = 3 is also a solution of x + 2y = 6. Similarly, taking y =
0, the given equation reduces to x = 6. So, x = 6, y = 0 is a solution of x + 2y = 6 as well. Finally,
let us take y = 1. The given equation now reduces to x + 2 = 6, whose solution is given by x = 4.
Therefore, (4, 1) is also a solution of the given equation. So four of the infinitely many solutions
of the given equation are:

(2, 2), (0, 3), (6, 0) and (4, 1).

Remark : Note that an easy way of getting a solution is to take x = 0 and get the corresponding
value of y. Similarly, we can put y = 0 and obtain the corresponding value of x.

Example 4 : Find two solutions for each of the following equations:

(i) 4x + 3y = 12

(ii) 2x + 5y = 0

(iii) 3y + 4 = 0

Solution : (i) Taking x = 0, we get 3y = 12, i.e., y = 4. So, (0, 4) is a solution of the given
equation. Similarly, by taking y = 0, we get x = 3. Thus, (3, 0) is also a solution.



ΒÚΤô°Κ↓ο ú⊥ô⁄ úΡ↔Υ ΜΤτΣôÓΚρ

1179 Αλ ΞÏκ× Κ∞Θλ

(1, 4) ΦτΣÕ 2x + 3y = 12 Φτ[ ΜΤτΣôγ⁄σÏ ¾νÜ ≅οΩ− Γù∴±ο+ x = 1 Τσßλ
y = 4 Φτ[ Τƒκ×ΚûΖ ♦ςƒ♠γΟôο ΜΤτΣôÓ 2x + 3y = 14 Φ∴ ùΣß€ú[ôλ, Φ∴úΞ
(1, 4) ΦτΣÕ ¾νÜ ≅οΩ− (0, 4) ΦτΣÕ ¾νÜ Α∴ôο (4, 0) ΦτΣÕ ¾νÜ ≅οΩ
ΦτΣûΘ ΚΞ±.

2x + 3y = 12 Φτ[ ΜΤτΣôγ⁄σÏ Ïû[ϕΘÕ ΒςηÓ ¾νÜΚρ ≅ΘôΞÕ (3,2) Τσßλ
(0,4) Φ∴κ ΣôνιúΘôλ. úΞß ΓΘôΞÕ ¾νûΞ ∆τ∴ôο ΚηÓ♦⁄χΚ Ø⁄ÙΤô? (6,0)
ΦτΣÕ Τσù[ôÚ ¾νÜ ΦτΣûΘ ¿ Γσßχ ùΚôρ€[ôΥô? ΒûΘ Μ↔Σôν− •θχΚηΟ
Ξ→Øû[κΣ⁄ ΣΩ ¾νÜΚûΖ Ρôλ ΚôΠΩôλ− x χÏ ∆τàûΟΥ ↑ÚκΣκΣ⁄ ΙÚ
ΤƒκûΣ ♦ςƒ♠Ó− 2x + 3y = 12 Φτ[ ΜΤτΣôγ⁄ο x = 2 Φ∴ ♦ςƒ♠γΟôο+ ≅Õ 4 + 3y = 12
Φτ[ ΙÚ Τô°♠ο ΙÚΣ⁄ε ΜΤτΣôΟôΚ Ïû[€[Õ− ΒûΘ ÑÚχ€∴ôο  y = 8

3
 Φ∴

€ûΟχ€[Õ− Φ∴úΞ 
82,
3

æ ö
ç ÷
è ø

 ΦτΣÕλ Τσù[ôÚ ¾νÜ ΑÏλ− ΒúΘúΣôο x =  –  5  Φ∴
ΦÓιÕχùΚôηΟôο ΜΤτΣôÓ –10 + 3y = 12 Φ∴ Α€[Õ− ΒÕ y = 22

3
 Φτ[ ΤƒκûΣχ

ùΚôÓχ€[Õ− Φ∴úΞ 225,
3

æ ö-ç ÷
è ø

 ΦτΣÕ 2x +  3y = 12 ΦτΣΘτ Τσù[ôÚ ¾νÜ ΑÏλ−
ΒκΣ⁄ Ø⁄↑οΩôΤο ¾νÜΚûΖ ΚηÓ♦⁄ιÕχ ùΚôηúΟ úΣôΚΩôλ− Φ∴úΞ ΒÚ
Τô°Κρ ùΚôηΟ ΙÚ ΙÚΣ⁄ε ΜΤτΣôγ⁄σÏ Ø⁄↑Ωô ¾νÜΚρ ∆ηÓ−

ΦÓιÕχΚôγÓ 3 : x + 2y = 6 Φτ[ ΜΤτΣôγ⁄σÏ ΡôτÏ ùΞπúΞß ¾νÜΚûΖ ΚηÓ♦⁄−

¾νÜ : Μ↔ΣôνιΘο êΩλ x = 2 Τσßλ y = 2 Φ∴Ωôλ.

Γù∴±ο  x = 2, y = 2 Τƒκ×ΚÞχÏ     x + 2y =2 + 4 = 6
ΒκúΣôÕ x = 0 Φ∴ ΦÓιÕχùΚôρúΞôλ− x χÏ ΒϕΘ ΤƒκûΣ ♦ςƒ♠γΟôο ΜΤτΣôÓ 2y
= 6 Φ∴ Α€[Õ− Φ∴úΞ y = 3 ΑûΚΥôο+  x = 0, y = 3 ΦτΣÕ x + 2y = 6 Φτ[ ΜΤτΣôγ⁄σÏ
ΙÚ ¾νÜ ΑÏλ− ΒúΘúΣôο y = 0 Φ∴ ΦÓιÕχùΚôηΟôο ΜΤτΣôÓ x = 6 Φ∴ €ûΟχ€[Õ−
Φ∴úΞ x = 6, y = 0 ΦτΣÕ x + 2y = 6 Φτ[ ΜΤτΣôγ⁄τ Τσù[ôÚ ¾νÜ ΑÏλ− ΚûΟ′ΥôΚ
y =  1  Φ∴ ΦÓιÕχùΚôρúΞôλ− ΜΤτΣôÓ x + 2 = 6 Φ∴ ùΣß€ú[ôλ− Φ∴úΞ x =  4
ΑûΚΥôο+ (4, 1) ΦτΣÕλ ùΚôÓχΚκΣγΟ ΜΤτΣôγ⁄σÏ ¾νÜ ΑÏλ− Φ∴úΞ Ø⁄↑Ωô
¾νÜΚ↓ο ΚηÓ♦⁄χΚκΣγΟ ΡôτÏ ¾νÜΚρ (2, 2), (0, 3), (6, 0) Τσßλ (4, 1) ΦτΣ∴−

Ï°κ×: Φ↓Υ Ξ→ Φτ∴ùΞτ[ôο x = 0 Φ∴χ ùΚôηÓ y ΤƒκûΣÙλ+ y =  0  Φ∴χ
ùΚôηÓ x ΤƒκûΣÙλ ΚηÓ♦⁄κΣΘôÏλ.

ΦÓιÕχΚôγÓ 4 : •θχΚηΟ ΙπùΞôÚ ΜΤτΣôγ⁄σÏλ ΒςηÓ ¾νÜΚûΖ ΚηÓ♦⁄.

(i) 4x + 3y = 12
(ii) 2x + 5y = 0
(iii) 3y + 4 = 0

¾νÜ : (i) x = 0 Φ∴ ΦÓιÕχùΚôηΟôο 3y = 12 ≅ΘôΞÕ y = 4 Φ∴úΞ (0, 4) ΦτΣÕ ΙÚ
¾νÜ. ΒúΘúΣôο y = 0 Φ∴ ΦÓιÕχùΚôηΟôο x = 3 Φ∴úΞ (3, 0) ΦτΣÕ Τσù[ôÚ ¾νÜ
ΑÏλ.
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(ii) Taking x = 0, we get 5y = 0, i.e., y = 0. So (0, 0) is a solution of the given equation. Now, if
you take y = 0, you again get (0, 0) as a solution, which is the same as the earlier one. To get

another solution, take x = 1, say. Then you can check that the corresponding value of y is 2.
5

-

So 21,
5

æ ö-ç ÷
è ø

 is another solution of 2x + 5y = 0.

(iii) Writing the equation 3y + 4 = 0 as 0.x + 3y + 4 = 0, you will find that y = 4–
3

 for any value

of x. Thus, two solutions can be given as 4 40, – and 1, –
3 3

æ ö æ ö
ç ÷ ç ÷
è ø è ø

.

EXERCISE 4.2

1. Which one of the following options is true, and why?

y = 3x + 5 has

(i) a unique solution, (ii) only two solutions, (iii) infinitely many solutions

2. Write four solutions for each of the following equations:

(i) 2x + y = 7 (ii) px + y = 9 (iii) x = 4y

3. Check which of the following are solutions of the equation x – 2y = 4 and which are not:
(i) (0, 2) (ii) (2, 0) (iii) (4, 0)

(iv) ( )2 , 4 2 (v) (1, 1)

4. Find the value of k, if x = 2, y = 1 is a solution of the equation 2x + 3y = k.

4.4 Summary

In this chapter, you have studied the following points:

1. An equation of the form ax + by + c = 0, where a, b and c are real numbers, such that a and b
are not both zero, is called a linear equation in two variables.

2. A linear equation in two variables has infinitely many solutions.

3. Every point on the graph of a linear equation in two variables is a solution of the linear
equation. Moreover, every solution of the linear equation is a point on the graph of the linear
equation.
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(ii) x = 0 Φ∴ ΦÓιÕχùΚôηΟôο 5y = 0. ≅ΘôΞÕ y = 0 Φ∴úΞ (0, 0) ΙÚ ¾νÜ ΑÏλ.

≅úΘúΣôο y = 0 Φ∴ ΦÓιÕχùΚôηΟôο x = 0 €ûΟχ€[Õ− ≅ΘôΞÕ (0,0) ¾νΞôΚ €ûΟχ€[Õ−

ΒÕ ØτûΣκ úΣôΩúΞ ΒÚκΣΘôο x = 1 Φ∴ ΦÓιÕχùΚôρ− y τ Τƒκ× 
2 .
5

-  ΑûΚΥôο

¾νÜ 
21,
5

æ ö-ç ÷
è ø

 Φτ[ô€[Õ.

(iii) 3y + 4 = 0 ΦτΣûΘ 0.x + 3y + 4 = 0 Φ∴ ΦÝΘΩôλ− x χÏ ΦϕΘ Τƒκ× ≅↓ιΘôÛλ

y = 4–
3

 Φ∴ €ûΟχÏλ− Φ∴úΞ úû
ù

êë
é -

3
4,0  Τσßλ úû

ù
êë
é -

3
4,1  Φ∴ ΒςηÓ ¾νÜΚûΖ ΦÝΘΩôλ−

Σ♠σ′ 4.2

1. •θχΚηΟΞσ°ο ΦÕ ∆ηûΤ? Γτ?

 y = 3x + 5 Φτ[ ΜΤτΣôγ⁄σÏ

(i) Ιúς ΙÚ ¾νÜ ∆ηÓ (ii) ΒςηÓ ¾νÜΚρ ΤγÓúΤ ∆ηÓ
(iii) Ø⁄↑Ωô ¾νÜΚρ ∆ηÓ

2. •θχΚηΟ ΙπùΞôÚ ΜΤτΣôγ⁄σÏλ ΡôτÏ ¾νÜΚûΖ ΚηÓ♦⁄.

(i) 2x + y = 7 (ii) px + y = 9 (iii) x = 4y

3. •θχΚηΟΞσßρ x – 2y = 4 Φτ[ ΜΤτΣôγ⁄τ ¾νÜΚρ ΦûΞ? ¾νÜ ≅οΩôΘûΞ
ΦûΞ?

(i) (0, 2) (ii) (2, 0) (iii) (4, 0)

(iv) ( )2 , 4 2 (v) (1, 1)

4. x = 2, y = 1 ΦτΣûΞ 2x + 3y = k Φτ[ ΜΤτΣôγ⁄τ ¾νÜΚρ Φ±ο k τ ΤƒκûΣ
ΚηÓ♦⁄.

4.4 ùΘôÏκ× :

ΒκΣôΟιƒο •ÝρΖ ΚÚιÕΚρ Ï°ιÕ ≅°ϕÕχ ùΚôηúΟôλ.

1. ax + by + c =  0,  Φτ[  Ξ⁄↑ÛρΖ  ΜΤτΣôÓ  ΒςηÓ  Τô°Κρ  ùΚôηΟ  ΙÚΣ⁄
ΜΤτΣôÓ Φ∴ ≅ûΨχΚκΣÓλ− ΒδÏ a, b Τσßλ c ΦτΣ∴ ùΤµ ΦηΚρ Τσßλ a, b
ΦτΣ∴ Ιúς ΜΤΥιƒο éϖ≥Υλ ΒοûΩ.

2. ΒςηÓ Τô°Κρ ùΚôηΟ ΙÚΣ⁄ ΜΤτΣôγ⁄σÏ ΚΠχ€ο ≅ΟδΚô ΣΩ ¾νÜΚρ ∆ηÓ.

3. ΙÚΣ⁄ ΜΤτΣôγ⁄τ ΞûςΣΟιƒτ ÁÕρΖ ΙπùΞôÚ ×ρ↓Ùλ ≅ϕΘ ΜΤτΣôγ⁄τ
¾νÜΚρ ΑÏλ− ΙπùΞôÚ ¾νÜλ ΙÚΣ⁄ ΜΤτΣôγ⁄τ ΞûςΣΟιƒτ ÁÕρΖ ×ρ↓Κρ
ΑÏλ.
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INTRODUCTION TO EUCLID’S GEOMETRY

5.1 Introduction

The word ‘geometry’ comes form the Greek words ‘geo’, meaning the ‘earth’, and ‘metrein’,
meaning ‘to measure’. Geometry appears to have originated from the need for measuring
land. This branch of mathematics was studied in various forms in every ancient civilisation,
be it in Egypt, Babylonia, China, India, Greece, the Incas, etc. The people of these civilisations
faced several practical problems which required the development of geometry in various
ways.

For example, whenever the river Nile overflowed, it wiped
out the boundaries between the adjoining fields of different
land owners. After such flooding, these boundaries had to be
redrawn. For this purpose, the Egyptians developed a number
of geometric techniques and rules for calculating simple areas
and also for doing simple constructions. The knowledge of
geometry was also used by them for computing volumes of
granaries, and for constructing canals and pyramids. They also
knew the correct formula to find the volume of a truncated
pyramid (see Fig. 5.1).You know that a pyramid is a solid
figure, the base of which is a triangle, or square, or some other
polygon, and its side faces are triangles converging to a point
at the top. Fig. 5.1 : A Truncated Pyramid

CHAPTER 5
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5.1 ≅°ØΚλ

(geometry) Φàλ ùΜôο ≥úΥô (geo)  Τσßλ ùΤγ↔τ (metrein) Α€Υ ΒςηÓ €úςχΚ
ùΜôσΚûΖ ΒûΠιÕ ∆ÚΞôχΚκΣγΟÕ− ≥úΥô (geo) Φτ[ôο é♥ Τσßλ ùΤγ↔τ
(meterin) Φτ[ôο ≅ΖιΘο Φ∴Üλ ùΣôÚρΣÓλ− ΒϕΘ Ξ⁄↑Υο Φàλ ΚÚιÕ ♣ΩιûΘ
≅ΖκΣΘσΚô∴ ≅Ξ′Υλ ΓσΣγΟúΣôÕ ♦[ϕΘÕ− Κ∞Θιƒτ ΒϕΘ ♦↔Ü+ ΣηûΟΥ
ΡôΚ↔ΚδΚΖô∴ Φ€κÕ+ Σô♦úΩô±Υô+ ≠∴ô+ ΒϕƒΥô+ €Ãυ+ ΒτΚΖôυ  Α€úΥôςôο
ΑςôΥκΣγΟÕ− ΒϕΘ ΡôΚ↔Κιƒ∴ν ΘδΚ↓τ Ξôθ↑ο ΣοúΞß ΒΥοΣô∴ ♦ςεΜû∴ΚûΖ
ΦƒνùΚôηΟúΣôÕ ≅Õ ΣΩΞ→Κ↓ο Ξ⁄↑Υο Σσ°Υ úΚôγΣôÓΚρ ΞΖνε′ΥûΟΥ
Ξ→ΞÏιΘÕ−

ΦÓιÕχΚôγΟôΚ+ ûΡο Ρƒ♠ο  ùΞρΖλ ùΣÚχùΚÓιÕ
ϑ⁄Υ úΣôÕ ≅Ú€ÛρΖ ΞΥο ↑ûΖ♣ΩδΚ↓τ ΦοûΩΚρ
≅↔ιÕε ùΜοΩκΣγΟ∴− ùΞρΖλ Ïû[ϕΘ ♦[Ï+
↑ûΖ♣ΩδΚ↓τ ΦοûΩΚρ ÁηÓλ ΞûςΥßχΚκΣγΟ∴−
ΒΘσΚôΚ+ Φ€κΘΥνΚρ Φ↓Υ Σςκ×ΚûΖ ∆ÚΞôχÏΞΘσÏλ+
Φ↓Υ ΚγΟûΤκ×ΚûΖ ∆ÚΞôχÏΞΘσÏλ ΦηΠσ[
Ξ⁄↑Υο ÖÔχΚδΚûΖÙλ+ ↑ƒΚûΖÙλ ∆ÚΞôχ€∴ν+
Θô±Υχ Ï↑ΥοΚ↓τ Κ∴ ≅ΖÜΚûΖ ΚΠχ€ΟÜλ+
ΚôοΞôµΚρ Τσßλ ♦ςÁÓΚûΖ  ΚγΟûΤκΣΘσÏλ Ξ⁄↑Υο
Σσ°Υ ≅°ûΞ ΣΥτΣÓιΘ∴ν− Õη⁄χΚκΣγΟ ΣγûΟ
áλ×Κ↓τ ∋♦ς♥ÓΚρ( Κ∴≅ΖûΞ ΚôηΣΘσÏ+ Õο←ΥΤô∴
ãιƒςιûΘÙλ ≅ΞνΚρ ≅°ϕÕ ûΞιƒÚϕΘ∴ν−

♦ς♥Ó ΦτΣÕ ≅⁄ΣôΚλ ØχúΚôΠλ ≅οΩÕ ΜÕςλ
≅οΩÕ úΞß ′Ω ΣΩúΚôΠΤôΚÜλ ≅Θτ ΣχΚ ØΚδΚρ
∆ε′♠ο Ï↑ϕƒÚχÏλ ØχúΚôΠΤôΚÜλ ùΚôηΟ ΙÚ
ƒηΤ Ξ⁄Ξ ΣΟλ ΑÏλ−

ΣΟλ 5.1 : Õη⁄χΚκΣγΟ ♦ς♥Ó

ëχ↓⁄τ Ξ⁄↑Υο ≅°ØΚλ ≅ιƒΥôΥλ-5
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In the Indian subcontinent, the excavations at Harappa and Mohenjo-Daro, etc. show that the
Indus Valley Civilisation (about 3000 BCE) made extensive use of geometry. It was a highly
organised society. The cities were highly developed and very well planned. For example, the
roads were parallel to each other and there was an underground drainage system. The houses
had many rooms of different types. This shows that the town dwellers were skilled in mensuration
and practical arithmetic. The bricks used for constructions were kiln fired and the ratio length
: breadth : thickness, of the bricks was found to be 4 : 2 : 1.

In ancient India, the Sulbasutras (800 BCE to 500 BCE) were the manuals of geometrical
constructions. The geometry of the Vedic period originated with the construction of altars (or
vedis) and fireplaces for performing Vedic rites. The location of the sacred fires had to be in
accordance to the clearly laid down instructions about their shapes and areas, if they were to be
effective instruments. Square and circular altars were used for household rituals, while altars
whose shapes were combinations of rectangles, triangles and trapeziums were required for
public worship. The sriyantra (given in the Atharvaveda) consists of nine interwoven isosceles
triangles. These triangles are arranged in such a way that they produce 43 subsidiary triangles.
Though accurate geometric methods were used for the constructions of altars, the principles
behind them were not discussed.

These examples show that geometry was being developed and applied everywhere in the
world. But this was happening in an unsystematic manner. What is interesting about these
developments of geometry in the ancient world is that they were passed on from one generation
to the next, either orally or through palm leaf messages, or by other ways. Also, we find that in
some civilisations like Babylonia, geometry remained a very practical oriented discipline, as
was the case in India and Rome. The geometry developed by Egyptians mainly consisted of the
statements of results. There were no general rules of the procedure. In fact, Babylonians and
Egyptians used geometry mostly for practical purposes and did very little to develop it as a
systematic science. But in civilisations like Greece, the emphasis was on the reasoning behind
why certain constructions work. The Greeks were interested in establishing the truth of the
statements they discovered using deductive reasoning (see Appendix 1).

A Greek mathematician, Thales is credited with giving the first known
proof. This proof was of the statement that a circle is bisected (i.e., cut into
two equal parts) by its diameter. One of Thales’ most famous pupils was
Pythagoras (572 BCE), whom you have heard about. Pythagoras and his group
discovered many geometric properties and developed the theory of geometry
to a great extent. This process continued till 300 BCE. At that time Euclid, a
teacher of mathematics at Alexandria in Egypt, collected
all the known work and arranged it in his famous treatise

Thales
(640 BCE – 546 BCE)

Fig. 5.2



ëχ↓⁄τ Ξ⁄↑Υο ≅°ØΚλ

1239 Αλ ΞÏκ× Κ∞Θλ

ΒϕƒΥ ÕûΠχ ΚηΟιƒο ùΤôΚφΜΘôúςô Τσßλ ςκΣô úΣôτ[ ΒΟδΚ↓ο
úΤσùΚôρΖκΣγΟ ≅ΚθΞôςôµε′Κ↓τ Σ⁄+ ′ϕÕ ΜΤùΞ↓ ΡôΚ↔Κιƒ∴ν ∋ÑΤôν €−Ø− 2///(
Ξ⁄↑ΥûΩ ùΞÏΞôΚ ΣΥτΣÓιƒ∴ν− ΒÕ ′[κΣôΚ ♣νΞ€χΚκΣγΟ ΙÚ ΜêΚλ ΑÏλ−
ΡΚςδΚρ ΡτÏ ƒγΟ♥ΟκΣγÓ ′[κΣôΚ ΞΖνε′ΥûΟϕΘ∴− ΦÓιÕχΚôγΟôΚ+ ΜôûΩΚρ
ΙτßχùΚôτß ΒûΠΥôΚÜλ+ ΣôΘôΖ ΜôχΚûΟΚρ ≅ûΤχΚκΣγÓλ ΒÚϕΘ∴− ùΞπúΞß
ΞûΚΚ↓ο ΣΩ ≅û[Κρ ùΚôηΟ ÅÓΚρ ΚγΟκΣγ⁄ÚϕΘ∴− ΒÕ ≅ΖÅÓΚρ Τσßλ ùΜΥο
Ξ⁄Ξ ΦηΚ∞Θιƒο ΡΚς Ξô′Κρ ′[ϕΘ ƒ[û∴ ùΣσ°ÚϕΘ∴ν ΦτΣûΘ ΚôγÓ€[Õ−
ÅÓΚγÓΞΘσÏ ÑγΟ ùΜδΚσΚûΖúΥ ΣΥτΣÓιƒ∴ν− ΒΞσ°τ ¿Ζλ+ ≅ΚΩλ Τσßλ ∆Υςλ
Øû[úΥ 39190 Φτ[ ↑€Θιƒο ΒÚϕΘ∴−

ΣΨδΚôΩ ΒϕƒΥô↑ο+ ÑοΣãιςôυ ∋€−Ø− 7//←ÚϕÕ €−Ø− 4// Ξûς( Φτ[
Ξ⁄ΞδΚûΖ ΚγΟûΤκΣΘσΚô∴ ûΚκ♦ςƒΚρ ΒÚϕΘ∴−

úΞΘΚôΩ ΜΟδÏΚûΖ ♣û[úΞσßΞΘσÏ  ΚγΟκΣγΟ Σ← ÀΟδΚρ Τσßλ ×±Θ
≅χ± ÏηΟδΚρ Α€ΥΞσ°ο Ξ⁄↑Υο ≅°Ü ΣΥτΣÓιΘκΣγΟÕ− ΒΞσû[ ′[κΣôΚÜλ+
Φ↓ûΤΥôΚÜλ ûΚΥôÞΞΘσÏ+ ×±Θ ≅χ± ≅ûΤÙλ ΒΟιƒσÏ ΓσΣ ≅Ξσ°τ Ξ⁄Ξλ+
ΣςκΣΖÜΚρ ΜôνϕΘ ùΘ↓Ξô∴ Ï°κ×Κρ ΞΨδΚκΣγΟ∴− ÏÓλΣλ ΜôνϕΘ ΜΟδÏΚÞχÏ
ΜÕςλ+ ΞγΟ Ξ⁄ΞδΚ↓ο ∆ρΖ ≅χ± ÏηΟδΚûΖ ΣΥτΣÓιƒ∴ν+ ≅úΘúΣôτß+ ùΜπΞΚλ+
ØχúΚôΠλ+ Μ↔ΞΚλ Α€ΥΞσ°τ ΙÚδ€ûΠϕΘ Ξ⁄ΞδΚ↓ο ∆ρΖ ≅χ± ÏηΟδΚûΖ
ùΣôÕ Ξ→ΣôγÓ ΜΟδÏΚÞχÏ ΣΥτΣÓιƒ∴ν−

β Φϕƒςλ Sriyanthra ∋≅ΘνΞΠ úΞΘιƒο ùΚôÓχΚκΣγΟÕ( ΦτΣÕ ∆γ×[ΤôΚ
ΙτßχùΚôτß  ♦τ∴κΣγΟ 8 ΒÚΜΤΣχΚ ØχúΚôΠδΚ↓τ ΚΩûΞ ΑÏλ− ΒϕΘ
ØχúΚôΠδΚρ ΙÚ ≠ςô∴ Ξ↔ûΜ♠ο ≅ûΤχΚκΣγÓ 32 ÕûΠ ØχúΚôΠδΚûΖ
∆ÚΞôχÏ€τ[∴− Σ←ÀΟδΚρ+ ×±Θ ≅χ± ÏηΟδΚρ Α€ΥΞσ°τ ΚγΟûΤκ♦σÏ
Õο←ΥΤô∴ Ξ⁄↑Υο Øû[ΚûΖ ΣΥτΣÓιƒ∴ôÛλ ≅Ξσ°σÏ ùΘôΟν×ûΟΥ ãιƒςδΚρ
Ï°ιÕ ↑ΞôƒχΚκΣΟ↑οûΩ− úΤσΚôÔλ ΦÓιÕχΚôγÓΚ↓←ÚϕÕ Ξ⁄↑Υ←τ ΚÚιÕ ∆ΩΚλ
ØÝΞÕλ ΣςϕÕ ↑↔ϕÕ ΣΥτΣÓιΘκΣγΟΘôΚ ùΘ↔€[Õ− Α∴ôο ΒûΞ ΞûςØû[♠τ°
ΙÝδΚσß ΒÚϕΘ∴− ΣΨδΚôΩιƒο ΒϕΘ Ξ⁄↑Υο ΚÚιÕΚûΖ é♥♠τ ΙÚ
ΜϕΘƒ♠∴↔Ο♥ÚϕÕ Τσù[ôÚ ΜϕΘƒ♠∴ÚχÏ ΞôµùΤô→ Ξ→ΥôΚúΞô+ ϑûΩεÑΞ⁄ Ξ⁄↑úΩô
≅οΩÕ ♦[ Ξ→Κ↓úΩô ùΚôηÓ  úΜνχΚκΣγΟÕ ♥ΚÜλ ΣôςôγÓχÏ↔ΥÕ . ′[κ×χÏ↔ΥÕ−
Σô♦úΩô±Υô+ ΒϕƒΥô+ úςôΤ ΡôΚ↔ΚδΚ↓ο Ξ⁄↑Υο ΤχΚ↓τ ΒΥοΣô∴ ΞôθχûΚ♠τ
ΙÚ ≅δΚΤôΚúΞ ΒÚϕΘÕ− Φ€κƒΥνΚρ Ξ⁄↑Υ←ο ΓσΣÓιƒΥ ΞΖνε′♠ο ùΞßλ Ø⁄ÜΚ↓τ
áσßΚρ ΒÚϕΘ∴− ΒϕΘ Ø⁄ÜΚûΖ ùΣßΞΘσΚôΚ ùΣôÕΞô∴ ↑ƒΚûΖ ≅ΞνΚρ ∆ÚΞôχΚ
↑οûΩ− ∆ηûΤ♠ο+ Σô♦úΩô±ΥνΚρ+ Φ€κƒΥνΚρ Ξ⁄↑ΥûΩ ΒΥοΣô∴ ΡûΟØû[
ΣΥτΣôγ⁄σúΚ ≅ƒΚλ ΣΥτΣÓιƒ∴ν− ΒΘτ êΩλ ≅°↑Υο ΜôνϕΘ ΞΖνε′χÏ ′°ΘΖÜ
ØΥσ′ ùΜµΘ∴ν− Α∴ôο+ €úςχΚ ΡôΚ↔Κιƒ∴ν ≅χΚôΩ Κγ⁄ΟδΚ↓τ ∆ßƒΥôΚ
ΚγΟûΤκ×χΚô∴ ΚôςΠδΚûΖ ΑςôµΞΘσÏ Øχ€ΥιÕΞλ ≅↓ιΘ∴ν− €úςχΚνΚρ Θôλ
ΚηΟ°ϕΘ ∆ηûΤΚûΖ ↑ƒ↑ΩχÏ ΣÏιΘ° Øû[♠ο ΦÓιÕûςχΚ ΑνΞλ
Κôγ⁄∴ν− ∋ΒûΠκ× 0 Η Σôν(

ΙÚ ΞγΟιƒτ ↑γΟλ ΞγΟιûΘ ΒÚΜΤχá°Ó€[Õ ∋ΒςηÓ ΜΤ
ΣôΚδΚΖôΚ( Φ∴ ∆Ω€σÏ ØΘτ ØΘΩôΚ ♣Ú♦ιΘ €úςχΚ Κ∞ΘúΤûΘ
úΘου ΑΞôν− úΘο″τ Øχ€Υ ≠ΟνΚ↓ο ΙÚΞςô∴ ûΣΘôΚςυ ∋€−♦−
461( Σσ° úΚρ↑κΣγ⁄ÚκÀνΚρ− ûΣΘôΚςÑλ ≅ΞςÕ ÏÝÜλ ΣοúΞß
Ξ⁄↑Υο Ση×ΚûΖ ΚηΟ°ϕÕ Ξ⁄↑Υο úΘσ[δΚ↓ο ùΣ↔Υ ≅Ζ↑ο
Τôσ[δΚûΖ ùΚôηÓ ΞϕΘ∴ν− €−♦−2// Ξûς ΒεùΜΥοØû[ ùΘôΟνϕΘÕ−
≅ϕΘ ΜΤΥιƒο Φ€κƒτ ≅ùΩχΜôη⁄↔ΥôûΞ ΜôνϕΘ Κ∞Θ Α′↔Υν
ëχ↓γ ΦτΣΞν ≅û∴ιÕ Ξ⁄↑Υο ΚÚιƒΥοΚûΖÙλ úΜΚ↔ιÕ
Øû[κΣÓιƒ ΦÝƒ Φ←ùΤηγυ (Elements) Φàλ ΑµÜχΚγÓûςΥôΚ
ùΞ↓♠γΟôν−

   úΘου
(640 BCE – 546 BCE)

ΣΟλ. 5.2



124Class 9 Mathematics

INTRODUCTION TO EUCLID’S GEOMETRY

called ‘Elements’. He divided the ‘Elements’ into thirteen chapters,
each called a book. These books influenced the whole world’s
understanding of geometry for generations to come.

In this chapter, we shall discuss Euclid’s approach to geometry
and shall try to link it with the present day geometry.

5.2 Euclid’s Definitions, Axioms and Postulates
The Greek mathematicians of Euclid’s time thought of geometry as an abstract model of the
world in which they lived. The notions of point, line, plane (or surface) and so on were derived
from what was seen around them. From studies of the space and solids in the space around
them, an abstract geometrical notion of a solid object was developed. A solid has shape, size,
position, and can be moved from one place to another. Its boundaries are called surfaces. They
separate one part of the space from another, and are said to have no thickness. The boundaries
of the surfaces are curves or straight lines. These lines end in points.

Consider the three steps from solids to points (solids-surfaces-lines-points). In each step
we lose one extension, also called a dimension. So, a solid has three dimensions, a surface has
two, a line has one and a point has none. Euclid summarised these statements as definitions. He
began his exposition by listing 23 definitions in Book 1 of the ‘Elements’. A few of them are
given below :

1. A point  is that which has no part.

2. A line is breadthless length.

3. The ends of a line are points.

4. A straight line is a line which lies evenly with the points on itself.

5. A surface is that which has length and breadth only.

6. The edges of a surface are lines.

7. A plane surface is a surface which lies evenly with the straight lines on itself.

If you carefully study these definitions, you find that some of the terms like part, breadth,
length, evenly, etc. need to be further explained clearly. For example, consider his definition of
a point. In this definition, ‘a part’ needs to be defined. Suppose if you define ‘a part’ to be that
which occupies ‘area’, again ‘an area’ needs to be defined. So, to define one thing, you need to
define many other things, and you may get a long chain of definitions without an end. For such
reasons, mathematicians agree to leave

Euclid (325 BCE – 265 BCE)
Fig. 5.3
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ΒΞν “Φ←ùΤηΟο” τ ùΘôÏκ♦û∴ 02 ≅ιƒΥôδΚΖôΚ ♦↔ιÕ
ΙπùΞôτû[Ùλ ΙÚ ×ιΘΚΤôΚ ùΞ↓♠γΟôν− ΒϕΘ ×ιΘΚδΚρ ∆ΩΚλ
ØÝΞÕλ ≅ÓιΘ ΘûΩØû[♠∴ν Ξ⁄↑ΥûΩκ Σσ° ≅°ϕÕ
ùΚôρΞƒο ♥ΚκùΣÚλ ΘôχΚιûΘ ΓσΣÓιƒ∴−

ΒϕΘ ≅ιƒΥôΥιƒο+ Ξ⁄↑Υ←ο ëχ↓⁄τ ≅ÔÏØû[
Ï°ιÕ ↑ΞôƒιÕ+ ≅ûΘ ΘσΚôΩ Ξ⁄↑ΥÛΟτ ùΘôΟν×ΣÓιΘ
ØΥσ′κúΣôλ−
4−1 ëχ↓γ⁄τ ΞûςΥû[Κρ ΦÓúΚôρΚρ Τσßλ úΚôγΣôÓΚρ
ëχ↓⁄τ ΜΤΚôΩιƒο ΞôθϕΘ €úςχΚ Κ∞ΘúΤûΘΚρ Ξ⁄↑ΥûΩ ΘôδΚρ ΞôθϕΘ
∆Ω€σÏ ΙÚ ΚÚιƒΥο ΣûΟκΣôΚúΞ Φη∞∴ν− ΘλûΤε Ñσ°ÙρΖ Ñσßκ×[
ãθ♣ûΩΚ↓←ÚϕÕ ×ρ↓+ úΚôÓ+ ΜΤΘΖλ+ ×[κΣςκ× úΣôτ[ ëΚιƒτ ≅⁄κΣûΟ♠Ωô∴
ΚÚιÕχΚûΖ ∆ÚΞôχ€∴ν− ùΞσ°Ολ Τσßλ ≅Ξσû[ Ñσ°ÙρΖ ƒηΤδΚρ Σσ°
ΑςôÙλ úΣôÕ ƒηΤùΣôÚγΚ↓τ ΚÚιƒΥο Ξ⁄↑Υο Σσ°Υ ΚÚιÕχΚρ
ΞΖνε′ΥûΟϕΘτ−

ΙÚ ƒηΤκ ùΣôÚρ ΦτΣÕ Ξ⁄Ξλ+ ≅ΖÜ Τσßλ ΒÚκ♦Ολ Α€ΥΞσû[
ùΚôη⁄ÚχÏλ− úΤÛλ ≅ûΘ ϑ↔Οιƒ←ÚϕÕ Τσù[ôÚ ΒΟιƒσÏ ΡΚνιΘΩôλ− ≅Ξσ°τ
ΦοûΩΚûΖ úΤσΣςκ× ∋≅( ×[κΣςκ× Φτß ≅ûΨκΣν− ΒϕΘ úΤσΣςκΣô∴Õ
ùΞσ°ΟιûΘ ΙÚ ΣÏƒ♠←ÚϕÕ Τσù[ôÚ ΣÏƒûΥκ ♦↔χ€[Õ− úΤÛλ ×[κΣςκ♦σÏ
Θ⁄Ττ €ûΟΥôÕ− ×[κΣςκ♦τ ΦοûΩΚΖôΚ ΞûΖÜ úΚôÓ ≅οΩÕ úΡνúΚôÓΚρ
ΒÚχÏλ− ΒιΘûΚΥ úΚôÓΚρ ×ρ↓Κ↓ο Ø⁄ÜκùΣßλ−

ƒηΤ ùΣôÚγΚ↓←ÚϕÕ ×ρ↓Κρ Ξûς êτß Σ⁄ΚûΖ ∋ƒηΤδΚρ,
×[κΣςκ×Κρ,úΚôÓΚρ,×ρ↓Κρ( ΦÓιÕχùΚôρΖÜλ− ΙπùΞôÚ Σ⁄♠Ûλ Σ↔ΤôΠλ
Φτß ≅ûΨχΚκΣÓλ ΙÚ ↑↔ΞôχΚιûΘ ΒΨχ€ú[ôλ− Φ∴úΞ+ ΙÚ ƒηΤλ
ØκΣ↔ΤôΠιûΘÙλ ΙÚ×[κΣςκ× ΒÚΣ↔ΤôΠιûΘÙλ+ ΙÚ úΚôÓ ΙÚ Σ↔ΤôΠιûΘÙλ+
ùΚôη⁄ÚχÏλ− ΙÚ ×ρ↓χÏ ΦϕΘ Σ↔ΤôΠØλ ΒοûΩ− ëχ↓γ ΒϕΘ áσßΚûΖ
ùΘôÏιÕ ΞûςΥû[ΚΖôΚ ùΞ↓♠γΟôν− Φ←ùΤηγυ Φàλ ùΘôÏκ♦←ÚϕÕ ×ιΘΚλ
0ο 12 ΞûςΥû[ΚûΖ  Σγ⁄Υ←γÓ Θ∴Õ ΚÚιÕχΚûΖ ùΞ↓♠Οι ùΘôΟδ€∴ôν−
≅Ξσßρ ′Ω •úΨ ùΚôÓχΚκΣγÓρΖ∴−

1. ΙÚ ×ρ↓χÏ ΦϕΘ ΣôΚØλ €ûΟΥôÕ
2. ΙÚ úΚôÓ ΦτΣÕ ≅ΚΩΤσ[ ¿Ζλ
3. ΙÚ úΚôγ⁄τ Øû∴ΚúΖ ×ρ↓Κρ
4. ΙÚ úΡνχúΚôÓ ΦτΣÕ Ιúς Ξ↔ûΜ♠ο úΡςôΚ ×ρ↓Κρ ≅ûΤϕΘ ΙÚ úΚôÓ
5. úΤσΣςκ♦σÏ ¿Ζλ Τσßλ ≅ΚΩλ ΤγÓúΤ ∆ηÓ
6. úΤσΣςκ♦τ ↑↓λ×ΚúΖ úΚôÓΚρ−
7. ΙÚ ΜΤΘΖ ×[κΣςκ× ΦτΣÕ úΡνχúΚôÓΚρ Ιúς ≠ςôΚ ≅ûΤϕΘ ΙÚ

×[κΣςκ×−

¿δΚρ ♥ÏϕΘ ΦεΜ↔χûΚÙΟτ ΒχΚÚιÕχΚûΖ ΑςôµϕÕ ΣôνχÏλ úΣôÕ+
ΣôΚλ+ ≅ΚΩλ+ ¿Ζλ Ιúς ≠ςôΚ ØΘΩô∴ ùΜôσΚÞχÏ áÓΘο ↑ΖχΚδΚρ ΡΤχÏ
úΘûΞκΣÓ€[Õ− ΦÓιÕχΚôγΟôΚ ×ρ↓ûΥ Σσ°Υ ≅ΞςÕ ΞûςΥû[ûΥ ΦÓιÕχ
ùΚôρΖÜλ− ΒϕΘ ΞûςΥû[♠ο ΙÚ ΣôΚλ Φàλ ùΜôο ΞûςΥßχΚκΣΟ úΞηÓλ−
ΙÚ ΣôΚλ Φàλ ùΜôο ΞûςΥßχΚκΣγΟôο ≅Õ ′°ΘΖÜ ΣςκΣΖûΞ
Αχ€ς♥ιÕχùΚôρ€[Õ Φ±ο ÁηÓλ ΣςκΣΖÜ Φàλ ùΜôοÛχÏ ùΣôÚρ Θς úΞηÓλ−

ΒπΞô[ôΚ ΙÚ ùΜôοûΩ ΞûςΥßχΚ ΙτßχÏλ úΤσΣγΟ ≅ƒΚΤô∴ ùΜôσΚÞχÏ
↑ΖχΚλ ΘÚλúΣôÕ ¿ηΟ Μδ€← úΣôτß Ø⁄Ü ΒοΩôΤο ùΜτß ùΚôηúΟ ΒÚχÏλ−
ΒιΘûΚΥ ΚôςΠδΚΖôο+ ′Ω Ξ⁄↑Υο ùΜôσΚûΖ ΞûςΥßχΚκΣΟôΘ ùΜôσΚΖôΚ
ΚÚΘ úΞηÓλ Φ∴ Κ∞Θ↑ΥΩôΖνΚρ Ø⁄Ü ùΜµΘ∴ν−

ëχ↓γ(€−Ø−325 – €−Ø−265)

ΣΟλ 5.3
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some geometric terms undefined. However, we do have a intuitive feeling for the geometric
concept of a point than what the ‘definition’ above gives us. So, we represent a point as a dot,
even though a dot has some dimension.

A similar problem arises in Definition 2 above, since it refers to breadth and length, neither
of which has been defined. Because of this, a few terms are kept undefined while developing
any course of study. So, in geometry, we take a point, a line and a plane (in Euclid‘s words a
plane surface) as undefined terms. The only thing is that we can represent them intuitively, or
explain them with the help of ‘physical models’.

Starting with his definitions, Euclid assumed certain properties, which were not to be proved.
These assumptions are actually ‘obvious universal truths’. He divided them into two types: axioms
and postulates. He used the term ‘postulate’ for the assumptions that were specific to geometry.
Common notions (often called axioms), on the other hand, were assumptions used throughout
mathematics and not specifically linked to geometry. For details about axioms and postulates,
refer to Appendix 1. Some of Euclid’s axioms, not in his order, are given below :

(1) Things which are equal to the same thing are equal to one another.
(2) If equals are added to equals, the wholes are equal.
(3) If equals are subtracted from equals, the remainders are equal.
(4) Things which coincide with one another are equal to one another.
(5) The whole is greater than the part.
(6) Things which are double of the same things are equal to one another.
(7) Things which are halves of the same things are equal to one another.
These ‘common notions’ refer to magnitudes of some kind. The first common notion could

be applied to plane figures. For example, if an area of a triangle equals the area of a rectangle
and the area of the rectangle equals that of a square, then the area of the triangle also equals the
area of the square.

Magnitudes of the same kind can be compared and added, but magnitudes of different kinds
cannot be compared. For example, a line cannot be compared to a rectangle, nor can an angle be
compared to a pentagon.

The 4th axiom given above seems to say that if two things are identical (that is, they are the
same), then they are equal. In other words, everything equals itself. It is the justification of the
principle of superposition. Axiom (5) gives us the definition of ‘greater than’. For example, if
a quantity B is a part of another quantity A, then A can be written as the sum of B and some third
quantity C. Symbolically, A > B means that there is some C such that A = B + C.
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ΒÚκ♦àλ− Ξ⁄↑Υο á[ô∴ ×ρ↓χÏ úΤúΩ ùΚôÓχΚκΣγΟ ΞûςΥû[ûΥ
↑Ο ′[κΣô∴ úΤúΩôδ€Υ ∆ρÞΠνÜ ΡΤχÏ ΒÚχ€[Õ− ≅Θ∴ôο+ ≅εÑκ×ρ↓χÏ
(dot) ′Ω Σ↔ΤôΠδΚρ ΒÚϕΘ úΣôƒÛλ+ ≅ûΘ ×ρ↓ΥôΚúΞ Ï°χ€ú[ôλ−

úΤúΩ ∆ρΖ 1ΞÕ ΞûςΥû[♠Ûλ ΒúΘκúΣôτ[ ♦ςεΜû∴ ∆ρΖÕ− ΒδúΚ
¿Ζλ− ≅ΚΩλ Α€Υ ΒςηÓλ ΞûςΥßχΚκΣΟ↑οûΩ ≅Θ∴ôο+ ΦϕΘ ΙÚ Αµ↑τ
úΣôÕλ+ ×ƒΥ ΚÚιÕΚûΖ ∆ÚΞôχÏλ úΣôÕλ ΒÕúΣôτß ′Ω ùΜôσΚρ
ΞûςΥßχΚκΣΟôΘ ùΜôσΚΖôΚ ↑ΟκΣÓ€τ[∴− Ρôλ Ξ⁄↑Υ←ο ×ρ↓+ úΚôÓ Τσßλ
ΜΤΘΖλ ∋ëχ↓γ ùΜôσΚ↓ο ΜΤΘΖ ×[κΣςκ×( Α€ΥΞσû[ ΞûςΥßχΚκΣΟôΘ
ùΜôσΚΖôΚ ΚÚΘ úΞηÓλ− ≅ΘôΞÕ+ ≅Ξσû[ ∆ρÞΠν↑ο Τ∴ƒσÏρúΖúΥ
Κôγ′κΣÓιƒχ ùΚôρΖΩôλ ≅οΩÕ ΒΥο♦Υο Τôƒ↔ΚûΖ ùΚôηÓ ↑Ξ↔χΚΩôλ−

ëχ↓γ Θ∴Õ ΞûςΥû[Κ↓τ ≅⁄κΣûΟ♠ο ♣ÚΣΠλ ùΜµΥ ΒΥΩôΘ ′Ω Ξ⁄↑Υο
Ση×ΚûΖ Κ∞ιΘôν− ≅ΞςÕ Κ∞κ×Κρ ùΞ↓κΣûΟΥô∴ ∆ΩΚΖô↑Υ
∆ηûΤΚΖôΚúΞ ΒÚϕΘ∴− ≅Ξσû[ ΒςηÓ ΞûΚΚΖôΚ ♦↔ιΘôν− ≅ûΞ ΦÓúΚôρΚρ
(Axioms) Τσßλ ≅⁄κΣûΟχ úΚôγΣôÓΚρ (Postutates) ΑÏλ− Ξ⁄↑Υο ΜôνϕΘ ëΚιƒτ
≅⁄κΣûΟ♠Ωô∴ ΚÚιÕΚÞχÏ ΤγÓλ úΚôγΣôÓΚρ (Postutates) Φτßλ+ Ξ⁄↑Υο
ΤγÓ♥τ° Κ∞Θ ≅°↑Υο ùΘôΟνΣô∴ ≅û∴ιÕ Κ∞κ×ΚÞλ ∆ρΖΟχ€Υ ΚÚιÕχÏ
ΦÓúΚôρΚρ (Axioms) Φτßλ ùΣΥ↔γΟôν− ΦÓúΚôρΚρ Τσßλ úΚôγΣôÓΚρ ùΘôΟνΣô∴
↑ΞςδΚÞχÏ ΒûΠκ×,0Η ΣôνχΚÜλ−

ëχ↓⁄τ ΦÓúΚôρΚ↓ο ′Ω •úΨ ùΚôÓχΚκΣγÓρΖ∴−
(1) Ιúς ςô′χÏ ΜΤΤôΚ ∆ρΖ ςô′Κρ ΙτßχùΚôτß ΜΤλ
(2) ΜΤΤô∴ ςô′ΚÞΟτ ΜΤΤô∴ ςô′ΚûΖ áγ⁄∴ôο ≅ûΞΚ↓τ ùΤôιΘδΚÞλ

ΜΤλ−
(3) ΜΤΤô∴ ςô′Κ↓←ÚϕÕ ΜΤΤô∴ ςô′ΚûΖ Κ→ιΘôο ≅Ξσ°τ ÁƒΚρ ΜΤλ−
(4) ΙτßχùΚôτß ùΣôÚϕÕλ ςô′Κρ ΙτßχùΚôτß ΜΤλ−
(5) ØÝûΤΥô∴Õ+ ≅Θτ ΣÏƒûΥ ↑Ο ùΣ↔ΥÕ−
(6) ΜΤΤô∴ ςô′Κ↓τ ΒÚ ΤΟδÏΚρ ΙτßχùΚôτß ΜΤλ−
(7) ΜΤΤô∴ ςô′Κ↓τ ΣôƒΚρ+ ΙτßχùΚôτß ΜΤλ−

ΒιΘûΚΥ ùΣôÕΞô∴ ΚÚιÕΚρ+ úΤσΚôÔλ ′Ω ςô′Κ↓τ ΣÚΤû∴χ ΚôγÓ€[Õ−
ØΘΩôΞÕ ùΣôÕ ΚÚιƒû∴ ΜΤΘΖ ΣΟδΚÞχÏ ùΣôÚϕÕλ− ΦÓιÕχΚôγΟôΚ+

ΙÚ ØχúΚôΠιƒτ ΣςκΣΖÜ ΦτΣÕ ΙÚ ùΜπΞΚιƒτ ΣςκΣΖÜχÏ ΜΤλ Τσßλ
≅ϕΘ ùΜπΞΚιƒτ ΣςκΣΖÜ ΙÚ ΜÕςιƒτ ΣςκΣΖ↑σÏ ΜΤλ Φ±ο ØχúΚôΠιƒτ
ΣςκΣΖÜ ≅ϕΘ ΜÕςιƒτ ΣςκΣΖ↑σÏ ΜΤΤô€[Õ−

Ιúς ΞûΚ Βςô′Κ↓τ ΣÚΤτΚûΖ Ικ♦ΟΩôλ Τσßλ áγΟΩôλ− Α∴ôο ùΞπúΞß
ΞûΚ Βςô′Κ↓τ ΣÚΤτΚûΖ Ικ♦Ο ΒΥΩôÕ− ΦÓιÕχΚôγΟôΚ ΙÚ úΡνúΚôγûΟ ΙÚ
ùΜπΞΚιÕΟτ Ικ♦ΟÜλ  Ø⁄ΥôÕ+ ΙÚ úΚôΠιûΘ ΙÚ ΗδúΚôΠιÕΟτ Ικ♦ΟÜλ
Ø⁄ΥôÕ−

úΤσá°Υ 3,ΞÕ ΦÓúΚô↓ο ΒÚ ςô′Κρ Ιτ[ô∴ôο ∋≅ΘôΞÕ+ Ιúς ≅Ζ↑ο
ΒÚϕΘôο( ≅ûΞ ΒςηÓλ ΜΤλ Φ∴ á[κΣγÓρΖÕ−  ≅ΘôΞÕ+ ΙπùΞôÚ ςô′Ùλ
≅ΘσÏ ≅ÕúΞ ΜΤλ ΦτΣúΘ ΒΘτ ùΣôÚρ− ΒεΜôΘôςΠ ΚÚιƒû∴ úΤσùΣôÚϕƒΥ
ΘιÕΞΤôΚ ΚÚΘΩôλ− ΦÓúΚôρ ∋4(≅ûΘ ↑Ο ùΣ↔ΥÕ Φτàλ ùΜôοÛχÏ ΞûςΥû[
ùΚôÓχΚκΣγÓρΖÕ− ΦÓιÕχΚôγΟôΚ+ Βςô′ ‘B’ ΦτΣÕ Βςô′ ‘A’ τ ΙÚ ΣÏƒ ΑÏλ−
≅κúΣôÕ Βςô′ ‘A’ Η Βςô′ ‘B’ Τσßλ 2ΞÕ Βςô′ ‘C’ Κ↓τ ùΤôιΘΤôΚ ΦÝΘΩôλ−
Κ∞Θ Ï°Âγ⁄ο A > B ΦτΣÕ A = B + C  Φ∴ ΒÚχÏΤôß   ‘C’ Φàλ Τσù[ôÚ
Βςô′ûΥ ùΚôη⁄ÚχÏλ−
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Now let us discuss Euclid’s five postulates. They are :
Postulate 1 : A straight line may be drawn from any one point to any other point.

Note that this postulate tells us that at least one straight line passes through two distinct
points, but it does not say that there cannot be more than one such line. However, in his work,
Euclid has frequently assumed, without mentioning, that there is a unique line joining two
distinct points. We state this result in the form of an axiom as follows:
Axiom 5.1 : Given two distinct points, there is a unique line that passes through them.

How many lines passing through P also pass through Q (see Fig. 5.4)? Only one, that is, the
line PQ. How many lines passing through Q also pass through P? Only one, that is, the line PQ.
Thus, the statement above is self-evident, and so is taken as an axiom.

Fig. 5.4

Postulate 2 : A terminated line can be produced indefinitely.
Note that what we call a line segment now-a-days is what Euclid called a terminated line. So,

according to the present day terms, the second postulate says that a line segment can be extended
on either side to form a line (see Fig. 5.5).

Fig. 5.5

Postulate 3 : A circle can be drawn with any centre and any radius.

Postulate 4 : All right angles are equal to one another.

Postulate 5 : If a straight line falling on two straight lines makes the interior angles on
the same side of it taken together less than two right angles, then the two straight lines, if
produced indefinitely, meet on that side on which the sum of angles is less than two right
angles.
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ΒκúΣôÕ ëχ↓⁄τ ΗϕÕ úΚôγΣôÓΚûΖκ Σσ° ↑ΞôƒκúΣôλ ≅ûΞΥôΞ∴ 9

úΚôγÓΣôÓ`1 : ΓúΘàλ ΙÚ ×ρ↓Υ←ÚϕÕ Τσù[ôÚ ×ρ↓χÏ ΙÚ úΡνχúΚôÓ
         ΞûςΥΩôλ−

ΒχúΚôγΣôγ⁄τΣ⁄ ΙÚ úΡνχúΚôΟô∴Õ Ïû[ϕΘΣγΜλ ΒςηÓ ùΞπúΞß ×ρ↓Κρ
Ξ→ΥôΚ+ ΚΟϕÕ ùΜοΞûΘ Ρôλ ΚôΠΩôλ− Α∴ôο+ ΙτßχÏ úΤσΣγΟ úΚôÓΚρ
ΒδÏ ΚΟϕÕ ùΜοΩ ΒΥΩôÕ ΦτΣûΘ áΟ ΒÕ ùΘ↔↑χΚ↑οûΩ− ΒÚκ♦àλ ëχ↓γ
Θ∴Õ Αµ↑τ úΣôÕ+ ΒςηÓ ùΞπúΞß ×ρ↓ΚûΖ ΒûΠχÏλ úΚôΟô∴Õ Θ±ιΘ
Ιúς ΙÚ úΚôΟôΚ ΒÚκΣûΘ ≅⁄χΚ⁄ Κ∞ιΘôν− ΒûΘ •θχΚηΟΞôß ΦÓúΚôρ
Ξ⁄↑ο á[Ωôλ−
úΚôγÓΣôÓ` 5.1: ÂΒςηÓ ùΞπúΞß ×ρ↓Κρ ùΚôÓχΚκΣγΟ úΣôÕ+ ≅Ξσ°τ Ξ→ΥôΚ
                Θ±ιΘ Ιúς ΙÚ úΡνχúΚôÓ ΚΟϕÕ ùΜοÛλ−

×ρ↓Κρ P Τσßλ Q Ξ→ΥôΚ ΦιΘû∴ úΡνúΚôÓΚρ ΚΟϕÕ ùΜο€τ[∴> ∋ΣΟλ
4−3,Η Σôν( PQ Φàλ Ιúς ΙÚ úΡνúΚôÓ ΤγÓúΤ− ≅úΘκúΣôο+ ×ρ↓Κρ
Q  Τσßλ P  Ξ→ΥôΚ ΦιΘû∴ úΡνχúΚôÓΚρ ΚΟϕÕ ùΜο€τ[∴> PQ  Φàλ Ιúς ΙÚ
úΡνχúΚôÓ ΤγÓúΤ− úΤúΩ ùΚôÓχΚκΣγΟ áσß ùΜôϕΘ ΑΘôςΤôΚ ΒÚκΣΘôο ≅Õ
ΦÓúΚôΖôΚ ΦÓιÕχùΚôρΖκΣγΟÕ−

ΣΟλ 4−3

úΚôγΣôÓ` 2 :  ΙÚ Ø⁄Üσ[ úΚôγûΟ ≅Ζ↑οΩôΤο ¿γ⁄χΚΩôλ−
ΘσúΣôÕ Ρôλ ΣΥτΣÓιÕλ úΚôγÓιÕηÓ Φàλ ΞôνιûΘχÏ ΣƒΩôΚ ëχ↓γ

Ø⁄Üσ[ úΚôÓ Φàλ ΞôνιûΘûΥ ΣΥτΣÓιƒ∴ôν−

ΣΟλ 4−4

úΚôγΣôÓ` 3 :  ΓúΘàλ ΙÚ ûΤΥιûΘÙλ+ ΓúΘàλ ΙÚ ΑςιûΘÙλ ùΚôηÓ ΙÚ
     ΞγΟλ ΞûςΥΩôλ−

úΚôγΣôÓ` 4 :   ≅û∴ιÕ ùΜδúΚôΠδΚÞλ ΙτßχùΚôτß ΜΤλ−

úΚôγΣôÓ` 5 :  ΙÚ úΡνúΚôΟô∴Õ− ΒςηÓ úΡνχúΚôÓΚ↓τ Ξ→úΥ  ÏßχΚôΚ
ùΞγÓλúΣôÕ+ ≅Θτ Ιúς ΣχΚιƒο ΓσΣÓλ ∆γúΚôΠδΚ↓τ ùΤôιΘλ ΒςηÓ
ùΜδúΚôΠδΚûΖ ↑Ο Ïû[ΞôΚ ΒÚϕΘôο+ ≅ϕΘ ΒςηÓ úΡνχúΚôÓΚûΖÙλ
Ø⁄↑οΩôΤο ¿γ⁄χÏλúΣôÕ+ ≅ûΞ ≅úΘ ΣχΚιƒο ùΞγ⁄χùΚôρÞλ−
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For example, the line PQ in Fig. 5.6 falls on lines AB and CD
such that the sum of the interior angles 1 and 2 is less than 180° on
the left side of PQ. Therefore, the lines AB and CD will eventually
intersect on the left side of PQ.

A brief look at the five postulates brings to your notice that Postulate 5 is far more complex
than any other postulate. On the other hand, Postulates 1 through 4 are so simple and obvious
that these are taken as ‘self-evident truths’. However, it is not possible to prove them. So, these
statements are accepted without any proof (see Appendix 1). Because of its complexity, the
fifth postulate will be given more attention in the next section.

Now-a-days, ‘postulates’ and ‘axioms’ are terms that are used interchangeably and in the
same sense. ‘Postulate’ is actually a verb. When we say “let us postulate”, we mean, “let us make
some statement based on the observed phenomenon in the Universe”. Its truth/validity is checked
afterwards. If it is true, then it is accepted as a ‘Postulate’.

A system of axioms is called consistent (see Appendix 1), if it is impossible to deduce
from these axioms a statement that contradicts any axiom or previously proved statement. So,
when any system of axioms is given, it needs to be ensured that the system is consistent.

After Euclid stated his postulates and axioms, he used them to prove other results. Then
using these results, he proved some more results by applying deductive reasoning. The statements
that were proved are called propositions or theorems. Euclid deduced 465 propositions in a
logical chain using his axioms, postulates, definitions and theorems proved earlier in the chain.
In the next few chapters on geometry, you will be using these axioms to prove some theorems.

Now, let us see in the following examples how Euclid used his axioms and postulates for
proving some of the results:

Example 1 : If A, B and C are three points on a line, and B lies between A and C
(see Fig. 5.7), then prove that AB + BC = AC.

Fig. 5.7

Fig. 5.6
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ΦÓιÕχΚôγΟôΚ úΚôÓ PQ ΣΟλ 4−5ο Κôγ⁄ΥΞôß úΚôÓΚρ
AB Τσßλ CD Κ↓τ ÁÕ ↑Ý€[Õ− úΤÛλ úΚôÓ 180° Η ↑Ο
Ïû[ΞôΚ ∆ρΖÕ− ≅Θ∴ôο úΚôÓΚρ AB Τσßλ CD  Α€Υ
ΒςηÓλ PQ τ ΒΟÕ ΣχΚΤôΚúΞ ùΞγ⁄χùΚôρÞλ−

úΤσΚôÔλ ΗϕÕ úΚôγΣôÓΚûΖÙλ áνϕÕ ΑςôÙλ
úΣôÕ+ Τσ[ úΚôγΣôÓΚûΖ ↑Ο úΚôγΣôÓ 4 ♥ΚÜλ ′χΚΩôΚ
ΒÚκΣûΘ Ρôλ ΚôΠΩôλ− Τô[ôΚ+ úΚôγΣôÓΚρ 0 ØΘο 3
Ξûς ♥ΚÜλ Φ↓ûΤΥôΚ ×↔ϕÕχùΚôρΖá⁄ΥΘôΚ ΒÚκΣΘôο
≅Ξσû[ ΘôúΤ ♣ìΣΠλ ΘÚλ ∆ηûΤΚΖôΚ ΦÓιÕχ
ùΚôρΖκΣγΟÕ−

ΒÚκ♦àλ ΒΞσû[ ♣Ú♦κΣÕ ΜôιƒΥ♥οûΩ− Φ∴úΞ+ ΒιΘûΚΥ áσßΚρ ΦϕΘ
♣ìΣΠØλ ΒοΩôΤο ΓσßχùΚôρΖκΣγΟ∴− ∋ΒûΠκ× 0Η Σôν( úΚôγΣôÓ 4 ♥ΚÜλ
′χΚΩô∴Õ ΦτΣΘôο ≅ÓιΘ ♦↔↑ο ≅ΘσÏ ≅ƒΚ Øχ€ΥιÕΞλ ùΚôÓχΚκΣÓλ−

Βτû[Υ ΡôγΚ↓ο úΚôγΣôÓΚρ Τσßλ ΦÓúΚôρΚρ Α€Υ ùΜôσΚρ
ΙτßχùΚôτß ΒûΠΥôΚ Ιúς ùΣôÚρ ΘÚλ ùΜôσΚΖôΚ ΣΥτΣÓιΘκΣÓ€τ[∴−
úΚôγΣôÓ ΦτΣÕ ∆ηûΤ♠ο ΙÚ ↑û∴εùΜôο− ♦ςΣφΜιƒο ΓúΘàλ ΙÚ Ï°κ♦γΟ
≅λΜδΚûΖ ∆σßúΡôχ€ ≅Θτ ≅⁄κΣûΟ♠ο ΚÚιÕχΚûΖ ùΞ↓♠ÓλúΣôÕ ≅ΘσÏ
úΚôγΣôÓ Φàλ ùΜôοûΩ ΣΥτΣÓιÕúΞôλ− ≅χΚÚιÕ ≅û∴ιÕ ΞûΚ♠Ûλ ΑµÜ
ùΜµÕ Μ↔ΣôνχΚκΣγÓ ≅Õ ∆ηûΤΥô∴ôο úΚôγΣôΟôΚ ∆ΩΚ ≅Ζ↑ο
ΓσßχùΚôρΖκΣÓ€[Õ−

ΓúΘàλ ΙÚ ΦÓúΚôρ ≅οΩÕ ΓσΚ∴úΞ ♣ìΣΠλ Α∴ ΚÚιÕχΚÞχÏ
ØςηΣôΟôΚ ΙÚ áσû[ ∆ÚΞôχΚ ΒΥΩôÕ Φ±ο ≅ιΘûΚΥ ΦÓúΚôρΚ↓τ ùΘôÏκûΣ
≅οΩÕ ≅ûΤκûΣ ≠ςô∴ ♣ûΩκ× ΘτûΤÙûΟΥÕ Φτß á[Ωôλ− ∋ΒûΠκ× 0,Η
Σôν( Φ∴úΞ+ ΦιΘûΚΥ ΦÓúΚôρΚρ ùΚôÓχΚκΣγΟôÛλ+ ≅ûΞ ♣ûΩκ×ι ΘτûΤ
∆ûΟΥΘô ΦτΣûΘ ∆ßƒκΣÓιƒχùΚôρΞÕ ≅Ξ′ΥΤô€[Õ−

ëχ↓γ Θ∴Õ úΚôγΣôÓΚûΖÙλ ΦÓúΚôρΚûΖÙλ ùΞ↓♠γΟ ♦[Ï+ ♦[ΞûΚ
ΑµÜ Ø⁄ÜΚûΖ ♣ì♦χΚ ≅Ξσû[ ΣΥτΣÓιƒ∴ôν− ≅ûΘ ùΘôΟνϕÕ ≅ϕΘ
Ø⁄ÜΚûΖχ ùΚôηÓ ↑ƒ↑ΩχÏ ΣÏιΘ° Øû[♠ο úΤÛλ ′Ω ΑµÜ Ø⁄ÜΚÞχÏ
♣ÚΣΠλ ùΚôÓιΘôν− ΒπΞôß ♣ÚΣΠλ ùΜµΥκΣγΟ áσßΚûΖ ØτùΤô→ϕΘ ≅οΩÕ
úΘσ[δΚρ Φτß ≅ûΨκΣν− ëχ↓γ ùΘôΟνε′Υô∴ Θ∴Õ ΘνχΚÃƒ♠Ωô∴ Αµ↑τúΣôÕ
Αµ↑ο Øτ× ♣ÚΣΠλ ùΜµΥκΣγΟ ΦÓúΚôρΚρ+ úΚôγΣôÓΚρ+ ΞûςΥû[Κρ Τσßλ
úΘσ[δΚρ Α€ΥΞσ°←ÚϕÕ 354 ØτùΤô→ÜΚûΖ ΞÚ↑ιΘôν− Ξ⁄↑Υο Σσ°
≅ÓιÕ ΞÚλ ′Ω ≅ιƒΥôΥδΚ↓ο ′Ω úΘôσ[δΚûΖ ♣Ú♦χΚ Ρôλ ΒϕΘ ΦÓúΚôρΚûΖ
ΣΥτΣÓιƒχùΚôρΖΩôλ−

ΒκúΣôÕ+ ëχ↓γ Θ∴Õ ΦÓúΚôρΚρ Τσßλ úΚôγΣôÓΚρ Α€ΥΞσû[χ ùΚôηÓ
′ΩΞσ°τ Ø⁄ÜΚûΖ ΦπΞôß ♣Ú♦ιΘôν ΦτΣûΘ •θχΚôÔλ ΦÓιÕχΚôγ⁄ο Ρôλ
ΚôηúΣôλ−
ΦÓιÕχΚôγÓ 1 : A, B Τσßλ C ΦτΣ∴ ΙÚ úΚôγ⁄τ ÁÕ ≅ûΤϕΘ êτß ×ρ↓Κρ
Τσßλ ×ρ↓ B ΦτΣÕ A Τσßλ C χÏ ΒûΟ♠ο ≅ûΤÙλ+ ∋ΣΟλ 4−6,Η Σôν( Φ±ο
AB + BC = AC Φ∴ ♣ì♦−

ΣΟλ 5.7

ΣΟλ 5.6
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Solution : In the figure given above, AC coincides with AB + BC.

Also, Euclid’s Axiom (4) says that things which coincide with one another are equal to one
another. So, it can be deduced that

AB + BC = AC

Note that in this solution, it has been assumed that there is a unique line passing through two
points.

Example 2 : Prove that an equilateral triangle can be constructed on any given line segment.

Solution : In the statement above, a line segment of any length is given, say AB
        [see Fig. 5.8(i)]

Fig. 5.8

Here, you need to do some construction. Using Euclid’s Postulate 3, you can draw a circle with
point A as the centre and AB as the radius [see Fig. 5.8(ii)]. Similarly, draw another circle with
point B as the centre and BA as the radius. The two circles meet at a point, say C. Now, draw the
line segments AC and BC to form D ABC [see Fig. 5.8 (iii)]

So, you have to prove that this triangle is equilateral, i.e., AB = AC = BC.

Now, AB =   AC, since they are the radii of the same circle (1)

Similarly, AB =   BC (Radii of the same circle) (2)

From these two facts, and Euclid’s axiom that things which are equal to the same thing are equal
to one another, you can conclude that AB = BC = AC.

So, D ABC is an equilateral triangle.

Note that here Euclid has assumed, without mentioning anywhere, that the two circles drawn
with centres A and B will meet each other at a point.

Now we prove a theorem, which is frequently used in different results:
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¾νÜ 9 úΤσΚôÔλ ΣΟιƒο AC ΦτΣÕ AB + BC τ úΤο Ιτ°κúΣô€[Õ− úΤÛλ+
ëχ↓⁄τ ΦÓúΚôρ ∋3(,τ Σ⁄+ ΒςηÓ ςô′Κρ ΙτßΟτ Ιτß ùΣôÚϕƒ∴ôο ≅ûΞ
ΙτßχùΚôτß ΜΤλ+ Φ∴úΞ+ Βƒ←ÚϕÕ Ρôλ ≅°ΞÕ−

AB + BC = AC
ΒϕΘ  ¾ν↑ο+  ΒςηÓ  ×ρ↓Κρ  Ξ→úΥ  Θ±ιΘ  Ιúς  ΙÚ  úΚôÓ  ùΜο€[Õ  Φ∴
ΦÓιÕχùΚôρΖκΣÓΞûΘ Ρôλ ΚôΠΩôλ−

ΦÓιÕχΚôγÓ 1 : ùΚôÓχΚκΣγΟ ΓúΘàλ ΙÚ úΚôγÓιÕη⁄τ ÁÕ ΙÚ ΜΤΣχΚ
ØχúΚôΠλ ΞûςΥΩôλ Φ∴ ♣ì♦−

¾νÜ : úΤσΚôÔλ áσ°ο+ ùΚôÓχΚκΣγΟ ΓúΘàλ ΙÚ ¿Ζλ ùΚôηΟ ΙÚ
úΚôγÓιÕηûΟ AB Φ∴χùΚôρΚ−

ΣΟλ 5.8

ΒδúΚ+ ΣΟλ ΞûςΞΘσÏ ′Ω ΞûςØû[ΚûΖ ùΜµΥ úΞηÓλ− ëχ↓⁄τ úΚôγΣôÓ
2,Η ΣΥτΣÓιƒ+ ×ρ↓ A  Η ûΤΥΤôΚÜλ AB Η ΑςΤôΚÜλ ùΚôηÓ ΙÚ ΞγΟλ
ΞûςΥΩôλ ∋ΣΟλ 4−7 (ii) ,Η Σôν(− ≅úΘΣôο B Η ûΤΥΤôΚÜλ BA Η ΑςΤôΚÜλ
ùΚôηÓ Τσù[ôÚ ΞγΟιûΘ ΞûςΥΩôλ− ΒςηÓ ΞγΟδΚÞλ ùΞγ⁄χùΚôρÞλ
×ρ↓ C Φ∴χùΚôρΚ− ΒκúΣôÕ+ úΚôγÓιÕηÓΚρ AC Τσßλ BC ΚûΖ ΞûςϕÕ
D ABC Η ∆ÚΞôχΚÜλ− ∋ΣΟλ 5.8 (iii) Η Σôν(

ΒκúΣôÕ+ ¿δΚρ ∆ÚΞôχ€Υ ΒϕΘ ØχúΚôΠλ ΜΤΣχΚ ØχúΚôΠλ Φ∴ ♣Ú♦χΚκΣΟ
úΞηÓλ− ≅ΘôΞÕ AB = AC = BC

ΒδÏ AB = AC,  ∋Ιúς ΞγΟιƒτ ΑςδΚρ ΦτΣΘôο( (1)

≅úΘúΣôο+AB = BC ∋ΙÚ ΞγΟιƒτ ΑςδΚρ( (2)

úΤσá°Υ ΒςηÓ ΚôςΠδΚρ Τσßλ ëχ±⁄τ ΦÓúΚô↓←ÚϕÕ+ ΒςηÓ ΜΤΤô∴
ςô′Κρ ΙτßχùΚôτß ΜΤλ+ ≅ΘôΞÕ+ AB = BC = AC. Φàλ Ø⁄ÜχÏ ΞςΩôλ−

Φ∴úΞ D ABC ΦτΣÕ ΙÚ ΜΤΣχΚ ØχúΚôΠλ ΑÏλ−

ΒδúΚ+ A Τσßλ B  ΚûΖ ûΤΥδΚΖôΚ ùΚôηΟ ΞγΟδΚρ ΙÚ ×ρ↓♠ο
ùΞγ⁄χùΚôρ€τ[∴ Φàλ ΚÚιƒû∴ ΦϕΘ ΒΟιƒÛλ Ï°κ♦ΟôΤο ëχ↓γ Θ∴Õ
♣ìΣΠιƒο ΣΥτΣÓιƒ ΒÚκΣûΘ ΚΞ±ÙδΚρ−

ΒκúΣôÕ+ Ρôλ ùΞπúΞß Ø⁄ÜΚ↓ο ΣΥτΣÓιΘκΣÓλ Τσù[ôÚ úΘσ[ιûΘ
♣ì♦κúΣôλ−
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Theorem 5.1 : Two distinct lines cannot have more than one point in common.
Proof : Here we are given two lines l and m. We need to prove that they have only one point in
common.

For the time being, let us suppose that the two lines intersect in two distinct points, say P
and Q. So, you have two lines passing through two distinct points P and Q. But this assumption
clashes with the axiom that only one line can pass through two distinct points. So, the assumption
that we started with, that two lines can pass through two distinct points is wrong.

From this, what can we conclude? We are forced to conclude that two distinct lines cannot
have more than one point in common.

EXERCISE 5.1

1. Which of the following statements are true and which are false? Give reasons for your
answers.
(i) Only one line can pass through a single point.
(ii)There are an infinite number of lines which pass through two distinct points.
(iii) A terminated line can be produced indefinitely on both the sides.
(iv) If two circles are equal, then their radii are equal.
(v) In Fig. 5.9, if AB = PQ and PQ = XY, then AB = XY.

Fig. 5.9

2. Give a definition for each of the following terms. Are there other terms that need to be
defined first? What are they, and how might you define them?
(i) parallel lines (ii) perpendicular lines (iii) line segment
(iv) radius of a circle (v) square

3. Consider two ‘postulates’ given below:
(i) Given any two distinct points A and B, there exists a third point C which is in between

A and B.
(ii)There exist at least three points that are not on the same line.
Do these postulates contain any undefined terms? Are these postulates consistent?
Do they follow from Euclid’s postulates? Explain.
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úΘσ[λ 5.1: ΒςηÓ ùΞπúΞ[ô∴ úΚôÓΚρ ΙτßχÏ úΤσΣγΟ ΙÚ ùΣôÕκ×ρ↓ûΥ
ùΣσ°ÚχΚôÕ−

♣ÚΣΠλ : ΒδúΚ ΡΤχÏ ΒςηÓ úΚôÓΚρ  l  Τσßλ  m  Α€ΥûΞ ùΚôÓχΚκΣγÓρΖ∴−
≅Ξσ°σÏ Ιúς ΙÚ ùΣôÕκ×ρ↓ ΤγÓúΤ ∆ηÓ Φ∴ Ρôλ ♣ì♦χΚ úΞη⁄ΥÕ
≅Ξ′Υλ− ≅ϕΘ ΒÚ úΚôÓΚÞχÏλ+ ΒÚ ùΞπúΞß ×ρ↓Κρ  P ΤσßΤ Q Κ↓ο

ùΞγ⁄χùΚôρ€[Õ Φ∴χùΚôρúΞôλ− ΒκúΣôÕ ΡΤχÏ ×ρ↓Κρ P Τσßλ Q Κ↓τ
Ξ→ΥôΚ ùΜοÛλ ΒςηÓ úΚôÓΚρ €ûΟχ€[Õ− Α∴ôο Βχáσß+ ΒςηÓ ùΞπúΞß
×ρ↓Κ↓τ Ξ→ΥôΚ Θ±ιΘ Ιúς ΙÚ úΚôÓ ùΜο€[Õ Φàλ ëχ↓⁄τ ΦÓúΚôÞχÏ
ØςηΣôΟôΚ ∆ρΖÕ− Φ∴úΞ+ ΒςηÓ úΚôÓΚρ ΒςηÓ ùΞπúΞß ×ρ↓Κρ Ξ→úΥ
ùΜοÛλ Φτ[ ΡλØûΟΥ Κ∞κ× ΘΞ[ô∴Õ−

Βƒ←ÚϕÕ Ρôλ Φτ∴ Ø⁄ÜχÏ ΞςΩôλ> ΒςηÓ ùΞπúΞß úΚôÓΚρ ΙτßχÏ
úΤσΣγΟ ΙÚ ùΣôÕκ×ρ↓ûΥ ùΣσ°ÚχΚôÕ−

Σ♠σ′ 5.1

1. •θχΚôÔλ áσßΚ↓ο ΦûΞ ùΤµ Τσßλ ΦûΞ ùΤµΥσ[ûΞ> ∆∴Õ
↑ûΟχΚô∴ ΚôςΠδΚûΖ ΘÚΚ−
(i) ΙÚ ×ρ↓♠τ Ξ→ΥôΚ Ιúς ΙÚ úΚôÓ ΤγÓúΤ ùΜοÛλ−
(ii) ΒςηÓ ùΞπúΞß ×ρ↓Κ↓τ Ξ→ΥôΚ ΦηΠσ[ úΚôÓΚρ ùΜοÛλ−
(iii) ΙÚ Ø⁄Üσ[ úΚôγûΟ ΒςηÓ ΣχΚØλ ≅Ζ↑οΩôΤο ¿Ο⁄χùΚôηúΟ

ùΜοΩôλ−
(iv) ΒςηÓ ΞγΟδΚρ ΜΤλ Φ±ο ≅Ξσ°τ ΑςδΚÞλ ΜΤλ−
(v) ΣΟλ 5.9 ο  AB = PQ Τσßλ  PQ = XY Φ±ο  AB = XY

ΣΟλ 498

2. •θχΚôÔλ ΙπùΞôÚ ùΜôσΚÞχÏλ ΞûςΥû[ ΘÚΚ− ΒûΘ Θ↑νιÕ
ΞûςΥßχΚκΣΟ úΞη⁄Υ ùΜôσΚρ ΓúΘàλ ∆ρΖ∴Ξô> ≅ûΞ ΥôûΞ>
≅Ξσû[ ¿δΚρ ΦπΞôß ΞûςΥßκÀνΚρ>

(i) ΒûΠúΚôÓΚρ (ii)  ùΜδÏιÕχúΚôÓΚρ (iii) úΚôγÓιÕηÓΚρ

(iv) ΞγΟιƒτ Αςλ (v)  ΜÕςλ−

3. •úΨ ùΚôÓχΚκΣγΟ ΒςηÓ úΚôγΣôÓΚûΖ ΚΞ±ÙδΚρ−

(i) A Τσßλ B Α€Υ ΒςηÓ ùΞπúΞß ×ρ↓Κρ ùΚôÓχΚκΣγΟ úΣôÕ+ ≅Ξσ°σÏ
ΒûΟúΥ C  Φàλ ×ρ↓ ≅ûΤ€[Õ−

(ii) Ιúς úΚôγ⁄τ ÁÕ ≅ûΤΥôΘΞôß Ïû[ϕΘκΣγΜλ êτß ×ρ↓Κρ ΒÚχÏλ−

ΒûΞ ëχ↓⁄τ úΚôγΣôγ⁄τ Σ⁄ Μ↔Υô∴Θô> ↑Ξ↔χΚÜλ−
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4. If a point C lies between two points A and B such that AC = BC, then prove that
AC = 1

2
AB. Explain by drawing the figure.

5. In Question 4, point C is called a mid-point of line segment AB. Prove that every line
segment has one and only one mid-point.

6. In Fig. 5.10, if AC = BD, then prove that AB = CD.

Fig. 5.10

7. Why is Axiom 5, in the list of Euclid’s axioms, considered a ‘universal truth’? (Note
that the question is not about the fifth postulate.)

5.3 Summary

In this chapter, you have studied the following points:
1. Though Euclid defined a point, a line, and a plane, the definitions are not accepted by

mathematicians. Therefore, these terms are now taken as undefined.
2. Axioms or postulates are the assumptions which are obvious universal truths. They are not

proved.
3. Theorems are statements which are proved, using definitions, axioms, previously proved

statements and deductive reasoning.
4. Some of Euclid’s axioms were :

(1) Things which are equal to the same thing are equal to one another.
(2) If equals are added to equals, the wholes are equal.
(3) If equals are subtracted from equals, the remainders are equal.
(4) Things which coincide with one another are equal to one another.
(5) The whole is greater than the part.
(6) Things which are double of the same things are equal to one another.
(7) Things which are halves of the same things are equal to one another.

5. Euclid’s postulates were :
Postulate 1 : A straight line may be drawn from any one point to any other point.
Postulate 2 : A terminated line can be produced indefinitely.
Postulate 3 : A circle can be drawn with any centre and any radius.
Postulate  4 : All right angles are equal to one another.
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4. ×ρ↓ C  ΦτΣÕ A  Τσßλ B Α€Υ ΒÚ ×ρ↓ΚÞχÏ ΒûΟúΥ ≅ûΤ€[Õ−
úΤÛλ AC = BC  Φ±ο AC = 

1
2

AB  Φ∴ ♣ì♦− ΣΟλ ΞûςϕÕ ↑ΖχÏΚ−
5. ↑∴ô  4 ο C  ΦτΣÕ AB  úΚôγÓιÕη⁄τ ûΤΥκ×ρ↓ Φτß ≅ûΨχΚκΣÓ€[Õ−

ΙπùΞôÚ úΚôγÓιÕηÓλ Ιúς ΙÚ ûΤΥκ×ρ↓ûΥ ΤγÓλ ùΣσ°ÚχÏλ Φ∴
♣ì♦−

6. ΣΟλ 5.10 ο AC = BD Φ±ο AB = CD Φ∴ ♣ì♦−

ΣΟλ 4−0/

7. ëχ↓⁄τ ΦÓχúΚôρΚ↓τ Ξ↔ûΜ♠ο ∆ρΖ ΦÓúΚôρ 4,Η Γτ ∆ΩΚΖô↑Υ
∆ηûΤΥôΚ ΓσßχùΚôρΖκΣγΟÕ> ∋Ï°κ× 9 ΒϕΘ ↑∴ô ëχ↓⁄τ ΗϕΘôΞÕ
úΚôγΣôÓ ùΘôΟνΣô∴Õ ≅οΩ(−

5.3 Ρôλ Κσ[ûΞ 9

ΒϕΘ ≅ιƒΥôΥιƒο •θχΚôÔλ ΚÚιÕχΚûΖ ¿δΚρ ΚσßχùΚôη≈νΚρ−

1. ×ρ↓+ úΚôÓ+ ΜΤΘΖλ Α€ΥΞσû[ ëχ↓γ ΞûςΥßιΘôÏλ+ ≅ϕΘ ΞûςΥû[ΚûΖ
Κ∞Θ úΤûΘΚρ ΓσßχùΚôρΖ↑οûΩ− ≅Θ∴ôο ΒϕΘ ùΜôσΚρ ΞûςΥßχΚκ
ΣΟôΘûΞ Φ∴ Ρôλ ΚÚΘ úΞηÓλ−

2. ΦÓúΚôρΚρ ≅οΩÕ úΚôγΣôÓΚρ ΦτΣ∴ ùΞ↓κΣûΟΥô∴ ∆ΩΚΖô↑Υ
∆ηûΤΚ↓τ áσßΚρ ΑÏλ− Α∴ôο ≅ûΞΚρ ♣ì♦χΚκΣΟ↑οûΩ−

3. úΘσ[δΚρ ΦτΣûΞ ΞûςΥû[Κρ+ ΦÓúΚôρΚρ+ ΓσΚ∴úΞ ♣Ú♦χΚκΣγΟ ΚÚιÕχΚρ
Τσßλ ↑ƒ↑ΩχÏØû[♠ο ΣÏιΘ°Θο Α€ΥΞσû[χùΚôηÓ ♣ìΣΠλ ùΜµΥκΣγΟ
áσßΚΖôÏλ−

4. ëχ↓⁄τ ΦÓúΚôρΚ↓ο ′Ω 9
(1) Βςô′Κρ ΙτßχùΚôτß ΜΤλ−
(2) ΜΤΤô∴ Βςô′ΚÞΟτ+ ΜΤΤô∴ Βςô′ΚûΖ áγ⁄∴ôο ≅Ξσ°τ ùΤôιΘδΚρ

ΜΤλ−
(3) ΜΤΤô∴ Βςô′Κ↓←ÚϕÕ ΜΤΤô∴ Βςô′ΚûΖ Κ→ιΘôο+≅Ξσ°τ ÁƒΚρ ΜΤλ−
(4) ΙτßχùΚôτß ùΣôÚϕÕλ Βςô′Κρ ΙτßχùΚôτß ΜΤλ−
(5) ØÝûΤΥô∴Õ+ ≅Θτ ΣÏƒûΥ ↑Ο ùΣ↔ΥÕ−
(6) ΜΤΤô∴ Βςô′Κ↓τ ΒÚ ΤΟδÏΚρ ΙτßχùΚôτß ΜΤλ−
(7) ΜΤΤô∴ Βςô′Κ↓τ ΣôƒΚρ ΙτßχùΚôτß ΜΤλ−

5. ëχ↓⁄τ úΚôγΣôÓΚ↓τ ′Ω 9
úΚôγΣôÓ 0 :  ΓúΘàλ ΙÚ ×ρ↓♠←ÚϕÕ Τσù[ôÚ ×ρ↓χÏ ΙÚ úΡνχúΚôγûΟ

   ΞûςΥΩôλ−
úΚôγΣôÓ 1 :  ΙÚ Ø⁄Üσ[ úΚôγûΟ ≅Ζ↑οΩôΤο ¿γ⁄χΚΩôλ−

úΚôγΣôÓ 2 :  ΓúΘàλ ΙÚ ûΤΥιûΘÙλ+ ΓúΘàλ ΙÚ ΑςιûΘÙλ ùΚôηÓ ΙÚ
      ΞγΟλ ΞûςΥΩôλ−

úΚôγΣôÓ 3 :  ≅û∴ιÕ ùΜδúΚôΠδΚÞλ ΙτßχùΚôτß ΜΤλ−
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CHAPTER 6

LINES AND ANGLES

6.1 Introduction

In Chapter 5, you have studied that a minimum of two points are required to draw a line. You
have also studied some axioms and, with the help of these axioms, you proved some other
statements. In this chapter, you will study the properties of the angles formed when two lines
intersect each other, and also the properties of the angles formed when a line intersects two or
more parallel lines at distinct points. Further you will use these properties to prove some
statements using deductive reasoning (see Appendix 1). You have already verified these statements
through some activities in the earlier classes.

In your daily life, you see different types of angles formed between the edges of plane
surfaces. For making a similar kind of model using the plane surfaces, you need to have a
thorough knowledge of angles. For instance, suppose you want to make a model of a hut to keep
in the school exhibition using bamboo sticks. Imagine how you would make it? You would keep
some of the sticks parallel to each other, and some sticks would be kept slanted. Whenever an
architect has to draw a plan for a multistoried building, she has to draw intersecting lines and
parallel lines at different angles. Without the knowledge of the properties of these lines and
angles, do you think she can draw the layout of the building?

In science, you study the properties of light by drawing the ray diagrams.
For example, to study the refraction property of light when it enters from one medium to the
other medium, you use the properties of intersecting lines and parallel lines. When two or
more forces act on a body, you draw the diagram in which forces are represented by directed
line segments to study the net effect of the forces on the body. At that time, you need to know
the relation between the angles when the rays (or line segments) are parallel to or intersect
each other. To find the height of a tower or to find the distance of a ship from the light house,
one needs to know the angle formed between the horizontal and the line of sight. Plenty of
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úΚôÓΚρ Τσßλ úΚôΠδΚρ

≅ιƒΥôΥλ 6

úΚôÓΚρ Τσßλ úΚôΠδΚρ

6.1 Øτàûς 9

ΙÚ úΚôÓ ΞûςΞΘσÏ Ïû[ϕΘÕ ΒςηÓ ×ρ↓Κρ úΘûΞ ΦτΣûΘ ¿δΚρ
≅ιƒΥôΥλ 4 ο Σ⁄ιÕρÇνΚρ− úΤÛλ ΒΘàΟτ ′Ω ùΞ↓κΣûΟ ∆ηûΤΚûΖÙλ
¿δΚρ ΚσßρÇνΚρ− ΒϕΘ ùΞ↓κΣûΟ ∆ηûΤ♠τ ∆Θ↑ÙΟτ ′Ω áσßΚûΖÙλ
♣ì♦ι¾νΚρ− ΒϕΘ ≅ιƒΥôΥιƒο ΒςηÓ úΚôÓΚρ Ιτû[ùΥôτß ùΞγ⁄χùΚôρÞλ
úΣôÕ ∆ÚΞôÏλ úΚôΠδΚ↓τ Ση×ΚûΖÙλ úΤÛλ ΙÚ úΡνχúΚôÓ ΒςηÓ
≅οΩÕ ≅ΘσÏ úΤσΣγΟ ΒûΠ úΚôÓΚûΖ ùΞπúΞß ×ρ↓Κ↓ο ùΞγ⁄χùΚôρÞλ
úΣôÕ ΓσΣÓλ úΚôΠδΚ↓τ Ση×ΚûΖ Σσ°Ùλ ΚσúΣôλ− úΤÛλ ¿δΚρ ΣÏιΘ°
Øû[ êΩλ ′Ω áσßΚûΖ ♣ìκΣΘσÏ Øτ∴ν ΒιΘûΚΥ Ση×ΚûΖ áσßΚûΖ
ΓσΚ∴úΞ ¿δΚρ ØϕûΘΥ ΞÏκ×Κ↓ο Μ↔ΣôνιÕρÇνΚρ−

∆δΚÞûΟΥ ≅τ[ôΟ ΞôθχûΚ♠ο ΜΤΘΖδΚ↓τ ↑↓λ×ΚÞχ€ûΟúΥ ΣοúΞß
↑ΘΤô∴ úΚôΠδΚρ ∆ÚΞô€ ΒÚκΣûΘ ΣôνιƒÚκÀνΚρ− ΒπΞô[ô∴ ∆ÚΞ Τôƒ↔ΚûΖ
∆ÚΞôχΚ úΚôΠδΚρ Σσ°Υ ØÝûΤΥô∴ ≅°Ü úΘûΞκΣÓ€[Õ− ΙÚúΞûΖ ¿δΚρ
êδ€ο Ïε′ΚûΖ ΣΥτΣÓιƒ Ï⁄ûΜ ∆ÚΞΤôƒ↔ Ιτû[ ùΜµÕ Σρ↓χáΟκ
ùΣôÚγΚôγ′♠ο ûΞχΚ úΞηÓùΤτ[ôο ≅ûΘ ΦπΞôß ùΜµƒÚκΣôνΚρ Φτß
ΚσΣû∴ ùΜµÕΣôν− ′Ω Ïε′Κρ ΙτßχùΚôτß ΒûΠΥôΚÜλ+ ′Ω Ïε′Κρ
ΜôµΞôΚÜλ ûΞιƒÚκΣôνΚρ− Κγ⁄ΟχΚûΩ ♣×Πν ≅ÓχÏΤô⁄ Κγ⁄ΟδΚûΖ
ΚγÓΞΘσΚô∴ ƒγΟ ΞûςΣΟδΚρ ΞûςϕƒÚκΣûΘ ΦκùΣôÝΘôΞÕ ΣôνιΘÕηΟô> ≅Ξσ°ο
ΣοúΞßΣγΟ úΚôΠδΚ↓ο ′Ω úΚôÓΚρ ΒûΠΥôΚÜλ+ ′Ω úΚôÓΚρ ÏßχÏ
ùΞγΟôΚÜλ ΞûςΥκΣγ⁄ÚχÏλ− ΒιΘûΚΥ úΚôÓΚρ Τσßλ úΚôΠδΚ↓τ Ση×Κρ
Σσ°Υ ùΘ↓Ü Βτ° ≅ÓχÏΤô⁄ Ï⁄♠Úκ× ƒγΟ ΞûςΣΟδΚûΖ ΞûςΥØ⁄ÙΤô> Φ∴
♣û∴ιÕκΣôÚδΚρ−

≅°↑Υο  ΣôΟιƒο  Ι↓χΚƒν  ΞûςϕÕ  Ι↓♠τ  Ση×ΚûΖ  Ρôλ
Σ⁄ιƒÚχ€τú[ôλ− ΦÓιÕχΚôγΟôΚ ΙÚ ΕΟΚιƒ←ÚϕÕ Τσù[ôÚ ΕΟΚιƒσÏ Ι↓χΚƒν
ÖûΨÙλúΣôÕ Ι↓♠τ ♦ςΣƒΣ←κ× Ση♦û∴ Σ⁄χΚ Ρôλ ΒûΠúΚôÓΚρ Τσßλ
ÏßχÏùΞγÓχ úΚôÓΚ↓τ Ση×ΚûΖ ΣΥτΣÓιÕ€ú[ôλ− ΙÚ ùΣôÚ↓τ ÁÕ ΒςηÓ
≅οΩÕ ≅ΘσÏ ≅ƒΚΤô∴ ↑ûΜΚρ ùΜΥοΣÓλúΣôÕ ≅ϕΘ ↑ûΜΚ↓τ ùΘôÏκ♦û∴
ΚσΚÜλ+ ΦϕΘ ΙÚ ↑ûΜ♠τ ΣΟιûΘÙλ Ρôλ úΡνχúΚôγÓι ÕηÓΚΖôο Ï°χ€τú[ôλ−
≅úΘ úΡςιƒο ¿δΚρ ΚƒνΚρ ≅οΩÕ úΚôÓΚρ Ιτû[ùΥôτß  ùΞγ⁄χùΚôρÞλúΣôÕ
ΓσΣÓλ úΚôΠδΚρ Τσ[λ ΒΞσ°σÏ ΒûΟ♠ο ∆ρΖ ùΘôΟνûΣ ≅°ϕÕùΚôρΖ
úΞηÓλ− ΙÚ úΚô×ςιƒτ ∆ΥςιûΘ ΚΠχ€ΟÜλ ≅οΩÕ ΚΩδΚûς ↑Ζχ€←ÚϕÕ
ΙÚ ΚκΣο ∆ρΖ çςιûΘ ΚηΟ°ΥÜλ ΣôνûΞ úΚôγ⁄σÏλ €ûΟΤγΟ úΚôγ⁄σÏλ
ΒûΟúΥ ΓσΣÓλ úΚôΠιûΘ ≅°Υ úΞηÓλ−
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other examples can be given where lines and angles are used. In the subsequent chapters of
geometry, you will be using these properties of lines and angles to deduce more and more
useful properties.

Let us first revise the terms and definitions related to lines and angles learnt in earlier
classes.

6.2 Basic Terms and Definitions

Recall that a part (or portion) of a line with two end points is called a line-segment and a part
of a line with one end point is called a ray. Note that the line segment AB is denoted by AB , and
its length is denoted by AB. The ray AB is denoted by AB

uuur , and a line is denoted by AB
suur . However,,

we will not use these symbols, and will denote the line segment AB, ray AB, length AB and
line AB by the same symbol, AB. The meaning will be clear from the context. Sometimes small
letters l, m, n, etc. will be used to denote lines.

If three or more points lie on the same line, they are called collinear points; otherwise
they are called non-collinear points.

Recall that an angle is formed when two rays originate from the same end point. The rays
making an angle are called the arms of the angle and the end point is called the vertex of the
angle. You have studied different types of angles, such as acute angle, right angle, obtuse angle,
straight angle and reflex angle in earlier classes (see Fig. 6.1).

       (i) acute angle : 0° < x < 90°   (ii) right angle : y = 90°         (iii) obtuse angle : 90° < z < 180°

                    (iv) straight angle : s = 180°                                (v) reflex angle : 180° < t < 360°
Fig. 6.1 : Types of Angles
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úΡνχúΚôÓΚρ Τσßλ úΚôΠδΚûΖ ΣΥτΣÓιÕλ ΦηΠσ[ ΦÓιÕχΚôγÓΚûΖ
á[Ωôλ− ùΘôΟνϕÕ ΞÚλ Ξ⁄↑Υο ΣôΟδΚ↓ο ¿δΚρ úΚôÓΚρ Τσßλ úΚôΠδΚ↓τ
Ση×ΚûΖ ΣΥτΣÓιƒ úΤÛλ ΣΩ ΣΥàρΖ Ση×ΚûΖ ùΘ↔ϕÕùΚôρÅνΚρ−

ØΘ←ο ØϕûΘΥ ΞÏκ×Κ↓ο ΚσßχùΚôηΟ úΚôÓΚρ Τσßλ úΚôΠδΚÞΟτ
ùΘôΟν×ûΟΥ ΚÚιÕχΚρ Τσßλ ΞûςΥû[ΚûΖ ÁρΣôνûΞ ùΜµúΞôλ−

6.2 ≅⁄κΣûΟ ùΜôσΚρ Τσßλ ΞûςΥû[Κρ

ΒςηÓ Ø⁄Üκ×ρ↓ΚÞΟτ ΒÚχÏλ úΚôγ⁄τ ΙÚ ΣÏƒ úΚôγÓιÕηÓ Φ∴Üλ+
ΙÚ Ø⁄Üκ×ρ↓ÙΟτ ΒÚχÏλ úΚôγ⁄τ ΣÏƒûΥ Κƒν Φ∴Üλ ≅ûΨχΚκΣÓ€[Õ
ΦτΣûΘ ♣û∴ÜκΣÓιƒχ ùΚôρúΞôλ− úΚôγÓιÕηÓ AB Φτßλ ≅ΘàûΟΥ ¿ΖιûΘ

AB  Φτßλ Ï°ιÕχΚôγÓ€ú[ôλ− Κƒν AB Η AB
uuur  Φτßλ úΚôÓ AB Η AB

suur  Φτßλ
Ï°ιÕχΚôγÓ€ú[ôλ− Α♠àλ Ρôλ ΒϕΘ Ï°ΚûΖ ΣΥτΣÓιÕΞƒοûΩ− Τô[ôΚ
úΚôγÓιÕηÓ AB Κƒν AB ¿Ζλ AB úΡνχúΚôÓ AB Φτ[ Ιúς Τôƒ↔Υô∴ Ï°♠γΟôο

Ï°κúΣôλ− ΒΘ∴ôο AB ΦτΣÕ ≅Θτ ≅ûΤκ♦←ÚϕÕ ùΣôÚρ ΤôßΣÓ€[Õ− ′Ω

ΜΤδΚ↓ο úΚôÓΚûΖ Αδ€Ω ′°Υ ΦÝιÕχΚΖô∴ l,m,n, úΣôτ[Ξσ[ôο Ï°χ€ú[ôλ−

êτß ≅οΩÕ ≅ΘσÏ ≅ƒΚΤô∴ ×ρ↓Κρ ΙÚ úΚôγ⁄τ úΤο ≅ûΤϕƒÚϕΘôο
≅Ξσû[ Ιúς úΡνúΚôγ⁄ο ≅ûΤϕΘ×ρ↓Κρ ΙÚ úΚôΟûΤÜ ×ρ↓Κρ Φ∴Üλ ≅πΞôß
≅ûΤΥô↑⁄ο ≅Ξσû[ úΡνχúΚôγ⁄ο ≅ûΤΥô ×ρ↓Κρ Φ∴Üλ ≅ûΨχΚκΣÓ€[Õ−

ΒςηÓ ΚƒνΚρ ΙÚ ùΣôÕΞô∴ Ø⁄Ü ×ρ↓♠←ÚϕÕ ùΘôΟδÏλúΣôÕ úΚôΠλ
ΓσΣÓ€[Õ ΦτΣûΘ ♣û∴κΣÓιƒχùΚôρúΞôλ− úΚôΠιûΘ ∆ηΟôχÏλ ΒϕΘ ΚƒνΚûΖ
úΚôΠιƒτ ×ΥδΚρ Φ∴Üλ ≅ϕΘ Κƒ↔àûΟΥ Ø⁄Üκ×ρ↓ûΥ úΚôΠιƒτ ∆ε′
Φτßλ ≅ûΨχ€ú[ôλ− ØϕûΘΥ ΞÏκ×Κ↓ο ÏßδúΚôΠλ+ ùΜδúΚôΠλ+ ↑↔úΚôΠλ+
úΡνúΚôΠλ Τσßλ ♦τ ΞûΖÜ úΚôΠλ úΣôτ[ ΣΩΞûΚΥô∴ úΚôΠδΚûΖκ
Σσ° Σ⁄ιÕρÇςΚρ− (ΣΟλ 5Η Σôν)

       (i) ÏßδúΚôΠλ : 0° < x < 90°  (ii) ùΜδúΚôΠλ : y = 90°          (iii) ↑↔úΚôΠλ : 90° < z < 180°

                    (iv) úΡνúΚôΠλ : s = 180°                                (v) ♦τΞûΖÜ úΚôΠλ : 180° < t < 360°

ΣΟλ 6.1 : úΚôΠδΚ↓τ ΞûΚΚρ
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An acute angle measures between 0° and 90°, whereas a right angle is exactly equal to
90°. An angle greater than 90° but less than 180° is called an obtuse angle. Also, recall that a
straight angle is equal to 180°. An angle which is greater than 180° but less than 360° is called
a reflex angle. Further, two angles whose sum is 90° are called complementary angles, and
two angles whose sum is 180° are called supplementary angles.

You have also studied about adjacent angles in the
earlier classes (see Fig. 6.2). Two angles are adjacent, if
they have a common vertex, a common arm and their non-
common arms are on different sides of the common arm.
In Fig. 6.2, Ð ABD and Ð DBC are adjacent angles. Ray
BD is their common arm and point B is their common
vertex. Ray BA and ray BC are non common arms.
Moreover, when two angles are adjacent, then their sum is
always equal to the angle formed by the two non-common
arms. So, we can write

Ð ABC = Ð ABD + Ð DBC.

Note that Ð ABC and Ð ABD are not adjacent angles.
Why? Because their non-common arms BD and BC lie on
the same side of the common arm BA.

If the non-common arms BA and BC in
Fig. 6.2, form a line then it will look like Fig. 6.3. In this
case, Ð ABD and Ð DBC are called linear pair of angles.

You may also recall the vertically opposite angles
formed when two lines, say AB and CD, intersect each
other, say at the point O (see Fig. 6.4). There are two pairs
of vertically opposite angles.

One pair is ÐAOD and ÐBOC. Can you find the other
pair?

Fig. 6.2 : Adjacent angles

Fig. 6.3 : Linear pair of angles

Fig. 6.4 : Vertically opposite
angles
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ΣΟλ 6.2 : ≅ÓιÕρΖ
úΚôΠδΚρ

ΣΟλ 6.3 : úΚôγÓ úΚôΠ
ú⊥ô⁄Κρ

ΣΟλ 6 .4 : ÏιùΘƒν
úΚôΠδΚρ

ÏßδúΚôΠλ 0° Τσßλ 90° ≅ΖÜχÏ ΒûΟ♠Ûλ+ 90° ≅ΖÜχÏ ΜΤΤô∴ úΚôΠιûΘ
ùΜδúΚôΠλ Φ∴Üλ+ 90° Τσßλ 180° ΒûΟ♠ÛρΖ úΚôΠιûΘ ↑↔úΚôΠλ Φτßλ+
180° χÏ ΜΤΤôΚ ΒÚκΣûΘ úΡνχúΚôΠλ Φτßλ− 180° Η ↑Ο ≅ƒΚΤôΚÜλ Α∴ôο
360° Η ↑Ο Ïû[ΞôΚÜλ ∆ρΖ úΚôΠιûΘ ♦τΞûΖÜ úΚôΠλ Φτß ≅ûΨχΚκ
ΣÓΞûΘ ♣û∴ÜχÏ ùΚôηÓ ΞÚúΞôλ− úΤÛλ ΒςηÓ úΚôΠδΚ↓τ áÓΘο 90°
ΑΚ ΒÚκΣûΘ ♣ςκ×χúΚôΠλ Φ∴Üλ+ ΒςηÓ úΚôΠδΚ↓τ áÓΘο 180° ΑΚ
ΒÚκΣûΘ ♥ûΚ ♣ςκ×χúΚôΠλ Φ∴Üλ ≅ûΨχΚκΣÓ€τ[∴−

≅ÓιÕρΖ úΚôΠδΚûΖκ Σσ° ØϕûΘΥ
ΞÏκ×Κ↓ο Σ⁄ιÕρÇνΚρ ∋ΣΟλ 5−1Η Σôν(− ΒςηÓ
úΚôΠδΚρ ùΣôÕ ∆ε′ûΥÙλ ùΣôÕ ×ΥιûΘÙλ
ùΣσ°ÚϕÕ ùΣôÕΞôΚ ΒοΩôΘ ×ΥδΚρ ùΣôÕ
×ΥιƒσÏ ΒÚ ×ΥδΚ↓Ûλ ≅ûΤϕƒÚϕΘôο ≅Ξσû[
≅ÓιÕρΖ úΚôΠδΚρ Φτß ≅ûΨχ€ú[ôλ− ΣΟλ
5−1Βο  ÐABD Τσßλ ÐDBC Α€ΥûΞ ≅ÓιÕρΖ
úΚôΠδΚρ+ Κƒν  BD ΒΞσ°τ ùΣôÕΞô∴ ×Υλ
Τσßλ ×ρ↓ B ΒΞσ°τ ùΣôÕΞô∴ ∆ε′− Κƒν BA
Τσßλ Κƒν BC ùΣôÕ ≅οΩôΘ ×ΥδΚρ−
≅ÕΤγÓΤοΩôΤο ΒςηÓ úΚôΠδΚρ ≅ÓιÕρΖ
úΚôΠδΚρ Φ±ο ≅Ξσ°τ ùΤôιΘλ ùΣôÕ ≅οΩôΘ
×ΥδΚΖôο ΓσΣÓλ úΚôΠδΚ↓τ áÓΘÛχÏ ΜΤλ−
ΑûΚΥôο Ð ABC = Ð ABD + Ð DBC Φ∴ ΦÝΘΩôλ−

 Ð ABC Τσßλ  Ð ABD Α€ΥûΞ ≅ÓιÕρΖ
úΚôΠδΚρ ≅οΩ ΦτΣûΘ ΚΞ±− Γτ> Γù∴±ο
ùΣôÕΞô∴ ×Υλ BA χÏ Ιúς ΣχΚιƒο ΙÚ ΣχΚιƒο
BD Τσßλ  BC Φτ[ ùΣôÕ ≅οΩôΘ ×ΥδΚρ ∆ρΖ∴−

ΣΟλ 5−1Βο ùΣôÕ ≅οΩôΘ ×ΥδΚρ  BA Τσßλ
BC ΙÚ úΡνχúΚôγûΟ ΓσΣÓιƒ∴ôο ≅Õ ΣΟλ 5−2Η
úΣôο ΒÚχÏλ− ΒκùΣôÝÕ Ð ABD Τσßλ Ð DBC
Α€ΥΞσû[ úΚôγÓ úΚôΠ ú⊥ô⁄Κρ ΦτΣν−

AB Τσßλ  CD Φτ[ ΒςηÓ úΚôÓΚρ
Ιτû[ùΥôτß ×ρ↓ O Βο ùΞγ⁄χùΚôρÞλ úΣôÕ
ΓσΣÓλ ÏιùΘƒν úΚôΠδΚρ ΓσΣÓλ ΦτΣûΘ
♣û∴Ü áßδΚρ−

 ÐAOD Τσßλ ÐBOC. Α€ΥûΞ ΙÚ ú⊥ô⁄ ÏιùΘƒν
úΚôΠδΚρ ΑÏλ Τσù[ôÚ ú⊥ô⁄ ÏιùΘƒν

úΚôΠιûΘ ∆δΚΖôο ΚηÓ♦⁄χΚ Ø⁄ÙΤô?
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6.3 Intersecting Lines and Non-intersecting Lines

Draw two different lines PQ and RS on a paper. You will see that you can draw them in two
different ways as shown in Fig. 6.5 (i) and Fig. 6.5 (ii).

(i) Intersecting lines (ii) Non-intersecting (parallel) lines

Fig. 6.5 : Different ways of drawing two lines

Recall the notion of a line, that it extends indefinitely in both directions. Lines PQ and RS
in Fig. 6.5 (i) are intersecting lines and in Fig. 6.5 (ii) are parallel lines. Note that the lengths of
the common perpendiculars at different points on these parallel lines is the same. This equal
length is called the distance between two parallel lines.

6.4 Pairs of Angles

In Section 6.2, you have learnt the definitions of some of the
pairs of angles such as complementary angles, supplementary
angles, adjacent angles, linear pair of angles, etc. Can you think
of some relations between these angles? Now, let us find out
the relation between the angles formed when a ray stands on a
line. Draw a figure in which a ray stands on a line as shown in
Fig. 6.6. Name the line as AB and the ray as OC. What are the
angles formed at the point O? They are Ð AOC, Ð BOC and Ð
AOB.

Can we write Ð AOC + Ð BOC = Ð AOB? (1)

Yes! (Why? Refer to adjacent angles in Section 6.2)

What is the measure of Ð AOB? It is 180°. (Why?) (2)

From (1) and (2), can you say that Ð AOC + Ð BOC = 180°? Yes! (Why?)

From the above discussion, we can state the following Axiom:

Fig. 6.6 : Linear pair of angles
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ΣΟλ 6.6 : úΚôγÓ úΚôΠ
ú⊥ô⁄Κρ

6.3 ùΞγ⁄χùΚôρÞλ úΚôÓΚρ Τσßλ ùΞγ⁄χùΚôρΖôΘ úΚôÓΚρ

ΙÚ Θô↓τ ÁÕ PQ Τσßλ RS Φàλ ΒςηÓ ùΞπúΞ[ô∴ úΚôÓΚûΖ ΞûςΚ−
ΣΟλ 5−4 (i) Τσßλ ΣΟλ 5−4 (ii)Βο Κôγ⁄ΥΞôß ≅Ξσû[ ùΞπúΞß Ξ→Κ↓ο
ΞûςΥ Ø⁄Ùλ ΦτΣûΘ ΚΞ±−

(i) ùΞγ⁄χùΚôρÞλ úΚôÓΚρ           (ii) ùΞγ⁄χùΚôρΖôΘ ∋ΒûΠ( úΚôÓΚρ

ΣΟλ 6.5 : ΒςηÓ úΚôÓΚûΖ ùΞπúΞß Ξ→Κ↓ο ΞûςΘο

ΙÚ úΡνχúΚôγûΟ ≅Θτ Ï°ÂûΟ ùΣôßιÕ ΒςηÓ ƒûΜΚ↓Ûλ Ø⁄↑οΩôΤο
¿γ⁄ ΞûςΥΩôλ ΦτΣûΘ ♣û∴Ü áßδΚρ− ΣΟλ 6.5 (i) ο PQ  Τσßλ RS Α€ΥûΞ
ùΞγÓλ úΚôÓΚρ Τσßλ ΣΟλ  6.5 (ii) ο ≅ûΞ ΒûΠúΚôÓΚΖôΚ ΒÚχ€τ[∴− ΒϕΘ
ΒûΠúΚôÓΚ↓τ ÁÕ ùΞπúΞ[ô∴ ×ρ↓Κ↓ο ∆ρΖ ùΣôÕΞô∴ ùΜδÏιÕ ¿ΖδΚρ
ΜΤΤôΚ ΒÚκΣûΘ ΚΞ±− ΒϕΘ ΜΤΤô∴ ¿ΖιûΘ ΒςηÓ ΒûΠúΚôÓΚÞχ€ûΟκΣγΟ
çςλ Φτß ≅ûΨκΣν−
6.4 úΚôΠδΚ↓τ ú⊥ô⁄Κρ

6.2 ♦↔↑ο ♣ςκ×χúΚôΠδΚρ+ ♥ûΚ ♣ςκ×χ
úΚôΠδΚρ+ ≅ÓιÕρΖ  úΚôΠδΚρ+ úΚôγÓ
úΚôΠδΚρ úΣôτ[Ξσ°τ ΞûςΥû[ΚûΖ
ΚσßρÇνΚρ+ ΒιΘûΚΥ úΚôΠδΚÞχÏ ΒûΟúΥ
∆ρΖ ùΘôΟν×Κρ ′ΩΞσû[ ♣û∴ιÕκ
Σôνι¾νΚΖô> ΒκùΣôÝÕ ΙÚ úΚôγ⁄τ úΤο ΙÚ
Κƒν ≅ûΤÙλΣ⁄ ΣΟλ Ιτß ΞûςΚ− ≅ƒο úΚôÓ
AB Τσßλ Κƒν OC Φ∴ ùΣΥ↔ÓΚ− ΦπΞûΚΥô∴
úΚôΠδΚρ O Βο ΓσΣÓ€τ[∴> ≅ûΞ ÐAOC,
ÐBOC Τσßλ ÐAOB. ΑÏλ−

ÐAOC + ÐBOC = ÐAOB Φ∴ ΦÝΘ Ø⁄ÙΤô> (1)

Αλ ∋Γτ>( 5−1 ♦↔↑ο ∆ρΖ ≅ÓιÕρΖ úΚôΠδΚûΖ ΣôÚδΚρ(

Ð AOB Βτ ≅ΖÜ ΦπΞΖÜ> ≅ûΞ 180° ΑÏλ ∋Γτ>(−−−−−−− (2)
(1) Τσßλ (2) ←ÚϕÕ Ð AOC + Ð BOC = 180° Φ∴ ∆δΚΖôο á[Ø⁄ÙΤô>)
Αλ ∋Γτ>( úΤσΚηΟ Ø⁄↑û∴ ΚΩϕΘôúΩô′ιΘ ♦[Ï ♦τΞÚλ ùΞ↓κΣûΟ
∆ηûΤΥôµ ΡλΤôο á[Ø⁄Ùλ−
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Axiom 6.1 : If a ray stands on a line, then the sum of two adjacent angles so formed is 180°.

Recall that when the sum of two adjacent angles is 180°, then they are called a linear pair
of angles.

In Axiom 6.1, it is given that ‘a ray stands on a line’. From this ‘given’, we have concluded
that ‘the sum of two adjacent angles so formed is 180°’. Can we write Axiom 6.1 the other way?
That is, take the ‘conclusion’ of Axiom 6.1 as ‘given’ and the ‘given’ as the ‘conclusion’. So it
becomes:

(A) If the sum of two adjacent angles is 180°, then a ray stands on a line (that is, the non-
common arms form a line).

Now you see that the Axiom 6.1 and statement (A) are in a sense the reverse of each others.
We call each as converse of the other. We do not know whether the statement (A) is true or not.
Let us check. Draw adjacent angles of different measures as shown in Fig. 6.7. Keep the ruler
along one of the non-common arms in each case. Does the other non-common arm also lie
along the ruler?

Fig. 6.7 : Adjacent angles with different measures
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ùΞ↓κΣûΟ ∆ηûΤ 6.1 : ΙÚ úΚôγ⁄τ ÁÕ ΙÚ Κƒν ≅ûΤÙΤô∴ôο ≅Θ∴ôο
∆ÚΞôÏλ ≅ÓιÕρΖ úΚôΠδΚ↓τ áÓΘο 180°.  ΑÏλ−

ΒςηÓ ≅ÓιÕρΖ úΚôΠδΚ↓τ áÓΘο 180° Φ±ο ≅ϕΘ úΚôΠδΚρ
úΚôγÓχúΚôΠ ú⊥ô⁄ΚρΦτß ≅ûΨχΚκΣÓΞûΘ ♣û∴Ü áßδΚρ−

ùΞ↓κΣûΟ ∆ηûΤ 5−0Βο ΙÚ úΚôγ⁄τ úΤο ΙÚ Κƒν ≅ûΤϕÕρΖÕ Φ∴
ùΚôÓχΚκΣγÓρΖÕ− ΒΘ∴ôο ΓσΣÓλ ΒςηÓ ≅ÓιÕρΖ úΚôΠδΚ↓τ áÓΘο
180° ΑÏλ Φτ[ Ø⁄ÜχÏ Ρôλ ΞςΩôλ ùΞ↓κΣûΟ ∆ηûΤ 5−0Η úΞß Øû[♠ο
ΦÝΘ Ø⁄ÙΤô> ≅ΘôΞÕ ùΞ↓κΣûΟ ∆ηûΤ 5−0τ ùΘôÏκûΣ Ø⁄ΞôΚÜλ+ Ø⁄ûΞ
ùΘôÏκΣôΚÜλ ΦÓιÕχùΚôηΟôο ΒÕ ♦τΞÚΤôß ΒÚχÏλ−

(A) ΒςηÓ ≅ÓιÕρΖ úΚôΠδΚ↓τ áÓΘο 180° ΒÚχÏúΤΥô∴ôο ≅ûΞ ΙÚ
úΚôγ⁄τ ÁÕ ΙÚ Κƒν ≅ûΤϕƒÚχÏλ ∋≅ΘôΞÕ ùΣôÕ ≅οΩôΘ ×ΥδΚρ úΡνúΚôγûΟ
ΓσΣÓιÕλ(

ΒκùΣôÝÕ ¿δΚρ ùΞ↓κΣûΟ ∆ηûΤ 5−0 Τσßλ áσß (A) Α€ΥûΞ Ιτß
Τσù[ôτ°τ ΤßΘûΩΥôΚ ΒÚκΣûΘ ΚôΠ Ø⁄€[Õ− Ρôλ ΒΞσû[ Ιτß Τσù[ôτ°τ
ΤßΘûΩ Φτ€ú[ôλ− áσß (A) ∆ηûΤΥô ≅οΩÕ ∆ηûΤΥσ[Θô Φ∴ ΡΤχÏ
ùΘ↔ΥôÕ− ΒκùΣôÝÕ ΒûΘ Μ↔ΣôνκúΣôλ− ΣΟλ 5−6ο Κôγ⁄ΥΞôß ùΞπúΞß úΚôΠ
≅ΖÜΚ↓ο ≅ÓιÕρΖ úΚôΠδΚûΖ ΞûςΚ− ΙπùΞôÚ ΞûΚ♠Ûλ ùΣôÕΞôΚ ΒοΩôΘ
ΒςηÓ ×ΥδΚ↓ο ΙÚ ×Υιƒτ ↑↓λúΣôÓ ≅ΖÜúΚôûΩ ûΞχΚÜλ− ùΣôÕΞôΚ
ΒοΩôΘ Τσù[ôÚ ×Υιƒτ ↑↓λúΣôÓ ≅ΖÜúΚôο ùΣôÚϕÕ€[Θô>

ΣΟλ 6.7 : ùΞπúΞß ≅ΖΞΚûΖÙûΟΥ ≅ÓιÕρΖ úΚôΠδΚρ
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You will find that only in Fig. 6.7 (iii), both the non-common arms lie along the ruler, that is,
points A, O and B lie on the same line and ray OC stands on it. Also see that Ð AOC + Ð COB =
125° + 55° = 180°. From this, you may conclude that statement (A) is true. So, you can state in
the form of an axiom as follows:

Axiom 6.2 : If the sum of two adjacent angles is 180°, then the non-common arms of the
angles form a line.

For obvious reasons, the two axioms above together is called the Linear Pair Axiom.

Let us now examine the case when two lines intersect each other.

Recall, from earlier classes,  that when two lines intersect, the vertically opposite angles
are equal. Let us prove this result now. See Appendix 1 for the ingredients of a proof, and keep
those in mind while studying the proof given below.

Theorem 6.1 : If two lines intersect each other, then the vertically opposite angles are equal.

Proof : In the statement above, it is given that ‘two lines
intersect each other’. So, let AB and CD be two lines
intersecting at O as shown in Fig. 6.8. They lead to two
pairs of vertically opposite angles, namely,

(i) Ð AOC and Ð BOD (ii) Ð AOD and
Ð BOC.

We need to prove that Ð AOC = Ð BOD and Ð AOD = Ð
BOC.

Now, ray OA stands on line CD.

Therefore, Ð AOC + Ð AOD = 180° (Linear pair axiom) (1)

Can we write Ð AOD + Ð BOD = 180°? Yes! (Why?) (2)

From (1) and (2), we can write

                                  Ð AOC + Ð AOD = Ð AOD + Ð BOD

This implies that Ð AOC = Ð BOD (Refer Section 5.2, Axiom 3)

Similarly, it can be proved that ÐAOD = ÐBOC

Now, let us do some examples based on Linear Pair Axiom and Theorem 6.1.

Fig. 6.8 : Vertically opposite angles



1499 Αλ ΞÏκ× Κ∞Θλ

úΚôÓΚρ Τσßλ úΚôΠδΚρ

ΣΟλ 6.8 : ÏιùΘƒνúΚôΠδΚρ

ΣΟλ 6.7 (iii) Βο ΤγÓúΤ ùΣôÕΞôΚ ≅οΩôΘ ΒςηÓ ×ΥδΚ↓τ ↑↓λúΣôÓ
Ιτß€[Õ ΦτΣûΘ ΚôΠΩôλ− ≅ΘôΞÕA, O Τσßλ B Α€ΥûΞ Ιúς úΡνχúΚôγ⁄τ
ÁÕ ≅ûΤϕÕρΖ∴− úΤÛλ Κƒν OC úΚôγ⁄τ ÁÕ ≅ûΤϕÕρΖÕ− ≅ÕΤγÓΤοΩôΤο
ÐAOC+Ð COB = 125°+55°=180° ΦτΣûΘ ΚôΠΩôλ Βƒ←ÚϕÕ áσß (A) ∆ηûΤ Φτ[
Ø⁄ÜχÏ ΞςΩôλ− Φ∴úΞ ΒΘû∴ ùΞ↓κΣûΟ ∆ηûΤ Ξ⁄↑ο ♦τΞÚΤôß á[Ωôλ−

ùΞ↓κΣûΟ ∆ηûΤ 6.2 : ÂΒςηÓ ≅ÓιÕρΖ úΚôΠδΚ↓τ áÓΘο 180° Φ±ο
≅ϕΘ úΚôΠδΚ↓τ ùΣôÕΞôΚ ΒοΩôΘ ΒςηÓ ×ΥδΚρ ΙÚ úΡνχúΚôγûΟ
∆ÚΞôχÏλ−

ùΣôÚιΘΤô∴ ΚôςΠιƒσΚôΚ úΤÛρΖ ΒςηÓ ùΞ↓κΣûΟ ∆ηûΤΚûΖÙλ
úΜνιÕ úΡνχúΚôγÓ ú⊥ô⁄ ùΞ↓κΣûΟ ∆ηûΤ Φτ€ú[ôλ−

ΒςηÓ úΡνχúΚôÓΚρ Ιτû[ùΥôτß ùΞγ⁄χùΚôρÞλ úΣôÕ ΒûΞ ΦπΞôß
ΒÚχÏλ ΦτΣûΘ Σ↔≠←κúΣôλ−

ΒςηÓ úΡνχúΚôÓΚρ Ιτû[ùΥôτß ùΞγ⁄χùΚôρÞΞΘôο ΓσΣÓλ ÏιùΘƒν
úΚôΠδΚρ ΜΤλ ΦτΣûΘ ØϕûΘΥ ΞÏκ×Κ↓ο Κσ[ûΘ ♣û∴Ü áßδΚρ ΒκùΣôÝÕ
ΒΘτ Ø⁄ÜΚûΖ ♣ìΣΠιƒσÏ úΘûΥô∴Ξσû[ ♦τ ΒûΠκ× 0Βο ΣôνχΚÜλ−
•θ∆ρΖΞσû[ ♣ì♦κΣΘσÏ ΒΞσû[ ♣û∴↑ο ùΚôρÞδΚρ−
úΘσ[λ 1 : ÂΒςηÓ úΚôÓΚρ Ιτû[ùΥôτß ùΞγ⁄χùΚôρΞΘôο ΓσΣÓλ ÏιùΘƒν
úΚôΠδΚρ ΜΤλ−
♣ÚΣΠλ 1  : ÂúΤÛρΖ áσ°ο ΒςηÓ úΚôÓΚρ
Ιτû[ùΥôτß ùΞγ⁄χùΚôρ€τ[∴ Φ∴
ùΚôÓχΚκΣγÓρΖÕ− ΑûΚΥôο ΣΟλ5−7Βο
Κôγ⁄ΥΞôß AB Τσßλ CD Φàλ ΒςηÓλ úΚôÓΚρ
O ↑ο ùΞγ⁄χùΚôρ€τ[∴ ΦτΚ− ≅ûΞ ΒςηÓ
ú⊥ô⁄ ÏιùΘƒν úΚôΠδΚρ ΓσΣÓιÕλ ΒΞσ°σÏ

(i) Ð AOC ΤσßλÐ BOD (ii) Ð AOD ΤσßλÐ BOC Φ∴
ùΣΥ↔ÓúΞôλ− Ρôλ ΒκúΣôÕ ÐAOC = ÐBOD Τσßλ
ÐAOD = ÐBOC  Φ∴ ♣ì♦χΚ úΞηÓλ−  ΒκùΣôÝÕ
CD Φàλ úΚôγ⁄τ ÁÕ OA, Κƒν ∆ρΖÕ− Φ∴úΞ Ð
AOC + Ð AOD = 180° úΚôγÓ úΚôΠ ú⊥ô⁄ ùΞ↓κΣûΟ
∆ηûΤ (1)

Ð AOD + Ð BOD = 180°? Φ∴ ΦÝΘ Ø⁄ÙΤô> (2)

(1)  Τσßλ (2) ←ÚϕÕ

                                  Ð AOC + Ð AOD = Ð AOD + Ð BOD

Βƒ←ÚϕÕ  Ð AOC = Ð BOD (♦↔Ü 4−1 ùΞ↓κΣûΟ ∆ηûΤ 2Η Σôν()

ΒúΘúΣôτß  ÐAOD = ÐBOC Φ∴ ♣ì♦χΚΩôλ−

ΒκùΣôÝÕ úΚôγÓú⊥ô⁄ ùΞ↓κΣûΟ ∆ηûΤ Τσßλ úΘσ[λ 5−0Η ≅⁄κΣûΟΥôΚχ
ùΚôηΟ ′Ω ΦÓιÕχΚôγÓχΚûΖ ùΜµúΞôλ−
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Fig. 6.9

Example 1 : In Fig. 6.9, lines PQ and RS intersect each other at
point O. If Ð POR : Ð ROQ = 5 : 7, find all the angles.

Solution : Ð POR +Ð ROQ = 180°

(Linear pair of angles)

But Ð POR : Ð ROQ = 5 : 7

(Given)

Therefore, Ð POR =
5

12
 × 180° = 75°

Similarly, Ð ROQ =
7

12
 × 180° = 105°

Now, Ð POS = ÐROQ = 105° (Vertically opposite angles)

and Ð SOQ = ÐPOR = 75° (Vertically opposite angles)

Example 2 : In Fig. 6.10, ray OS stands on a line POQ. Ray OR and ray OT are angle bisectors of Ð POS
and Ð SOQ, respectively. If Ð POS = x, find Ð ROT.

Solution : Ray OS stands on the line POQ.

Therefore, Ð POS + Ð SOQ = 180°

But, Ð POS = x

Therefore, x + Ð SOQ = 180°

So, Ð SOQ = 180° – x

Now, ray OR bisects Ð POS, therefore,

Ð ROS =
1
2

 × Ð POS

=
1
2

 × x = 
2
x

Similarly, Ð SOT =
1
2

 × Ð SOQ

=
1
2

 × (180° – x)

= 90
2
x

° -

Fig. 6.10
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ΣΟλ 6.9

ΣΟλ 6.10

ΦÓιÕχΚôγÓ 1 : ΣΟλ 6.9 Βο PQ Τσßλ RS Φàλ
úΚôÓΚρ Ιτû[ùΥôτß O ×ρ↓♠ο
ùΞγ⁄χùΚôρ€τ[∴− ÐPOR: Ð ROQ  =  5  :  7  Φ±ο
≅û∴ιÕ úΚôΠδΚûΖÙλ ΚηÓ♦⁄−

¾νÜ : Ð POR +Ð ROQ = 180°
(úΚôγÓ úΚôΠ ú⊥ô⁄)

Α∴ôοÐ POR : Ð ROQ =
(ùΚôÓχΚκΣγΟûΞ)

ΑΚúΞ Ð POR =
5

12
 × 180° = 75°

ΒπΞôú[ Ð ROQ =
7

12
 × 180° = 105°

ΒκùΣôÝÕ Ð POS = ÐROQ = 105° (ÏιùΘƒν úΚôΠδΚρ)

Τσßλ Ð SOQ = ÐPOR = 75° ∋ÏιùΘƒν úΚôΠδΚρ)

ΦÓιΘχΚôγÓ 2 : ΣΟλ 6.10 Βο POQ Φàλ úΚôγ⁄τ ÁÕ OS  Φàλ Κƒν ≅ûΤϕÕρΖÕ−
ΚƒνΚρ OR Τσßλ OT  ΦτΣ∴ Øû[úΥ Ð POS Τσßλ   Ð SOQ Α€ΥΞσ°τ úΚôΠ
ΒÚΜΤùΞγ⁄Κρ ΑÏλ− Ð POS = x Φ±ο Ð ROT ΚηÓ♦⁄−

¾νÜ : POQ Φàλ úΚôΟ⁄τ ÁÕ OS Φàλ Κƒν ≅ûΤϕÕρΖÕ−

ΑΚúΞ Ð POS + Ð SOQ = 180°

Α∴ôο Ð POS = x

ΑΚúΞ x + Ð SOQ = 180°

Φ∴úΞ Ð SOQ = 180° – x

ΒκùΣôÝÕ Κƒν OR, Α∴Õ Ð POS Η ΒÚΜΤχá°Ó€[Õ−

Ð ROS =
1
2

 × Ð POS

=
1
2

 × x = 
2
x

ΑΚúΞ Ð SOT =
1
2

 × Ð SOQ

=
1
2

 × (180° – x)

= 90
2
x

° -

ΒπΞôú[ Ð ROT = Ð ROS + Ð SOT

= 90 –
2 2
x x

+ °

= 90°
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Now, Ð ROT = Ð ROS + Ð SOT

= 90 –
2 2
x x

+ °

= 90°

Example 3 : In Fig. 6.11, OP, OQ, OR and OS are four rays.
Prove that Ð POQ + Ð QOR + Ð SOR + Ð POS = 360°.

Solution : In Fig. 6.11, you need to produce any of the rays
OP, OQ, OR or OS backwards to a point. Let us produce ray
OQ backwards to a point T so that TOQ is a line (see Fig.
6.12).

Now, ray OP stands on line TOQ.

Therefore, Ð TOP + Ð POQ = 180° (1)

(Linear pair axiom)

Similarly, ray OS stands on line TOQ.

Therefore, Ð TOS + Ð SOQ = 180° (2)

But Ð SOQ = Ð SOR + Ð QOR

So, (2) becomes

Ð TOS + Ð SOR + Ð QOR = 180° (3)

Now, adding (1) and (3), you get

Ð TOP + Ð POQ + Ð TOS + Ð SOR + Ð QOR = 360° (4)

But Ð TOP + Ð TOS = Ð POS

Therefore, (4) becomes

Ð POQ + Ð QOR + Ð SOR + Ð POS = 360°

EXERCISE 6.1

1.In Fig. 6.13, lines AB and CD intersect at O. If
Ð AOC + Ð BOE = 70° and Ð BOD = 40°, find
Ð BOE and reflex Ð COE.

Fig. 6.11

Fig. 6.12

Fig. 6.13



1539 Αλ ΞÏκ× Κ∞Θλ

úΚôÓΚρ Τσßλ úΚôΠδΚρ

ΣΟλ 6.11

ΣΟλ  6.12

ΣΟλ 6.13

ΦÓιÕχΚôγÓ 3: ΣΟλ 6.11Βο OP, OQ, OR Τσßλ OS ΦτΣ∴

ΡôτÏ ΚƒνΚρ Φ±ο ÐPOQ + Ð QOR + Ð SOR +  Ð POS = 360°

Φ∴ ♣ì♦−

¾νÜ : ΣΟλ 6.11Βο OP, OQ, OR ≅οΩÕ OS Α€ΥΞσ°ο

ΓúΘàλ Ιτû[ ΙÚ ×ρ↓ Ξûς ♦τ×[ΤôΚ ¿γ⁄χΚÜλ−

Κƒν  OQ Η T Ξûς ♦τ×[ΤôΚ ¿γ⁄χΚÜλ− Φ∴úΞ TOQ ΙÚ

úΡνχúΚôÓ ∋ΣΟλ 5−01Η Σôν(

ΒκùΣôÝÕ OP Α∴Õ TOQ úΚôγ⁄τ úΤο ≅ûΤϕÕρΖÕ−

ΑΚúΞ Ð TOP + Ð POQ = 180° (1)

(úΚôγÓ úΚôΠú⊥ô⁄ ùΞ↓κΣûΟ ∆ηûΤ)

ΒπΞôú[ Κƒν OS, Α∴Õ TOQ úΚôγ⁄τ úΤο ≅ûΤϕÕρΖÕ

ΑΚúΞ Ð TOS + Ð SOQ = 180° (2)

Α∴ôο Ð SOQ = Ð SOR + Ð QOR

Φ∴úΞ (2) ←ÚϕÕ+

Ð TOS + Ð SOR + Ð QOR = 180° (3)

ΒκùΣôÝÕ (1) Τσßλ (3) Η ΚγΟ Ρôλ ùΣßΞÕ

Ð TOP + Ð POQ + Ð TOS + Ð SOR + Ð QOR = 360° (4)

Α∴ôο Ð TOP + Ð TOS = Ð POS

Φ∴úΞ (4) ←ÚϕÕ+

Ð POQ + Ð QOR + Ð SOR + Ð POS = 360°

Σ♠σ′ 6.1

1. ΣΟλ  6.13 ο  AB Τσßλ   CD úΚôÓΚρ  O ο

ùΞγ⁄χùΚôρ€τ[∴− Ð AOC + Ð BOE = 70° Τσßλ Ð BOD =
40° Φ±ο Ð BOE Τσßλ ♦τΞûΖÜ úΚôΠλ Ð COE
ΚηÓ♦⁄−
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2. In Fig. 6.14, lines XY and MN intersect at O. If
Ð POY = 90° and a : b = 2 : 3, find c.

3. In Fig. 6.15, Ð PQR = Ð PRQ, then prove that
Ð PQS = Ð PRT.

4. In Fig. 6.16, if x + y = w + z, then prove that AOB
is a line.

5. In Fig. 6.17, POQ is a line. Ray OR is perpendicular
to line PQ. OS is another ray lying between rays
OP and OR. Prove that

Ð ROS = 
1
2

 (Ð QOS – Ð POS).

6. It is given that Ð XYZ = 64° and XY is produced
to point P. Draw a figure from the given
information. If ray YQ bisects Ð ZYP, find Ð XYQ
and reflex Ð QYP.

Fig. 6.14

Fig. 6.15

Fig. 6.16

Fig. 6.17
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ΣΟλ  6.14

ΣΟλ. 6.15

ΣΟλ 6.16

ΣΟλ  6.17

2. ΣΟλ 6.14 Βο  XY Τσßλ  MN Φàλ úΚôÓΚρ O ο
ùΞγ⁄χùΚôρ€τ[∴− Ð POY = 90° Τσßλ a : b = 2 : 3 Φ±ο
c  Η ΚηÓ♦⁄−

3. ΣΟλ 6.15 Βο  Ð PQR = Ð PRQ
Ð PQS = Ð PRT Φ∴ ♣ì♦−

4. ΣΟλ 6.16 Βο x + y = w + z   Φ±ο AOB ΦτΣÕ ΙÚ
úΡνχúΚôÓ ΦτΣûΘ ♣ì♦−

5. ΣΟλ. 6.17 Βο  POQ ΦτΣÕ ΙÚ úΡνχúΚôÓ− Κƒν OR
ΦτΣÕ PQ úΚôγ⁄σÏ ùΜδÏιΘôΚ ∆ρΖÕ− OS ΦτΣÕ
OP Τσßλ OR  ΚƒνΚÞχÏ ΒûΟúΥ ∆ρΖ Τσù[ôÚ

Κƒν ΑÏλ−  Ð ROS = 
1
2

 (Ð QOS – Ð POS) Φ∴ ♣ì♦−

6. ÐXYZ = 64° Φ∴ ùΚôÓχΚκΣγÓρΖÕ Τσßλ XY Η P Φτ[
×ρ↓Ξûς ¿γ⁄ ΞûςΚ− ùΚôÓχΚκΣγΟ ↑ΞςδΚÞχÏ
Γσ[Ξôß ΣΟλ ΞûςΚ− Κƒν YQ Α∴Õ ÐZYP Η
ΒÚΜΤχá°Ó€[Õ Φ±ο Ð XYQ Τσßλ ♦τΞûΖÜ
úΚôΠλ Ð QYP Η ΚηÓ♦⁄−
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6.5 Lines Parallel to the Same Line

If two lines are parallel to the same line, will they be parallel to each other? Let us check it. See
Fig. 6.18 in which line m || line l and line n || line l.

Let us draw a line t transversal for the lines, l, m and n. It is given that
line m || line l and line n || line l.

Therefore, Ð 1 = Ð 2 and Ð 1 = Ð 3

(Corresponding angles axiom)

So, Ð 2 = Ð 3 (Why?)

But Ð 2 and Ð 3 are corresponding angles and they are equal.

Therefore, you can say that

Line m || Line n

(Converse of corresponding angles axiom)

This result can be stated in the form of the following theorem:

Theorem 6.6 : Lines which are parallel to the same line are parallel to each other.

Note : The property above can be extended to more than two lines also.

Now, let us solve some examples related to parallel lines.

Example 4 : In Fig. 6.19, if PQ || RS, Ð MXQ = 135° and Ð MYR = 40°, find Ð XMY.

Fig. 6.19 Fig. 6.20

Solution : Here, we need to draw a line AB parallel to line PQ, through point M as shown in
Fig. 6.20. Now, AB || PQ and PQ || RS.

Fig. 6.18
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ΣΟλ 6.18

6.5 ΙÚ úΚôγ⁄σÏ ΒûΠΥôΚ ∆ρΖ úΚôÓΚρ

ΒςηÓ úΚôÓΚρ ΙÚ úΚôγ⁄σÏ ΒûΠΥôΚ ΒÚϕΘôο ≅ûΞΚρ ΙτßχùΚôτß
ΒûΠΥôΚ ΒÚχÏΤô> ΒûΘ Μ↔ΣôνκúΣôλ− ΣΟλ 5−07Η Σôν m || l  Τσßλ n||l    Φ∴
ΒÚχÏΤôß l, m Τσßλ n ¹Φàλ  úΚôÓΚûΖ  ΞûςϕÕ  ≅Θτ  ÁÕ t  Φàλ ÏßχÏ
ùΞγ⁄ûΥ ΞûςΚ− m || l Τσßλ n || l  ΦτΣÕ ùΚôÓχΚκΣγÓρΖÕ−
ΑûΚΥôο Ð 1 = Ð 2 Τσßλ Ð 1 = Ð 3

(ΙιΘ úΚôΠδΚ↓τ ùΞ↓κΣûΟ ∆ηûΤ)
Φ∴úΞ Ð 2 = Ð 3 (Γτ>)

Α∴ôο Ð 2 Τσßλ Ð 3 Α€ΥûΞ ΙιΘ úΚôΠδΚρ Τσßλ
≅ûΞ ΜΤλ−
Α€ΥûΞ

 m || n  Φ∴ á[Ωôλ−
(ΙιΘ úΚôΠδΚ↓τ ùΞ↓κΣûΟ ∆ηûΤΚρ ΤßΘûΩ)

ΒΘτ Ø⁄ûΞ ♦τΞÚλ úΘσ[ΤôΚ á[Ωôλ−

úΘσ[λ 6.6 : ΙÚ úΡνχúΚôγ⁄σÏ ΒûΠΥôΚ ∆ρΖ úΚôÓΚρ ΙτßχùΚôτß ΒûΠ
ΑÏλ−
Ï°κ× : úΤσÏ°κ♦γΟ ΣηΣô∴Õ Βςη⁄σÏ úΤσΣγΟ úΚôÓΚÞλ Μ↔ΣôνχΚ Ø⁄Ùλ−

ΒκùΣôÝÕ ΒûΠúΚôÓΚÞΟτ ùΘôΟν×ûΟΥ ′Ω ΦÓιÕχΚôγÓΚûΖ ¾νκúΣôλ−

úΘσ[λ 4 : ΣΟλ 6.19ο PQ || RS, Ð MXQ = 135° Τσßλ Ð MYR = 40°, Φ±ο Ð XMY ΚηÓ♦⁄−

ΣΟλ 6.19 ΣΟλ 6.20

¾νÜ : ΒδÏ 6.20 Βο Κôγ⁄ΥΞôß  PQ  úΚôγ⁄σÏ ΒûΠΥôΚ M  Φàλ ×ρ↓ Ξ→úΥ
AB Φàλ úΚôγûΟ ΞûςΥ úΞηÓλ ΒκùΣôÝÕ AB || PQ Τσßλ PQ || RS.
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Therefore, AB || RS (Why?)
Now, Ð QXM + Ð  XMB = 180°

 (AB || PQ, Interior angles on the same side of the transversal XM)
But Ð QXM = 135°
So, 135° + Ð XMB = 180°
Therefore, Ð XMB = 45°  (1)
Now, Ð BMY = Ð MYR (AB || RS, Alternate angles)
Therefore, Ð BMY = 40°  (2)
Adding (1) and (2), you get

Ð XMB + Ð BMY = 45° + 40°
That is, Ð XMY = 85°

Example 5 : If a transversal intersects two lines such that the bisectors of a pair of corresponding
angles are parallel, then prove that the two lines are parallel.
Solution : In Fig. 6.21, a transversal AD intersects two lines PQ and RS at points B and C
respectively. Ray BE is the bisector of Ð ABQ and ray CG is the bisector of Ð BCS;
and BE || CG.

We are to prove that PQ || RS.

It is given that ray BE is the bisector of Ð ABQ.

Therefore, Ð ABE = 1
2

 Ð ABQ  (1)

Similarly, ray CG is the bisector of Ð BCS.

Therefore, Ð BCG = 1
2

 Ð BCS  (2)

But BE || CG and AD is the transversal.

Therefore, Ð ABE = Ð BCG

            (Corresponding angles axiom) (3)

Substituting (1) and (2) in (3), you get
1
2

 Ð ABQ = 1
2

 Ð BCS

That is, Ð ABQ = Ð BCS

Fig. 6.21
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ΣΟλ  6.21

ΑûΚΥôο AB || RS (Γτ>)

ΒκùΣôÝÕ Ð QXM + Ð  XMB = 180°

(AB || PQ,  XM Φτ[ ÏßχÏ ùΞγ⁄χÏ Ιúς ΣχΚιƒÛρΖ úΚôΠδΚρ)

Α∴ôο Ð QXM = 135°

Φ∴úΞ 135° + Ð XMB = 180°

ΑΚúΞ Ð XMB = 45°  (1)

ΒκùΣôÝÕ Ð BMY = Ð MYR (AB || RS, Ιτß↑γΟ ∆γúΚôΠδΚρ)

ΑûΚΥôο Ð BMY = 40°  (2)

(1) Τσßλ (2) Η áγΟ Ρôλ ùΣßΞÕ

Ð XMB + Ð BMY = 45° + 40°

≅ΘôΞÕ Ð XMY = 85°

ΦÓιÕχΚôγÓ 5 : ΒςηÓ úΡνχúΚôÓΚûΖ ΙÚ ÏßχÏùΞγ⁄ ùΞγ⁄∴ôο ΓσΣÓλ
ΙιΘ úΚôΠδΚ↓τ úΚôΠ ΒÚΜΤùΞγ⁄Κρ ΒûΠΥôΚ ΒÚϕΘôο ≅ϕΘ ΒςηÓ
úΡνχúΚôÓΚÞλ ΒûΠ Φ∴ ♣ì♦−

úΘνÜ : ΣΟλ 6.21Βο AD Φàλ ÏßχÏùΞγ⁄ PQ Τσßλ RS Φàλ B Τσßλ C ×ρ↓Κ↓ο
ùΞγÓ€[Õ− Κƒν BE ΦτΣÕ  Ð ABQ  τ úΚôΠ ΒÚΜΤùΞγ⁄ Τσßλ CG ΦτΣÕ Ð BCS τ
úΚôΠ ΒÚΜΤùΞγ⁄ Τσßλ BE || CG.

Ρôλ PQ || RS Φ∴ ♣ì♦χΚ

Κƒν BE ΦτΣÕ Ð ABQ τ ΒÚΜΤùΞγ⁄ Φ∴ ùΚôÓχΚκΣγÓρΖÕ

ΑûΚΥôο Ð ABE =
1
2

 Ð ABQ (1)

ΒπΞôú[ CG ΦτΣÕ Ð BCS τ ΒÚΜΤùΞγ⁄ ΑÏλ−

ΑûΚΥôο Ð BCG =
1
2

 Ð BCS (2)

Α∴ôο BE || CG Τσßλ AD ΙÚ ÏßχÏ ùΞγ⁄

ΑûΚΥôο Ð ABE = Ð BCG

            (ΙιΘ úΚôΠδΚ↓τ ùΞ↓κΣûΟ ∆ηûΤ) (3)

(1) Τσßλ (2) Βο ♦ςƒ♠Ο Ρôλ (3) Η ùΣß€ú[ôλ−
1
2

 Ð ABQ =
1
2

 Ð BCS

≅ΘôΞÕ Ð ABQ = Ð BCS
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But, they are the corresponding angles formed by transversal AD with PQ and RS; and are equal.

Therefore, PQ || RS

(Converse of corresponding angles axiom)

Example 6 : In Fig. 6.22, AB || CD and CD || EF. Also EA ̂  AB. If Ð BEF = 55°, find the values
of x, y and z.

Solution :y + 55° = 180°

(Interior angles on the same side of the
transversal ED)

Therefore, y = 180º – 55º = 125º

Again x = y

 (AB || CD, Corresponding angles axiom)

Therefore x = 125º

Now, since AB || CD and CD || EF, therefore, AB || EF.

So, Ð EAB + Ð FEA = 180° (Interior angles on the same

side of the transversal EA)

Therefore, 90° + z + 55° = 180°

Which gives z = 35°

EXERCISE 6.2
1. In Fig. 6.23, if AB || CD, CD || EF and y : z = 3 : 7, find x.

Fig. 6.23

Fig. 6.22



1619 Αλ ΞÏκ× Κ∞Θλ

úΚôÓΚρ Τσßλ úΚôΠδΚρ

ΣΟλ  6.22

Α∴ôο ΒûΞ AD Φàλ PQ  Τσßλ RS  Φàλ ⊥ûΘ úΚôÓΚÞχΚô∴ ΙιΘ úΚôΠ

ú⊥ô⁄ ΑÏλ− úΤÛλ ΜΤλ−

ΑûΚΥôο     PQ ||RS    (ΙιΘ úΚôΠδΚ↓τ ùΞ↓κΣûΟ ∆ηûΤ♠τ ΤßΘûΩ)

ΦÓιÕχΚôγÓ 6 : ΣΟλ 6.22 Βο  AB || CD Τσßλ CD ||  EF, EA ̂  AB úΤÛλ  Ð BEF = 55°

Φ±ο x, y  Τσßλ z Βτ Τƒκ×ΚûΖ ΚηÓ♦⁄−

¾νÜ : y + 55° = 180°

(ED Φàλ ÏßχÏùΞγÓχÏ Ιúς ΣχΚιƒÛρΖ

      ∆γ úΚôΠδΚρ(

ΑûΚΥôο y = 180º – 55º = 125º

ÁηÓλ x = y

 (AB || CD, ΙιÕ úΚôΠδΚ↓τ ùΞ↓κΣûΟ ∆ηûΤ)

ΑûΚΥôο x = 125º

ΒκùΣôÝÕ AB || CD Τσßλ CD || EF, Βƒ←ÚϕÕ AB || EF.

Φ∴úΞ Ð EAB + Ð FEA = 180°(Φàλ ÏßχÏùΞγÓχÏ Ιúς ΣχΚιƒÛρΖ

∆γúΚôΠδΚρ(

ΑΚúΞ 90° + z + 55° = 180°

Βƒ←ÚϕÕ+ z = 35°

 Σ♠σ′  6.2

         1. ΣΟλ 5−12 Βο AB || CD, CD || EF Τσßλ   y : z = 3 : 7 Φ±ο  x  Η ΚηÓ♦⁄−

ΣΟλ. 6.23
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2. In Fig. 6.24, if AB || CD, EF ̂  CD and Ð GED = 126°, find Ð AGE, Ð GEF and Ð FGE.

Fig. 6.24

3. In Fig. 6.25, if PQ || ST, Ð PQR = 110° and Ð RST = 130°, find Ð QRS.
[Hint : Draw a line parallel to ST through point R.]

Fig. 6.25

4. In Fig. 6.26, if AB || CD, Ð APQ = 50° and Ð PRD = 127°, find x and y.

Fig. 6.26

5. In Fig. 6.27, PQ and RS are two mirrors placed parallel to each other. An incident ray AB
strikes the mirror PQ at B, the reflected ray moves along the path BC and strikes the
mirror RS at C and again reflects back along CD. Prove that AB || CD.

Fig. 6.27
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2. ΣΟλ 6.24 ο  AB || CD, EF ̂  CD Τσßλ Ð GED = 126°, Φ±ο Ð AGE, Ð GEF Τσßλ
ÐFGE Η ΚηÓ♦⁄−

ΣΟλ− 6.24

3. ΣΟλ 5−14ο PQ || ST, Ð PQR = 110° Τσßλ  Ð RST = 130° Φ±ο Ð QRS ΚηÓ♦⁄

[Ï°κ× : 5−1ο R ×ρ↓♠τ ST χÏ ΒûΠΥôΚ ΙÚ úΚôÓ ΞûςΚ.]

ΣΟλ. 6.25

4. ΣΟλ 6.26 ο AB || CD, Ð APQ = 50° Τσßλ  Ð PRD = 127°  Φ±ο x  Τσßλ  y
ΚηÓ♦⁄.

ΣΟλ. 6.26

5. ΣΟλ 6.27 ο PQ Τσßλ RS ΦτΣ∴ ΙτßχùΚôτß ΒûΠΥôΚ ûΞχΚκΣγΟ ΜΤΘΖ
Α⁄Κρ− ΣÓΚƒν AB, ΜΤΘΖ Α⁄  PQ Η B ×ρ↓♠ο ùΘôγÓ Φƒùςô↓ιÕ+  BC
Φàλ Φƒùςô↓κ× ΚƒςôΚ ΜΤΘΖ Α⁄ RS Η C Φàλ ×ρ↓♠ο ùΘôγÓ+ CD
ΚƒςôΚ Φƒùςô↓χ€[Õ Φ±ο  AB || CD Φ∴ ♣ì♦−

-

ΣΟλ. 6.27
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6.6 Summary

In this chapter, you have studied the following points:

1. If a ray stands on a line, then the sum of the two adjacent angles so formed is 180° and vice-

versa. This property is called as the Linear pair axiom.

2. If two lines intersect each other, then the vertically opposite angles are equal.

3. Lines which are parallel to a given line are parallel to each other.

6. If the ratio of the supplement of an angle to the complement of the same angle is 8:3,
the angle is:
A) 360

B) 450

C) 540

D) 600

7. The sum of the complement and the supplement of an angle is  2000

Find the value of the angle.
A) 300

B) 350

C) 700

D) 1400
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úΚôÓΚρ Τσßλ úΚôΠδΚρ

6.6 ùΘôÏκ×

ΒϕΘ ≅ιƒΥôιƒο ¿δΚρ ♦τΞÚλ ΚÚιÕχΚûΖ Σ⁄ιÕρÇνΚρ−
1. ΙÚ úΚôγ⁄τ úΤο ΙÚ Κƒν ≅ûΤÙΤô∴ôο ≅Θ∴ôο ∆ÚΞôÏλ− ≅ÓιÕρΖ

úΚôΠδΚ↓τ áÓΘο 180° ΑÏλ Τσßλ Φƒùςƒν Τô[ο ΒϕΘ Ση×Κρ úΡνχúΚôγÓ
úΚôΠ ùΞ↓κΣûΟ ∆ηûΤ Φτß ≅ûΨχΚκΣÓ€[Õ−

2. ΒςηÓ úΚôÓΚρ Ιτû[ùΥôτß ùΞγ⁄χùΚôρΞΘôο ΓσΣÓλ ÏιùΘƒν úΚôΠδΚρ
ΜΤλ ΑÏλ−

3. ùΚôÓχΚκΣγΟ úΚôγ⁄σÏ  ΒûΠΥôΚ ∆ρΖ úΚôÓΚρ ΙτßχùΚôτß ΒûΠΥôΚ
ΒÚχÏλ−

6. ΙÚ Ï°κ♦γΟ úΚôΠιƒτ ♥ûΚ♣ςκ× Τσßλ ♣ςκ× úΚôΠδΚ↓τ ↑€Θλ 8:3
Φ±ο ≅ϕΘ úΚôΠλ
A) 360

B) 450

C) 540

D) 600

7. ΙÚ úΚôΠιƒτ ♣ςκ× Τσßλ ♥ûΚ ♣ςκ× úΚôΠδΚ↓τ ùΤôιΘλ  2000

Φ±ο ≅ϕΘ úΚôΠλ

A) 300

B) 350

C) 700

D) 1400
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PROOFS IN MATHEMATICS

A1.1 Introduction

Suppose your family owns a plot of land and there is
no fencing around it. Your neighbour decides one day
to fence off his land. After he has fenced his land, you
discover that a part of your family’s land has been
enclosed by his fence. How will you prove to your
neighbour that he has tried to encroach on your land?
Your first step may be to seek the help of the village
elders to sort out the difference in boundaries. But,
suppose opinion
is divided among the elders. Some feel you are right and others feel your neighbour is right.
What can you do? Your only option is to find a way of establishing your claim for the boundaries
of your land that is acceptable to all. For example, a government approved survey map of your
village can be used, if necessary in a court of law, to prove (claim) that you are correct and your
neighbour is wrong.

Let us look at another situation. Suppose your mother has paid the electricity bill of your
house for the month of August, 2005. The bill for September, 2005, however, claims that the
bill for August has not been paid. How will you disprove the claim made by the electricity
department? You will have to produce a receipt proving that your August bill has been paid.

You have just seen some examples that show  that in our daily life we are often called upon
to prove that a certain statement or claim is true or false.  However, we also accept many
statements without bothering to prove them. But, in mathematics we only accept a statement as
true or false (except for some axioms) if it has been proved to be so, according to the logic of
mathematics.
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♦τ ΒûΠκ× 1

Κ∞Θ ♣ìΣΠδΚρ

A1.1 ≅°ØΚλ

∆δΚÞûΟΥ ÏÓλΣιƒ∴ν ΙÚ ♣ΩιûΘ Ξôδ€ÙρΖ∴ν− Α∴ôο ≅Θû∴ε Ñσ°
úΞ← úΣôΟ↑οûΩ− ∆δΚÞûΟΥ ≅ηûΟ
♣ΩιΘΞν ≅ΞÚûΟΥ ♣ΩιûΘ Ñσ° úΞ← úΣôΟ
Ø⁄Ü ùΜµΘôν− ∆δΚρ ♣Ωλ ≅ΞςÕ úΞ←χÏρ
Αχ€ς♥κ× ùΜµΥκΣγÓρΖÕ ΦτΣûΘ ≅Ξν
úΞ← úΣôγΟ ♦[Ï ≅°ϕ¾νΚρ− ∆δΚρ ≅ηûΟ
♣ΩιÕχΚôςν ∆δΚρ ♣ΩιûΘ Αχ€ς♥ιÕρΖôν
ΦτΣûΘ ΦπΞôß ♣ì♦κÀνΚρ> ∆δΚρ €ςôΤιÕ
ùΣ↔ΥΞνΚρ ∆Θ↑ûΥ Ρô⁄ úΞ←χÏ ∆γΣγΟ
ΣÏƒûΥ ÁγÓιΘς úΚγΚΩôλ− ′Ων ∆δΚρ ΚÚιÕ
Μ↔ Φ∴Üλ+ ′Ων ∆δΚρ ≅ηûΟ ÅγÓχΚôςν
ΚÚιÕ  Μ↔  Φ∴Üλ  á[Ωôλ−  ¿δΚρ  Φτ∴  ùΜµÅνΚρ>  ∆δΚρ  ♣ΩιûΘ  ÁγΚ
ΦοúΩôςôÛλ ΙιÕχùΚôρΖχ á⁄Υ ΙÚ Ξ→ûΥ ¿δΚρ úΘνϕùΘÓχΚ úΞηÓλ−
ΦÓιΘχΚôγΟôΚ ≅ςΜôδΚιΘôο ≅δ•Κ↔χΚκΣγΟ ∆δΚρ €ςôΤιƒτ ♣Ω ≅ΖÜ
ΞûςΣΟιûΘ ∆ΣúΥô€χΚΩôλ ≅οΩÕ úΘûΞΥô∴ôο ¿ƒΤτ[ιƒο ΜγΟιûΘ Ρô⁄
∆δΚρ ΚÚιûΘ Μ↔  Φτßλ ∆δΚρ ≅ηûΟ ♣ΩιΘô↔τ ΚÚιÕ ΘΞß Φτßλ
♣ì♦χΚΩôλ−

Τσù[ôÚ ãθ♣ûΩûΥ ΦÓιÕχùΚôρúΞôλ− ∆δΚρ Θôµ ∆δΚ↓τ ♥τΜôς ΚγΟΠλ
ΑΚυγ 2005 χÏ Κγ⁄∴ôν− Α∴ôο ùΜκΟλΣν 2005 ς≠ƒο ΑΚυγ 2005 ΤôΘ ΚγΟΠλ
ùΜÛιΘ↑οûΩ Φ∴ ΞϕÕρΖÕ− ♥τΜôς Õû[♠∴ν á°ÙρΖÕ ΘΞß ΦτΣûΘ
ΦπΞôß ♣ì♦κÀνΚρ> ¿δΚρ ΑΚ]γ ΤôΘλ ♥τΜôς ΚγΟΠλ ùΜÛιƒ ↑γ≈νΚρ
ΦτΣûΘ ¿δΚρ ΑΚυγ ΤôΘ ς≠ûΘ Κôγ⁄ ♣ì♦χΚΩôλ−

Ρλ ≅τ[ôΟ Ξôθ↑ο ′Ω Ξôχ€ΥδΚρ ≅οΩÕ áσßΚûΖ ∆ηûΤ ≅οΩÕ
ùΣôµ Φτß ♣ì♦χΚ úΞη⁄ÙρΖ ′Ω ΦÓιÕχΚôγÓΚûΖ ΚηúΟôλ− ΣΩ Ξôχ€ΥδΚûΖ
♣ì♦χΚ úΞη⁄Υ ΦϕΘ ♣νΣϕΘØλ ΒοΩôΤο ΙιÕχùΚôρ€ú[ôλ− Α∴ôο Κ∞Θιƒο
ΙÚ áσß ΘΞß ≅οΩÕ Μ↔ Φ∴ ΙιÕχùΚôρΖ Κ∞Θιƒο ΘνχΚ Ξ→♠ο ♣ì♦χΚ
ΣΟúΞηÓλ−  (′Ω ≅⁄úΚôρΚûΖ Θ↑ς).
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In fact, proofs in mathematics have been in existence for thousands of years, and they are
central to any branch of mathematics. The first known proof is believed to have been given by
the Greek philosopher and mathematician Thales. While mathematics was central to many ancient
civilisations like Mesopotamia, Egypt, China and India, there is no clear evidence that they used
proofs the way we do today.

In this chapter, we will look at what a statement is, what kind of reasoning is involved in
mathematics, and what a mathematical proof consists of.

A1.2 Mathematically Acceptable Statements

In this section, we shall try to explain the meaning of a mathematically acceptable statement. A
‘statement’ is a sentence which is not an order or an exclamatory sentence. And, of course,
a statement is not a question! For example,

“What is the colour of your hair?”  is not a statement, it is a question.
“Please go and bring me some water.”  is a request or an order, not a statement.
“What a marvellous sunset!” is an exclamatory remark, not a statement.
However, “The colour of your hair is black” is a statement.
In general, statements can be one of the following:
· always true
· always false
· ambiguous
The word ‘ambiguous’ needs some explanation.  There are two situations which make a

statement ambiguous. The first situation is when we cannot decide if the statement is always
true or always false. For example, “Tomorrow is Thursday” is ambiguous, since enough of a
context is not given to us to decide if the statement is true or false.

The second situation leading to ambiguity is when the statement is subjective, that is, it is
true for some people and not true for others. For example, “Dogs are intelligent” is ambiguous
because some people believe this is true and others do not.

Example 1 : State whether the following statements are always true, always false or ambiguous.
Justify your answers.
(i) There are 8 days in a week.
(ii) It is raining here.
(iii) The sun sets in the west.
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úΤÛλ ∆ηûΤΥôΚúΞ Α♠ςλ ΑηÓΚΖôΚúΞ Κ∞ΘιƒΩ ♣ìΣΠδΚρ ∆ρΖ∴−
úΤÛλ ≅ûΞ Κ∞Θιƒτ ≅û∴ιÕ ♦↔ÜΚÞχÏλ ûΤΥΤôΚúΞ ∆ρΖ∴− ØΘο
≅°ϕΘ ♣ìΣΠλ €úςχΚ ΘιÕΞ Νô± Τσßλ Κ∞Θ ≅°Νν ΘôΩυ ΦτΣΞςôο
≅↓χΚκΣγΟÕ− ùΤΜΣúΟô♥Υô− Φ€κÕ+ ≠∴ô Τσßλ ΒϕƒΥô úΣôτ[ ΣΨδΚôΩ
ΡôΚ↔ΚδΚÞχÏ Κ∞Θλ ûΤΥλ Φτß ≅°ϕΘôÛλ Ρôλ ΘσùΣôÝÕ ∆ΣúΥô€κΣÕ
úΣôο ♣ìΣΠδΚûΖ ∆ΣúΥô€ιΘ∴ν ΦτΣΘσÏ ΘÏϕΘ ΜôτßΚρ ΒοûΩ−

ΒϕΘ ΣôΟιƒο Ξôχ€Υλ ≅οΩÕ áσß Φτ[ôο Φτ∴> Φπ↑Θ ΚôςΠδΚρ ΒΟλ
ùΣσßρΖ∴> Κ∞Θ ♣ìΣΠιƒο ΒÚκΣûΞ ΦûΞ ΦτΣûΘκ Σσ° ΚôΠΩôλ−
A1.2 Κ∞Θιƒο Ικ×χùΚôρΖκΣγΟ Ξôχ€ΥδΚρ
ΒϕΘκ ♦↔↑ο Κ∞Θιƒο Ικ×χùΚôρΖκΣγΟ Ξôχ€ΥδΚρ ΦτΣûΘ ↑ΖχΚ ØΥσ′
ùΜµúΞôλ− »Ξôχ€Υλ» ΦτΣΘ ΙÚ ΚγΟûΖ Ξôχ€ΥúΤô ≅οΩÕ ΑεΜ↔ΥΤôΚ áßλ
Ξôχ€ΥúΤô ≅τß− úΤÛλ ΒÕ úΚρ↑ Ξôχ€ΥúΤô ≅τß− ΦÓιÕχΚôγΟôΚ+

»»∆τàûΟΥ áϕΘο ΦϕΘ ♣[λ>µµ ΒÕ Ξôχ€Υλ ≅οΩ+ úΚρ↑−
»»ΘΥÜùΜµÕ Φ∴χÏ Θη½ν ΦÓιΘ Ξôµµ ΒÕ Σ∞Ü ≅οΩÕ ΚγΟûΖ− Α∴ôο

   Ξôχ€Υλ ≅οΩ−
»»ã↔Υ ≅υΘΤ∴λ ΦπΞΖÜ ≅ΨΚôΚ ∆ρΖÕ!µµ  ΒÕ ΑεΜ↔Υλ+ Ξôχ€Υλ ≅οΩ−
Α∴ôο, »»∆τàûΟΥ áϕΘ←τ ♣[λ ΚÚκ×µµ  ΦτΣÕ Ξôχ€Υλ−
ùΣôÕΞôΚ Ξôχ€ΥδΚρ ♦τΞÚΞ∴Ξσ°ο ΓΘôΞÕ ΙÚ ΞûΚΥôΚ ΒÚχÏλ−
· ΦκùΣôÝÕλ ∆ηûΤ
· ΦκùΣôÝÕλ ùΣôµ
· ùΘ↓Ξσ[ûΞ
»ùΘ↓Ξσ[ûΞµ ΦτΣΘσÏ ′Ω ↑ΖχΚλ úΘûΞ− ùΣôÕΞôΚ ΙÚ Ξôχ€ΥιûΘ

ùΘ↓Ξσ[ûΞ Φ∴χáßΞΘσÏ ΒςηÓ ãθ♣ûΩΚρ ∆ρΖ∴− ØΘο ãθ♣ûΩ
ùΚôÓχΚκΣγΟ Ξôχ€ΥιûΘ ΦκùΣôÝÕλ ∆ηûΤ ≅οΩÕ ΦκùΣôÝÕλ ùΣôµ Φτß
ΡλΤôο á[Ø⁄ΥôÕ− ΦÓιÕχΚôγΟôΚ ΡôûΖ ↑ΥôΨχ€ΨûΤ Φτ[ Ξôχ€Υλ ùΘ↓Ξσ[Õ−
Μ↔Υô∴ ΞôνιûΘΚρ ùΚôÓχΚκΣΟôΘΘôο ΒϕΘ Ξôχ€Υλ ∆ηûΤ Φτú[ô ≅οΩÕ
ùΣôµ Φτú[ô á[ Ø⁄ΥôÕ−

 ΒςηΟôΞÕ ãθ♣ûΩΥô∴Õ+ ùΚôÓχΚκΣγΟ Ξôχ€Υλ ùΣôÚûΖε ΜôνϕΘÕ− ≅Õ
′ΩÚχÏ ∆ηûΤΥôΚÜλ ′ΩÚχÏ ùΣôµΥôΚÜλ ΒÚχÏλ− ΦÓιÕχΚôγΟôΚ+ ΡôµΚρ
×ιƒáνûΤ ∆ûΟΥûΞ ΦτΣÕ ùΘ↓Ξσ[Õ− Γù∴±ο ′Ων ΒΘû∴ ∆ηûΤ Φτßλ
′Ων ùΣôµ Φτßλ áßΞν−
ΦÓιÕχΚôγÓ 1 : ♦τΞÚλ Ξôχ€ΥδΚρ ΦκùΣôÝÕλ ∆ηûΤ+ ΦκùΣôÝÕλ ùΣôµ
≅οΩÕ ùΘ↓Ξσ[Õ Φ∴ ΞûΚκΣÓιΘΚ−
(i) Ξôςιƒο 8 ΡôγΚρ ∆ρΖ∴−

(ii) ΒδÏ ΤûΨ ùΣµ€[Õ−

(iii) ã↔Υτ úΤσ€ο Τû[€[Õ−
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(iv) Gauri is a kind girl.

(v) The product of two odd integers is even.

(vi) The product of two even natural numbers is even.

Solution :

(i) This statement is always false, since there are 7 days in a week.

(ii) This statement is ambiguous, since it is not clear where ‘here’ is.

(iii) This statement is always true. The sun sets in the west no matter where we live.

(iv) This statement is ambiguous, since it is subjective–Gauri may be kind to some and not to
others.

(v) This statement is always false. The product of two odd integers is always odd.

(vi) This statement is always true. However, to justify that it is true we need to do some work.
It will be proved in Section A1.4.

As mentioned before, in our daily life, we are not so careful about the validity of statements.
For example, suppose your friend tells you that in July it rains everyday in Manantavadi, Kerala.
In all probability, you will believe her, even though it may not have rained for a day or two in
July. Unless you are a lawyer, you will not argue with her!

As another example, consider statements we often
make to each other like “it is very hot today”. We easily
accept such statements because we know the context even
though these statements are ambiguous. ‘It is very hot
today’ can mean different things to different people
because what is very hot for a person from Kumaon may
not be hot for a person from Chennai.

But a mathematical statement cannot be ambiguous. In mathematics, a statement is only
acceptable or valid, if it is either true or false. We say that a statement is true, if it is always
true otherwise it is called a false statement.

For example, 5 + 2 = 7 is always true, so ‘5 + 2 = 7’ is a true statement and
5 + 3 = 7 is a false statement.
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(iv) ùΚΖ↔ ≅τΣô∴ ùΣη−

(v) ΒςηÓ Ισû[ ØÝχΚ↓τ ùΣÚχΚσΣΩτ ϑν ΒςγûΟ Φη−

(vi) ΒςηÓ ΒςγûΟ ΒΥο ΦηΚ↓τ ùΣÚχΚσΣΩτ ϑν ΒςγûΟ Φη−

¾νÜ:

(i) ΦκùΣôÝÕλ ùΣôµ− Γù∴±ο ΞôςιƒσÏ 7 ΡôγΚρ−

(ii) ùΘ↓Ξσ[Õ− »ΒδÏµ ΦτΣÕ Μ↔ΥôΚ ↑ΖχΚκΣΟ↑οûΩ−

(iii) ΦκùΣôÝÕλ ∆ηûΤ− ã↔Υτ ΦκùΣôÝÕλ úΤσ€ο Τû[Ùλ−

(iv) ùΘ↓Ξσ[Õ− ùΚΖ↔ Φτ[ ùΣη ′ΩÚχÏ ≅τΣô∴ΞΖôΚÜλ+ ′ΩÚχÏ
≅τ♦οΩôΘΞΖôΚÜλ ΒÚχΚΩôλ−

(v) ΦκùΣôÝÕλ ùΣôµ− ΒςηÓ Ισû[ ØÝχΚ↓τ ùΣÚχΚσΣΩτ ϑν Ισû[ Φη−

(vi) ΦκùΣôÝÕλ ∆ηûΤ− ΒÚκ♦àλ ΒûΘ ♣ì♦χΚ Ρôλ ′Ω úΞûΩΚûΖ ùΜµΥ
úΞη⁄ÙρΖÕ− ♦↔Ü A1.4 ο ΒÕ ♣ì♦χΚκΣγÓρΖÕ−

Ρôλ ØΘ←ο á°ΥΣ⁄+ Ξôχ€ΥδΚ↓ο ∆ηûΤΚ↓ο Ρôλ ≅ƒΚλ ΚΞ∴λ
ùΜÛιÕΞÕ ΒοûΩ− ΦÓιÕχΚôγΟôΚ+ ∆τàûΟΥ ΡηΣτ úΚςΖô↑ο Τô∴τΘΞ⁄♠ο
⊥øûΩ ΤôΘιƒο ƒ∴Øλ ΤûΨ ùΣµÙλ Φτß áß€[ôτ− ⊥øûΩ ΤôΘιƒο Ιτß
≅οΩÕ ΒςηÓ Ρôρ ΤûΨ ùΣµΥô↑⁄Ûλ ¿+ ∆τàûΟΥ ΡηΣτ ùΜôτ∴ áσû[
Ρλ×ΞΘσÏ ΦοΩô ΜôιƒΥ áßΚρ ∆ηÓ− ¿ Ξχ•ΩôΚ ΒÚϕΘôο Θôτ ¿ ≅Ξ±Ολ
ΞôΘôÓΞôµ!−

Τσù[ôÚ ΦÓιΘχΚôγ⁄ο+  »»Βτß ♥ΚÜλ
ùΞκΣΤôΚ ∆ρΖÕµµ ΒÕ Ρôλ ≅⁄χΚ⁄ ∆ΣúΥô€χÏλ
ΙÚ Ξôχ€Υλ− Ρôλ ΒÕ úΣôτ[ Ξôχ€ΥδΚρ
ùΘ↓Ξσ[ûΞΥôΚ ΒÚϕΘôÛλ ≅Ξσû[ ΙιÕχ
ùΚôρ€ú[ôλ− »Βτß ♥ΚÜλ ùΞκΣΤôΚ ∆ρΖÕµ

Φτ[ Ξôχ€Υλ úΞßΣγΟ Τ±ΘνΚÞχÏ úΞßΣγΟ
ùΣôÚûΖ ΘÚλ− Γù∴±ο ÏëΤô±ο ∆ρΖ
Τ±ΘàχÏ ♥ΚÜλ ùΞκΣλ ΦτΣÕ ùΜτû∴♠ÛρΖ
Τ±ΘàχÏ ùΞκΣΤôΚ ΒÚχΚôÕ−

Α∴ôο Κ∞Θ Ξôχ€Υλ ΦτΣÕ ùΘ↓Ξσ[ûΞΥôΚ ΒÚχΚ áΟôÕ− Κ∞Θιƒο
Ξôχ€Υλ ≅οΩÕ áσß ΦτΣÕ ∆ηûΤ ≅οΩÕ ùΣôµ Φτ[ôÛλ ≅Õ ΙιÕχùΚôρΖχ
á⁄ΥΘôΚ ≅οΩÕ ΓσßχùΚôρΖ á⁄ΥΘôΚ ΒÚχÏλ− ΙÚ Ξôχ€Υλ ∆ηûΤ Φ±ο
≅Õ ΦκùΣôÝÕλ ∆ηûΤ ΒοΩô↑⁄ο ≅Õ ùΣôµ Ξôχ€Υλ−

ΦÓιÕχΚôγΟôΚ+ 5 + 2 = 7 ΦτΣÕ ΦκùΣôÝÕλ ∆ηûΤ− ΑΚúΞ ‘5 + 2 = 7’ ΦτΣÕ
∆ηûΤ Ξôχ€Υλ− 5 + 3 = 7 ΦτΣÕ ùΣôµ Ξôχ€Υλ−
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Example 2 : State whether the following statements are true or false:

(i) The sum of the interior angles of a triangle is 180°.

(ii) Every odd number greater than 1 is prime.

(iii) For any real number x, 4x + x = 5x.

(iv) For every real number x, 2x > x.

(v) For every real number x, x2 ³ x.

(vi) If a quadrilateral has all its sides equal, then it is a square.

Solution :

(i) This statement is true. You have already proved this in Chapter 6.

(ii) This statement is false; for example, 9 is not a prime number.

(iii) This statement is true.

(iv) This statement is false; for example, 2 × (–1) = –2, and – 2 is not greater than –1.

(v) This statement is false; for example, 
21 1

2 4
æ ö =ç ÷
è ø

, and 1
4

 is not greater than 1
2

.

(vi) This statement is false, since a rhombus has equal sides but need not be a square.

You might have noticed that to establish that a statement is not true according to mathematics,
all we need to do is to find one case or example where it breaks down. So in (ii), since 9 is not
a prime, it is an example that shows that the statement “Every odd number greater than 1 is
prime” is not true. Such an example, that counters a statement, is called a counter-example. We
shall discuss counter-examples in greater detail in Section A1.5.

You might have also noticed that while Statements (iv), (v) and (vi) are false, they can be
restated with some conditions in order to make them true.

Example 3 : Restate the following statements with appropriate conditions, so that they become
true statements.

(i) For every real number x, 2x > x.

(ii) For every real number x, x2 ³ x.

(iii) If you divide a number by itself, you will always get 1.

(iv) The angle subtended by a chord of a circle at a point on the circle is 90°.

(v) If a quadrilateral has all its sides equal, then it is a square.
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ΦÓιÕχΚôγÓ 2 : ♦τΞÚλ Ξôχ€ΥδΚρ ∆ηûΤ ≅οΩÕ ùΣôµ Φ∴χáß:
(i) ØχúΚôΠιƒτ ∆γúΚôΠδΚ↓τ áÓΘο 180°.
(ii) 1 Η ↑Ο ≅ƒΚΤôΚ ΙπùΞôÚ Ισû[ ΦηÔλ ΣΚô Φη−

(iii) ΦοΩô ùΤµ ΦηΚρ x χÏλ+  4x + x = 5x.
(iv) ΙπùΞôÚ ùΤµ Φη x χÏλ+  2x > x.
(v) ΙπùΞôÚ ùΤµ Φη  x χÏλ+ x2 ³ x.
(vi) ΙÚ ΡôσΚςιƒο ∆ρΖ ΦοΩô ΣχΚδΚÞλ ΜΤλ Φ±ο ≅Õ ΜÕςλ−

¾νÜ :
(i) ΒÕ ∆ηûΤ Ξôχ€Υλ− ≅ΩÏ 6 ο ΒÕ ♣ì♦χΚκΣγÓρΖÕ−

(ii) ΒÕ ∆ηûΤ Ξôχ€Υλ− ΦÓιÕχΚôγΟôΚ+ 9 ΦτΣÕ ΣΚô Φη ≅οΩ−

(iii) ΒÕ ∆ηûΤ Ξôχ€Υλ−

(iv) ΒÕ ùΣôµ Ξôχ€Υλ− Φ−Κô−9 2×(–1)=–2 Τσßλ – 2 ΦτΣÕ –1 Η ↑Ο ùΣ↔ΥÕ ≅οΩ−

(v) ΒÕ ùΣôµ Ξôχ€Υλ− Φ−Κô−9 
21 1

2 4
æ ö =ç ÷
è ø

 Τσßλ 1
4

 ΦτΣÕ 1
2
Η ↑Ο ùΣ↔ΥÕ ≅οΩ−

(vi) ΒÕ ùΣôµ Ξôχ€Υλ− Γù∴±ο ΜôµΜÕςιƒσÏ ΦοΩô ΣχΚδΚÞλ ΜΤλ− ΑΚúΞ
≅Õ ΜÕςΤôΚ ΒÚχΚ úΞη⁄Υ ≅Ξ′Υλ ΒοûΩ−

Κ∞Θιƒο ùΚôÓχΚκΣγΟ Ξôχ€Υλ ùΣôµ Φ∴ ♣ì♦κΣΘσÏ ΙÚ ΦÓιÕχΚôγûΟχ
ùΚôηÓ ≅Θû∴ ♣ì♦χΚ úΞη⁄ÙρΖÕ− ΑΚúΞ (ii) ο »»1 Η ↑Ο ≅ƒΚΤô∴ ΙπùΞôÚ

Ισû[ ΦηÔλ ΣΚô Φη ΦτΣÕ ΘΞßµµ ΦÓιÕχΚôγΟôΚ 9 ΣΚô Φη ≅οΩ− ΒϕΘ
ΞûΚ ΦÓιÕχΚôγÓ Ξôχ€ΥιûΘ ΦƒνιÕχ áßΞΘôο ΒûΞ Φƒν ∆ΘôςΠλ Φ∴χ
á[Ωôλ− Φƒν ∆ΘôςΠλ Σσ° ♦↔Ü A1.5 ο Ρôλ ↑↔ΞôΚ ΚôΠΩôλ−

 Ξôχ€ΥδΚρ (iv), (v) Τσßλ (vi) Α€ΥûΞ ùΣôµ Φτ[ôÛλ ≅Ξσû[ ∆ηûΤ

Ξôχ€ΥδΚΖôΚ Τôσ[ ≅Ξσû[ Τôσ° ΦÝΘ úΞηÓλ−

ΦÓιÕχΚôγÓ 3  : ♦τΞÚλ Ξôχ€ΥδΚûΖ+ ∆ηûΤ Ξôχ€ΥδΚΖôΚ+ ≅ΘσΚô∴

ΚôςΠδΚÞΟτ Τôσ° ΦÝÕΚ−

(i) ΙπùΞôÚ ΒΥο Φη x χÏλ 2x > x.

(ii) ΙπùΞôÚ ΒΥο Φη x χÏλ x2 ³ x.

(iii) ΙÚ ΦηûΠ ≅úΘ ΦηΠôο ΞÏιΘôο 1 €ûΟχÏλ−

(iv) ΙÚ ΞγΟιƒο ΙÚ Ρô∞∴ôο ΞγΟιƒτ ÁÕ ΦƒςûΤϕΘ úΚôΠλ 90°.

(v) ΙÚ ΡôσΚςιƒο ΦοΩô ΣχΚδΚÞλ ΜΤλ Φ±ο ≅Õ ΜÕςλ−
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Solution :
(i) If x > 0, then 2x > x.
(ii) If x £ 0 or x ³ 1, then  x2 ³ x.
(iii) If you divide a number except zero by itself, you will always get 1.
(iv) The angle subtended by a diameter of a circle at a point on the circle is 90°.
(v) If a quadrilateral has all its sides and interior angles equal, then it is a square.

EXERCISE A1.1

1. State whether the following statements are always true, always false or ambiguous. Justify
your answers.
(i) There are 13 months in a year.
(ii) Diwali falls on a Friday.
(iii) The temperature in Magadi is 260 C.
(iv) The earth has one moon.
(v) Dogs can fly.
(vi) February has only 28 days.

2. State whether the following statements are true or false. Give reasons for your answers.
(i) The sum of the interior angles of a quadrilateral is 350°.
(ii) For any real number x, x2 ³ 0.
(iii) A rhombus is a parallelogram.
(iv) The sum of two even numbers is even.
(v) The sum of two odd numbers is odd.

3. Restate the following statements with appropriate conditions, so that they become true
statements.
(i) All prime numbers are odd.
(ii) Two times a real number is always even.
(iii) For any x, 3x +1 > 4.
(iv) For any x, x3 ³ 0.
(v) In every triangle, a median is also an angle bisector.

A1.3 Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is deductive
reasoning. To understand what deductive reasoning is all about, let us begin with a puzzle for
you to solve.
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¾νÜ :
(i) x > 0 Φ±ο 2x > x.
(ii) x £ 0 ≅οΩÕ x ³ 1 Φ±ο  x2 ³ x.
(iii) 0 Η Θ↑ς Τσ[ ΦηΚûΖ ≅úΘ ΦηΚΖôο ΞÏιΘôο 1 €ûΟχÏλ−

(iv) ΙÚ ΞγΟιƒτ ↑γΟιƒ∴ôο ΞγΟιƒτ ÁΘûΤϕΘ ×ρ↓Υôο ΦƒςûΤÙλ úΚôΠλ 90°.
(v) ΙÚ ΡôσΚςιƒο ΦοΩô ΣχΚδΚÞλ+ ΦοΩô ∆γúΚôΠδΚÞλ ΜΤλ Φ±ο ≅Õ ΜÕςλ−

Σ♠σ′ A1.1
1. ♦τΞÚλ Ξôχ€ΥδΚρ ΦκùΣôÝÕλ ∆ηûΤΥô> ΦκùΣôÝÕλ ùΣôµΥô> ≅οΩÕ

ùΘ↓Ξσ[ûΞΥô> Φ∴χáß− ∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ áß−
(i) ΙÚ ΞÚΟιƒο 13 ΤôΘδΚρ ∆ρΖ∴−
(ii) ¾ΣôΞ↓ ùΞρ↓χ€ΨûΤΥτß ΞÚλ−
(iii) ΤôΚ⁄♠τ ùΞκΣ♣ûΩ 260 C
(iv) é♥χÏ Ιúς ΙÚ Μϕƒςú∴ ∆ρΖÕ−
(v) ΡôµΚΖôο Σ[χΚ Ø⁄Ùλ−
(vi) ♦κςΞ↔ ΤôΘιƒο 28 ΡôγΚúΖ ∆ρΖ∴−

2. ♦τΞÚλ  Ξôχ€ΥδΚρ  ∆ηûΤ  ≅οΩÕ  ùΣôµ  Ξôχ€ΥΤô>  Φ∴χ  áß−
∆τàûΟΥ ↑ûΟχÏ ΚôςΠλ áß−
(i) ΙÚ ΡôσΚςιƒτ ≅û∴ιÕ ∆γúΚôΠδΚ↓τ áÓΘο 350°.
(ii) ≅û∴ιÕ ùΤµùΥτΚρ x χÏλ x2 ³ 0.
(iii) ΜôµΜÕςλ ΦτΣÕ ϑν ΡôσΚςλ ΑÏλ−
(iv) ΒςηÓ ΒςγûΟ ΦηΚ↓τ áÓΘο ϑν ΒςγûΟ Φη−
(v) ΒςηÓ Ισû[ ΦηΚ↓τ áÓΘο ϑν Ισû[ Φη−

3. ♦τΞÚλ Ξôχ€ΥδΚûΖ+ ∆ηûΤ Ξôχ€ΥδΚΖôΚ ΤôσßΞΘσΚô∴ ∆↔Υ
♣ΣϕΘû∴ΚûΖ ΦÝÕΚ−
(i) ≅û∴ιÕ ΣΚô ΦηΚÞλ Ισû[ ΦηΚρ−
(ii) ϑν ùΤµ Φη∞τ ΒÚΤΟδΚô∴Õ ϑν ΒςγûΟ Φη−
(iii) x Βτ ΦοΩô Τƒκ♦σÏλ 3x +1 > 4.
(iv) x Βτ ΦοΩô Τƒκ♦σÏλ x3 ³ 0.
(v) ΙÚ ØχúΚôΠιƒτ ΡÓχúΚôÓ ΦτΣÕ úΚôΠδΚ↓τ ΒÚΜΤ ùΞγ⁄−

A1.3 ΣÏιΘ°Θο

ùΘ↓Ξô∴ Ξôχ€Υιƒτ ∆ηûΤûΥ ♣ûΩΡôγΟ ∆ΣúΥôΚκΣÓιΘκΣÓλ Øχ€ΥΤô∴
ΘνχΚ Ξ→ ΣÏιΘ°Θο ΑÏλ− ΣÏιΘ°Θο Φτ[ôο Φτ∴ ΦτΣûΘ ≅°ϕÕχ ùΚôρΖ+
¿δΚρ ΙÚ ×ƒûς ¾νκΣΘτ êΩλ Ρôλ ùΘôΟδΚΩôλ−
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You are given four cards. Each card has a number printed on one side and a letter on the
other side.

Suppose you are told that these cards follow the rule:

“If a card has an even number on one side, then it has a vowel on the other side.”

What is the smallest number of cards you need to turn over to check if the rule is true?

Of course, you have the option of turning over all the cards and checking. But can you
manage with turning over a fewer number of cards?

Notice that the statement mentions that a card with an even number on one side has a vowel
on the other. It does not state that a card with a vowel on one side must have an even number on
the other side. That may or may not be so. The rule also does not state that a card with an odd
number on one side must have a consonant on the other side. It may or may not.

So, do we need to turn over ‘A’? No! Whether there is an even number or an odd number on
the other side, the rule still holds.

What about ‘5’? Again we do not need to turn it over, because whether there is a vowel or a
consonant on the other side, the rule still holds.

But you do need to turn over V and 6. If V has an even number on the other side, then the rule
has been broken. Similarly, if 6 has a consonant on the other side, then the rule has been broken.

The kind of reasoning we have used to solve this puzzle is called deductive reasoning. It is
called ‘deductive’ because we arrive at (i.e., deduce or infer) a result or a statement from a
previously established statement using logic. For example, in the puzzle above, by a series of
logical arguments we deduced that we need to turn over only V and 6.

Deductive reasoning also helps us to conclude that a particular statement is true, because it
is a special case of a more general statement that is known to be true. For example, once we
prove that the product of two odd numbers is always odd, we can immediately conclude (without
computation) that 70001 × 134563 is odd simply because 70001 and 134563 are odd.
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∆δΚÞχÏ ΡôτÏ ≅γûΟΚρ ùΚôÓχΚκΣγÓρΖ∴− ΙπùΞôÚ ≅γûΟ♠Ûλ ϑν
Φη ΙÚ ×[Øλ+ ϑν ΦÝιÕ Τσù[ôÚ ×[Øλ ≅εΜ⁄χΚκΣγÓρΖÕ−

»»≅γûΟ♠τ ΙÚ ×[λ ΒςγûΟ Φη ΒÚϕΘôο+ ≅Θτ Τß×[λ ∆♠ùςÝιÕ
≅εΜ⁄χΚκΣγ⁄ÚχÏλµµ

¿ Ïû[ϕΘΣγΜλ ΦιΘû∴ ≅γûΟΚûΖ ƒÚκ♦+ ùΚôÓχΚκΣγΟ ↑ƒ Μ↔ Φ∴
♣ì♦κΣôµ>

ΦοΩô ≅γûΟΚûΖÙλ ƒÚκ♦ ùΚôÓχΚκΣγΟ ↑ƒûΥ Μ↔ ΣôνχΚΩôλ− Α∴ôο
Ïû[ϕΘΣγΜ Φη∞χûΚ♠ο ≅γûΟΚûΖι ƒÚκ♦ Μ↔ΣôνχΚ ∆τ∴ôο Ø⁄ÙΤô>

≅γûΟ♠τ ΙÚ×[λ ΒςγûΟ Φη Φ±ο Τß×[λ Αδ€Ω ∆♠ùςÝιÕ ΦτΣÕ
ùΚôÓχΚκΣγÓρΖÕ− Α∴ôο Αδ€Ω ∆♠ùςÝιÕ ΙÚ×[λ ΒÚϕΘôο+ Τß×[λ
Κη⁄κΣôΚ ΒςγûΟ Φη Φ∴ ùΚôÓχΚκΣΟ↑οûΩ− ΒςγûΟ Φη ΒÚχΚΩôλ−
ΒοΩôΤÛλ úΣôΚΩôλ− ≅úΘ úΣôο Ισû[ Φη ΙÚ×[λ ΒÚϕΘôο Τß×[λ Αδ€Ω
ùΤµùΥÝιÕ ΒÚχÏλ ΦτΣÕλ Ï°κ♦Ο↑οûΩ−

ΑΚúΞ Ρôλ ‘A’ ≅γûΟûΥ ƒÚκ♦ Μ↔ΣôνχΚΩôΤô! Ø⁄ΥôÕ− Τß×[λ ΒςγûΟ Φη
≅οΩÕ Ισû[ ΦηΠôΚ ΒÚχΚΩôλ− ↑ƒ ΦκùΣôÝÕλ ùΣôÚϕÕλ−

»5µ ≅γûΟûΥ ƒÚκΣΩôΤô> ΒûΘÙλ ƒÚκ♦ Μ↔ΣôνχΚ Ø⁄ΥôÕ− Τß×[λ Αδ€Ω
∆♠ùςÝιÕ ΒÚϕΘôÛλ+ ΒοΩô↑γΟôÛλ ↑ƒ ΒκùΣôÝÕλ ùΣôÚϕÕλ−

ΑΚúΞ+ ¿ V Τσßλ 6 Φτ[ ≅γûΟΚûΖúΥ ƒÚκ♦ ΣôνχΚúΞηÓλ− V Βτ
Τß×[λ ΒςγûΟ Φη ΒÚϕΘôο ↑ƒ ΘΞß− ≅úΘ úΣôο 6 τ Τß×[λ Αδ€Ω
ùΤµùΥÝιÕ ΒÚϕΘôÛλ ↑ƒ ΘΞß−

ΒϕΘ ×ƒûς ¾νχΚ ∆ΣúΥô€ιΘ ΒûΘ úΣôτ[ ΣÏιΘ°ΘΩô∴Õ ÕκΣ°Ùλ ΣÏιΘ°Θο
Φ∴κΣÓ€τ[Õ− ΒπΞôß ≅ûΨχΚκΣΟ ΚôςΠλ+ Ρôλ ØτúΣ ΘνχΚ Øû[♠ο
ΚηΟ°ϕÕ ∆ηûΤΚûΖ ∆ΣúΥô€ιÕ Ø⁄ûΞ ≅ûΟ€ú[ôλ− ΦÓιÕχΚôγΟôΚ+ úΤÛρΖ
×ƒ↔ο ΘνχΚ Øû[♠ο ↑ΞôƒιÕ Ρôλ  V Τσßλ 6 Φτ[ ≅γûΟΚûΖ ΤγÓλ ƒÚκ♦∴ôο
úΣôÕλ Φτ[ Ø⁄ÜχÏ ΞϕúΘôλ−

ÕκΣ°Ùλ ΣÏιΘ°Θο ùΚôÓχΚκΣγΟ Ξôχ€Υλ ∆ηûΤ Ξôχ€ΥΤô> Φτ[ Ø⁄↑σÏ
Ξς ∆Θ↑ ×↔€[Õ− Γù∴±ο ≅ϕΘ Ξôχ€ΥδΚρ ∆ηûΤ Ξôχ€Υλ Φ∴ ≅°ΥκΣγΟÕ−
ΦÓιÕχΚôγΟôΚ+ ΙÚØû[ Ρôλ ΒςηÓ Ισû[ ΦηΚ↓τ ùΣÚχÏιùΘôûΚ ΙÚ
Ισû[ Φη Φ∴ ΙÚØû[ ♣ì♦ιΘôο+ Ρôλ 70001 Τσßλ 134563 τ ùΣÚχΚσΣΩàλ
ϑν Ισû[  Φη ΦτΣûΘ ùΣÚχΚôΤúΩ á° ↑ΟΩôλ− Γù∴±ο 70001 × 134563
ΦτΣûΞ ϑν Ισû[ ΦηΚΖôÏλ−
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Deductive reasoning has been a part of human thinking for centuries, and is used all the time
in our daily life. For example, suppose the statements “The flower Solaris blooms, only if the
maximum temperature is above 28° C on the previous day” and “Solaris bloomed in Imaginary
Valley on 15th September, 2005” are true. Then using deductive reasoning, we can conclude
that the maximum temperature in Imaginary Valley on 14th September, 2005 was more than 28°
C.

Unfortunately we do not always use correct reasoning in our daily life! We often come to
many conclusions based on faulty reasoning. For example, if your friend does not smile at you
one day, then you may conclude that she is angry with you.  While it may be true that “if she is
angry with me, she will not smile at me”, it may also be true that “if she has a bad headache, she
will not smile at me”. Why don’t you examine some conclusions that you have arrived at in your
day-to-day existence, and see if they are based on valid or faulty reasoning?

EXERCISE A1.2

1. Use deductive reasoning to answer the following:

(i) Humans are mammals. All mammals are vertebrates.  Based on these two statements,
what can you conclude about humans?

(ii) Anthony is a barber. Dinesh had his hair cut. Can you conclude that Antony cut
Dinesh’s hair?

(iii) Martians have red tongues. Gulag is a Martian. Based on these two statements, what
can you conclude about Gulag?

(iv) If it rains for more than four hours on a particular day, the gutters will have to be
cleaned the next day. It has rained for 6 hours today. What can we conclude about
the condition of the gutters tomorrow?

(v) What is the fallacy in the cow’s reasoning in the cartoon below?

All dogs have tails.
I have a tail.
Therefore I am a 
dog.
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ΣΩ èσ[ôηÓΚΖôΚ ÕκΣ°Ùλ ΣÏιΘ°Θο ΦτΣÕ Τ±ΘàûΟΥ ′ϕƒχÏλ ƒ[±ο
ΙÚ ΣÏƒΥôÏλ− úΤÛλ ΒΘû∴ ΡλØûΟΥ ƒ∴Μ↔ Ξôθ↑ο ΦκùΣôÝÕλ
∆ΣúΥô€χ€ú[ôλ− ΦÓιÕχΚôγΟôΚ+ »» úΜôΩ↔υ Φτ[ éχΚρ ØΘοΡôρ ùΞκΣ♣ûΩ
28° C χÏλ ≅ƒΚΤôΚ ΒÚϕΘôο Θôτ éχÏλ− Τσßλ »»2005 ùΜκΟλΣν 15 ≅τß
úΜôΩ↔υ Φτ[ éχΚρ ΤΩνϕΘÕ Φτ[ Ξôχ€ΥδΚûΖ ΚΞ±χΚÜλ− ΒΞσû[ ΣÏιΘ°Θο
ùΚôηÓ Ρôλ 2005 ùΜκΟλΣν 14 ≅τß ùΞκΣ♣ûΩ 28°Cµµ χÏ ≅ƒΚΤôΚ ΒÚϕΘÕ
Φτ[ Ø⁄ÜχÏ ΞςΩôλ−

Α∴ôο ÕςƒνωΟΞΜΤôΚ ΡλØûΟΥ ≅τ[ôΟ Ξôθ↑ο Ρôλ Μ↔Υô∴ ΚôςΠδΚûΖ
∆ΣúΥô€κΣƒοûΩ− ≅úΡΚ Ø⁄ÜΚûΖ Ρôλ ≅⁄χΚ⁄ ΘΞ[ô∴ ΚôςΠδΚûΖ ùΚôηÓ
ΦÓιΘ ↑Ó€ú[ôλ− ΦÓιÕχΚôγΟôΚ+ ∆τàûΟΥ ΡηΣτ ∆τû∴κ ΣôνιÕ ΙÚ Ρôρ
′↔χΚ↑οûΩ Φ±ο ∆Οú∴ »»¿ ≅Ξτ ∆τ ÁÕ úΚôΣΤôΚ ΒÚκΣΘôο Θôτ Φτû∴κ
ΣôνιÕ ′↔χΚ↑οûΩµµ ΦτΣÕ Μ↔ΥôΚ ΒÚϕΘôÛλ áΟ ≅ΞàχÏ ΘûΩΞ← ≅ƒΚΤôµ
ΒÚϕΘΘôο Φτû∴ ΣôνιÕ ′↔χΚ↑οûΩ ΦτΣÕλ Μ↔ΥôΚ ΒÚχÏλ− ¿δΚρ
∆δΚÞûΟΥ ΞôθχûΚ♠ο ΣΩ ΜΤΥδΚ↓ο ΦÓιΘ Ø⁄ÜΚρ ΙιÕχùΚôρΖχ á⁄Υ
ΚôςΠδΚρ Φ∴ Αςôµε′ ùΜµΥχ áΟôÕ−

       A1.2
1. ÕκΣ°Ùλ ΣÏιΘ°ûΞ ∆ΣúΥô€ιÕ ♦τΞÚΞ∴Ξσ°σÏ ↑ûΟΥ↓−

(i) Τ±ΘνΚρ ≅û∴ΞÚλ Σôíγ⁄Κρ ΦοΩô Σôíγ⁄ΚÞλ ØÕùΚÛλ×ρΖûΞ−
ΒϕΘ ΒÚ Ξôχ€ΥδΚûΖ ùΚôηÓ Τ±ΘνΚûΖκ Σσ° ∆τ Ø⁄Ü Φτ∴>

(ii) ΑηΟ± ΦτΣΞν Ø⁄ ƒÚιΘλ ùΜµΣΞν− ƒú∴ω ΘτàûΟΥ Ø⁄ûΥ
ƒÚιƒχ ùΚôηΟôτ− ΒϕΘ ΒςηÓ Ξôχ€ΥδΚûΖχ ùΚôηÓ ΑηΟ±♠Ολ
ƒú∴ω Ø⁄ ƒÚιƒχ ùΚôηΟôτ Φτ[ Ø⁄ÜχÏ ΞςØ⁄ÙΤô>

(iii) ùΜπΞôµ €ςΚιƒο ∆ρΖΞνΚρ ′Ξκ× ΡôχûΚ ∆ûΟΥΞν− ÏΩôδ ΙÚ
ùΜπΞôµ€ςΚ Ξô′+ ΒϕΘ ΒςηÓ Ξôχ€ΥδΚûΖ ùΚôηÓ ÏΩôδ Σσ°Υ
∆τàûΟΥ Ø⁄Ü Φτ∴>

(iv) ΙÚ Ï°κ♦γΟ Ρô↓ο 3 Τ∞ úΡςιƒσÏ úΤο ΤûΨ ùΣµΘôο ≅ÓιΘΡôρ
Ξ⁄ΚôοΚρ ÑιΘλ ùΜµΥκΣΟ úΞηÓλ− ΙÚ Ρôρ 5 Τ∞ úΡςλ ΤûΨ
ùΣµΘÕ−  ΤßΡôρ  Ξ⁄ΚôοΚ↓τ  ♣ûΩ  Ï°ιÕ  Ρôλ  Φτ∴  Ø⁄↑û∴
á[Ø⁄Ùλ>

(v) •θΚχΚôÔλ úΚ←′ιƒςιƒÛρΖ ΣÑ↑τ ΣÏιΘ°Θ←ο ∆ρΖ úΣô← ΞôΘιûΘ
ΦπΞôß Ï°κ♦ÓΞôµ> All dogs have tails.

I have a tail.
Therefore I am a 
dog.

ΦοΩô
ΡôµΚÞχÏλ Ξôο
∆ηÓ− Φ∴χÏ
Ξôο ∆ρΖÕ −
ΑΚúΞ Ρôτ Ρôµ−

Σ♠σ′
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2. Once again you are given four cards. Each card has a number printed on one side and a
letter on the other side. Which are the only two cards you need to turn over to check
whether the following rule holds?

“If a card has a consonant on one side, then it has an odd number on the other side.”

A1.4 Theorems, Conjectures and Axioms

So far we have discussed statements and how to check their validity. In this section, you will
study how to distinguish between the three different kinds of statements mathematics is built
up from, namely, a theorem, a conjecture and an axiom.

You have already come across many theorems before.  So, what is a theorem? A mathematical
statement whose truth has been established (proved) is called a theorem. For example, the
following statements are theorems, as you will see in Section A1.5.
Theorem A1.1 : The sum of the interior angles of a triangle is 180º.
Theorem A1.2 : The product of two even natural numbers is even.
Theorem A1.3 : The product of any three consecutive even natural numbers is divisible by

16.
A conjecture is a statement which we believe is true, based on our mathematical understanding

and experience, that is, our mathematical intuition. The conjecture may turn out to be true or
false. If we can prove it, then it becomes a theorem.  Mathematicians often come up with
conjectures by looking for patterns and making intelligent mathematical guesses. Let us look at
some patterns and see what kind of intelligent guesses we can make.

Example 4 : Take any three consecutive even numbers and add them, say,
2 + 4 + 6 = 12, 4 + 6 + 8 = 18, 6 + 8 + 10 = 24, 8 +10 + 12 = 30, 20 + 22 +  24 = 66.
Is there any pattern you can guess in these sums? What can you conjecture about them?
Solution : One conjecture could be :
(i) the sum of three consecutive even numbers is even.
Another could be :
(ii) the sum of three consecutive even numbers is divisible by 6.
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2. ΤßΣ⁄Ùλ 3 ≅γûΟΚρ ùΚôÓχΚκΣγÓρΖÕ− ΙπùΞôÚ ≅γûΟ♠Ûλ ΙÚ Φη
ΙÚ ×[Øλ+ ϑν ΦÝιÕ Τß×[Øλ ≅εΜ⁄χΚκΣγÓρΖÕ− ΦϕΘ ΒςηúΟ  ΒςηÓ
≅γûΟΚûΖ ƒÚκ♦ •úΨ ùΚôÓχΚκΣγÓρΖ ↑ƒ Μ↔ΥôΚ ùΣôÚϕÕ€[Õ Φ∴
ΚôηúΣôλ>

»»≅γûΟ♠τ ΙÚ ×[λ Αδ€Ω ùΤµ ΦÝιÕ ΒÚϕΘôο Τß×[λ Ισû[ Φη
ΒÚχÏλµµ

A1.4 úΘσ[δΚρ+ ≅àΤô∴δΚρ Τσßλ ≅⁄úΚôρΚρ
ΒÕΞûς Ρôλ Ξôχ€ΥδΚρ Σσ°Ùλ ≅Ξσ°τ ∆ηûΤ ΘτûΤ Σσ°Ùλ
↑ΞôƒιúΘôλ− ΒϕΘ ♦↔↑ο êτß ΞûΚ Ξôχ€ΥδΚΖô∴ Κ∞Θλ úΘôτ[ ∆Θ↑Υ
úΘσ[δΚρ+ ≅àΤô∴δΚρ+ ≅⁄úΚôρΚûΖ ΦπΞôß úΞßΣÓιÕΞÕ ΦτΣÕ Σσ°Ùλ
Σ⁄χΚΩôλ−
ΒΘσÏ Øτ× ¿δΚρ ΣΩ úΘσ[δΚûΖ Σ⁄ιÕρÇνΚρ− ΑΚúΞ úΘσ[λ Φτ[ôο

Φτ∴> úΘσ[λ ΦτΣÕ ∆ηûΤ Φ∴ ♣ì♦χΚκΣγΟ ϑν Κ∞Θ Ξôχ€Υλ ΑÏλ−
ΦÓιÕχΚôγΟôΚ+ ♦τΞÚλ Ξôχ€ΥδΚρ ♦↔Ü  A1.5. ο ¿δΚρ ΣôνιΘ úΘσ[δΚρ−
úΘσ[λ A1.1 : ΙÚ ØχúΚôΠιƒτ ∆γúΚôΠδΚ↓τ áÓΘο 180º.
úΘσ[λ A1.2 : ΒςηÓ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ ϑν ΒςγûΟ Φη−
úΘσ[λ A1.3 : êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχÏιùΘôûΚ 16 Αο ΞÏΣÓλ−

≅àΤô∴δΚρ ΦτΣÕ ∆ηûΤΥô∴ Ξôχ€ΥδΚρ Φτß ΡλΤôο Ρλ
≅àΣΞδΚΖôο ΙιÕχùΚôρΖκΣγΟ Κ∞Θ Ξôχ€ΥδΚρ+ ≅àΤô∴δΚρ
∆ηûΤΥôΚúΞô+ ùΣôµΥôΚúΞô Τô[Ωôλ− ≅Θτ ∆ηûΤûΥ ♣ì♦ιΘôο ≅Õ
úΘσ[δΚΖôÏλ− Κ∞Θ ≅°ΝνΚρ ′Ω ≅àΤô∴δΚûΖ ≅Θτ ≅ûΤκûΣχ ùΚôηÓ
×ιΘΜô←Υô∴ Κ∞Θ Ε€κ×ΚûΖ ùΚôηÓ ΞϕΘ∴ν− ′Ω ≅ûΤκ×ΚûΖ ùΚôηÓ
ΦϕΘ↑Θ Ε€κ♦û∴ ΡλΤôο ùΚôηÓΞς Ø⁄Ùλ Φ∴ ΣôνχΚΩôλ−
ΦÓιÕχΚôγÓ 4 : ΓúΘàλ  êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚûΖ ΦÓιÕχùΚôρ− ♦τ
≅Ξσû[ áγÓΚ− ΦÓιÕχΚôγΟôΚ+
2 + 4 + 6 = 12, 4 + 6 + 8 = 18, 6 + 8 + 10 = 24, 8 +10 + 12 = 30, 20 + 22 +  24 = 66.
ΒϕΘ áγÓιùΘôûΚ♠ο ΓúΘàλ ≅ûΤκ× ΒÚκΣΘôΚ ∆τ∴ôο Ε€χΚ Ø⁄€[Θô>
ΒΞσû[κ Σσ°Υ ∆τ ≅àΤô∴λ Φτ∴>
¾νÜ : ΙÚ ≅àΤô∴λ+

(i) êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ áÓΘο ϑν ΒςγΟûΟ Φη−

(ii) Τσù[ôτß+ êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ áÓΘο 5 Αο ΞÏΣÓλ−
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Example 5 : Consider the following pattern of numbers called the Pascal’s Triangle:

Line                   Sum of numbers

1                                            1                                                    1

2 1 1             2

3      1     2      1             4

4 1 3 3 1             8

5       1      4         6          4        1           16

6 1 5        10 10 5 1           32

7 : :             :

8 : :             :

What can you conjecture about the sum of the numbers in Lines 7 and 8? What about the
sum of the numbers in Line 21? Do you see a pattern? Make a guess about a formula for the sum
of the numbers in line n.

Solution : Sum of the numbers in Line 7 = 2 × 32 = 64 = 26

Sum of the numbers in Line 8 = 2 × 64 = 128 = 27

Sum of the numbers in Line 21 = 220

Sum of the numbers in Line n = 2n –1

Example 6 : Consider the so-called triangular numbers Tn:

Fig. A1.1

The dots here are arranged in such a way that they form a triangle. Here T1 =  1,
T2 = 3, T3 = 6, T4 = 10, and so on. Can you guess what T5 is? What about T6? What about Tn?

T1 T2 T3 T4
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ΦÓιÕχΚôγÓ 5  : ♦τΞÚλ ΦηΚ↓τ ≅ûΤκûΣ ΦÓιÕχùΚôρ− ΒÕ ΣôυΚο
ØχúΚôΠλ Φ∴κΣÓ€[Õ−

Ξ↔ûΜ                   ΦηΚ↓τ áÓΘο

1                                            1                                                    1

2 1 1             2

3      1     2      1             4

4 1 3 3 1             8

5       1      4         6          4        1           16

6 1 5        10 10 5 1           32

7 : :             :

8 : :             :

7 Τσßλ 8ΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο Σσ°Υ ∆τàûΟΥ ≅àΤô∴λ
Φτ∴ΞôΚ ΒÚχÏλ> 21ΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο Φτ∴> ΓΘôΞÕ
≅ûΤκ× ∆∴χÏ úΘôτß€[Θô> Ξ↔ûΜ n ο ∆ρΖ ΦηΚ↓τ áÓΘο ΚôΠ ΙÚ
ãιƒςιûΘ Ε€κΣôµ−
¾νÜ : 7ΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο = 2 × 32 = 64 = 26

8ΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο = 2 × 64 = 128 = 27

21ΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο = 220

nΞÕ Ξ↔ûΜ♠ο ∆ρΖ ΦηΚ↓τ áÓΘο = 2n –1

ΦÓιÕχΚôγÓ 6 : ♦τΞÚλ ØχúΚôΠ ΦηΚρ Tn Η ΚΞ±χΚÜλ−

ΣΟλ. A1.1
ΒδÏ ×ρ↓Κρ ØχúΚôΠλ ≅ûΤÙΤôß Ξ↔ûΜκΣÓιΘκΣγÓρΖÕ− ΒδÏ T1 = 1, T2 =
3, T3 = 6, T4 = 10, Βτàλ ΣΩ− T5 τ Τƒκ× Φτ∴ Φτß ∆τ∴ôο Ε€χΚ Ø⁄€[Θô>
T6 τ Τƒκ× ΥôÕ>  Tn  τ Τƒκ× ΥôÕ>

T1 T2 T3 T4
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Make a conjecture about Tn.

It might help if you redraw them in the following way.

Fig. A1.2

Solution :T5 = 1 + 2 + 3 + 4 + 5 = 15 = 5 6
2
´

T6 = 1 + 2 + 3 + 4 + 5 + 6 = 21 = 6 7
2
´

Tn =
( 1)
2

n n´ +

A favourite example of a conjecture that has been open (that is, it has not been proved to be
true or false) is the Goldbach conjecture named after the mathematician Christian Goldbach
(1690 – 1764).  This conjecture states that “every even integer greater than 4 can be expressed
as the sum of two odd primes.”  Perhaps you will prove that this result is either true or false,
and will become famous!

You might have wondered – do we need to prove everything we encounter in mathematics,
and if not, why not?

T1 T2 T3 T4
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Tn Σσ°Υ ∆τàûΟΥ ≅àΤô∴ιûΘ ≅ûΤ−

≅ϕΘ ΦηΚûΖ ♦τΞÚΤôß ΞûςϕΘôο ≅Õ ∆δΚÞχÏ ∆Θ↑ ×↔ΥΩôλ−

ΣΟλ. A1.2

¾νÜ : T5 = 1 + 2 + 3 + 4 + 5 = 15 = 5 6
2
´

T6 = 1 + 2 + 3 + 4 + 5 + 6 = 21 = 6 7
2
´

Tn =
( 1)
2

n n´ +

≅àΤô∴ιƒσÏ ×ΚθùΣσ[ ϑν ΦÓιÕχΚôγÓ− (Βτàλ ≅Θû∴ ∆ηûΤΥô ≅οΩÕ
ùΣôµΥô Φτß ♣ì♦χΚ Ø⁄Υ↑οûΩ) úΚôοÓúΣχ (1690 ` 1764) ùΣΥ↔τ ÁÕρΖ
úΚôοÓúΣχ ≅àΤô∴λ−  »»4 Η ↑Ο ≅ƒΚΤô∴ ΙπùΞôÚ ΒςγûΟ ΦηûΠÙλ ΒςηÓ
Ισû[ ΦηΚ↓τ áÓΘΩôΚ ΦÝΘ Ø⁄Ùλ−µµ ΒΘû∴ Μ↔Υô ≅οΩÕ ΘΞ[ô Φτß
¿δΚρ ♣ì♦ιΘôο ¿δΚρ ×Κθ ùΣßÅνΚρ−

¿δΚρ ΑεΜ↔ΥκΣΟΩôλ ` Κ∞Θιƒο ∆ΣúΥô€χÏλ ΙπùΞôτû[Ùλ ♣ì♦χΚ
úΞηÓλ ≅οΩÕ ♣ì♦χΚ úΞηΟôλ Φ±ο Γτ>

T1 T2 T3 T4

Ρôτ áßλ
ΙπùΞôτû[Ùλ Γτ
♣ì♦χΚ úΞηÓλ>
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The fact is that every area in mathematics is based on some statements which are assumed
to be true and are not proved. These are ‘self-evident truths’ which we take to be true without
proof. These statements are called axioms. In Chapter 5, you would have studied the axioms and
postulates of Euclid. (We do not distinguish between axioms and postulates these days.)

For example, the first postulate of Euclid states:

A straight line may be drawn from any point to any other point.

And the third postulate states:

A circle may be drawn with any centre and any radius.

These statements appear to be perfectly true and Euclid assumed them to be true. Why? This
is because we cannot prove everything and we need to start somewhere. We need some
statements which we accept as true and then we can build up our knowledge using the rules of
logic based on these axioms.

You might then wonder why we don’t just accept all statements to be true when they appear
self-evident. There are many reasons for this. Very often our intuition can be wrong, pictures or
patterns can deceive and the only way to be sure that something is true is to prove it.  For
example, many of us believe that if a number is multiplied by another, the result will be larger
than both the numbers. But we know that this is not always true: for example, 5 × 0.2 = 1, which
is less than 5.

Also, look at the Fig. A1.3. Which line segment is longer, AB or CD?

Fig. A1.3

It turns out that both are of exactly the same length, even though AB appears shorter!

You might wonder then, about the validity of axioms. Axioms have been chosen based on our
intuition and what appears to be self-evident. Therefore, we expect them to be true. However, it
is possible that later on we discover that a particular axiom is not true. What is a safeguard
against this possibility? We take the following steps:

(i) Keep the axioms to the bare minimum. For instance, based on only axioms and five
postulates of Euclid, we can derive hundreds of theorems.
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Κ∞Θιƒτ ΙπùΞôÚ ♦↔Üλ ∆ηûΤ Φτß ΙιÕχùΚôρΖκΣγΟ ≅οΩÕ ΒÕΞûς
♣ì♦χΚκΣΟôΘ ′Ω ∆ηûΤΚûΖ ≅⁄κΣûΟΥôΚχ ùΚôηÓρΖÕ− ΒûΞ ÑΥ ùΘ↓Ξô∴
∆ηûΤΚρ Φ∴κΣÓ€τ[∴− ΒΞσû[ Φπ↑Θ ♣ìΣΠØλ Βτ° ∆ηûΤ Φ∴
ΙιÕχ ùΚôρΖΩôλ− ΒûΞ ≅⁄χúΚôρΚρ Φ∴κΣÓ€τ[∴− ≅ΩÏ 4 ο ≅⁄úΚôρΚρ
Τσßλ Ικ×χùΚôρûΚΚûΖ Σσ° Σ⁄ιÕρÇνΚρ− (ΘσùΣôÝÕ ≅⁄úΚôρΚρ Τσßλ
Ικ×χùΚôρûΚΚûΖ Ρôλ úΞßΣÓιÕΞƒοûΩ).

ΦÓιÕχΚôγΟôΚ+ ëχ↓⁄τ ØΘο Ικ×χùΚôρûΚΥô∴Õ+
ΙÚ ×ρ↓♠←ÚϕÕ Τσù[ôÚ ×ρ↓χÏ ΙÚ úΡνúΚôÓ ΞûςΥ Ø⁄Ùλ−
 êτ[ôΞÕ Ικ×χùΚôρûΚΖô∴Õ+
ΦϕΘùΞôÚ ûΤΥκ×ρ↓♠←ÚϕÕλ+ ΦϕΘùΞôÚ ΑςιƒÛλ ΞγΟλ ΞûςΥΩôλ−
ΒϕΘ Ξôχ€ΥδΚρ ØÝΞÕλ ∆ηûΤΥô∴ Ξôχ€ΥδΚΖôΚ úΘôτ°∴ôÛλ ëχ↓γ

ΒΞσû[ ∆ηûΤΥôΚ ΒÚχΚΩôλ Φ∴ ΚÚƒ∴ôν− Γτ> ΡλΤôο ΙπùΞôτû[Ùλ
♣ì♦χΚ Ø⁄ΥôÕ− úΤÛλ Ρôλ ΓΘôΞÕ ΙÚ ΒΟιƒο ùΘôΟδΚ úΞη⁄♠ÚχÏλ−
ΡλΤôο ∆ηûΤ Φ∴ Ικ×χùΚôρΖκΣγΟ Ξôχ€ΥδΚρ ΡΤχÏ úΘûΞ− ♦τ ≅Ξσû[
ùΚôηÓ ΘνχΚ Ãƒ♠ο ≅⁄úΚôρΚ↓τ ∆Θ↑ûΥχ ùΚôηÓ ΡλΤôο Ρλ Κ∞Θ
≅°ûΞ ΞΖνιÕχ ùΚôρΖΩôλ−

≅û∴ιÕ ÑΥ ùΘ↓Ξô∴ Ξôχ€ΥδΚûΖÙλ ∆ηûΤ Φ∴ ΙιÕχùΚôρΖχ áΟôÕ>
ΒΘσÏ ΣΩ ΚôςΠδΚρ+ ΡΤÕ ≅àΤô∴δΚρ ΘΞ[ôΚ+ ΣΟδΚÞλ ≅ûΤκ×λ
ΓΤôσ[Ωôλ− Ξôχ€ΥδΚρ ∆ηûΤ Φ∴ ΙιÕχùΚôρΖ ≅ûΞ ♣ì♦χΚΣΟ úΞηÓλ−
ΦÓιÕχΚôγΟôΚ+ ΙÚ ΦηûΠ Τσù[ôÚ ΦηΠôο ùΣÚχΚ €ûΟχÏλ ùΣÚχÏιùΘôûΚ
≅ϕΘ ΒςηÓ ΦηΚûΖ ↑Ο ùΣ↔ΥΘôΚ ΒÚχÏλ Φ∴ Ρλ♥ο ΣΩÚλ ♣û∴ιÕχ
ùΚôηÓρúΖôλ− Α∴ôο ΒÕ ΦκùΣôÝÕλ ∆ηûΤ ≅οΩ− ΦÓιÕχΚôγΟôΚ+
5 × 0.2 =1, ΒÕ 5 Η ↑Ο ′°ΥÕ−

úΤÛλ ΣΟλ−  A1.3 Η Σôν− AB ≅οΩÕ CD  ο ΦϕΘ úΚôγÓιÕηÓ ùΣ↔ΥÕ>

ΣΟλ. A1.3

AB ΣôνκΣΘσÏ ′°ΥΘôΚ úΘôτ°∴ôÛλ ΒûΞ ΒςηÓλ Ιúς ¿ΖΤôΚ ∆ρΖ∴!

≅⁄úΚôρΚ↓τ ΙιÕχùΚôρÞλ ΘτûΤûΥ ≅°ϕΘôο ¿δΚρ ΑεΜ↔ΥκΣΟΩôλ−
≅⁄úΚôρΚρ Ρλ ∆ρÞΠν↑τ ≅⁄κΣûΟ♠ο úΘνϕùΘÓχΚκΣÓ€τ[∴− úΤÛλ Θô∴ôΚ
♣ì♦χΚκΣγΟÕ úΣôο úΘôτß€[Õ− ΑΚúΞ Ρôλ ≅Ξσû[ ∆ηûΤΥôΚ ΒÚχÏλ
Φ∴ ♣û∴χ€ú[ôλ− Ï°κ♦γΟ ≅⁄úΚôρ Α∴Õ ♦τΡô↓ο ΘΞ[ôΚ ΒÚχΚ Ξôµκ×Κρ
∆ρΖÕ− ΒϕΘ Ξôµκ×ΚûΖ ΦπΞôß ΣôÕΚôκΣÕ> ♦τΞÚλ Ξ→ΚûΖ ♦τΣσ[Ωôλ−

(i) ≅⁄úΚôρΚρ ♥ΚÜλ Ïû[ϕΘ Φη∞χûΚ♠ο ΒÚιΘο úΞηÓλ− ΦÓιÕχΚôγΟôΚ+
′Ω ≅⁄úΚôρΚρ Τσßλ ëχ↓⁄τ 4 Ικ×χùΚôρûΚΚûΖ ùΚôηÓ èσßχÏλ
úΤσΣγΟ úΘσ[δΚûΖ ΡλΤôο ∆ÚΞôχΚ Ø⁄Ùλ−

úΚôγÓιÕηÓ AB

úΚôγÓιÕηÓ CD
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(ii) Make sure the axioms are consistent.
We say a collection of axioms is inconsistent, if we can use one axiom to show that
another axiom is not true. For example, consider the following two statements. We
will show that they are inconsistent.
Statement1: No whole number is equal to its successor.
Statement 2: A whole number divided by zero is a whole number.
(Remember, division by zero is not defined. But just for the moment, we assume that
it is possible, and see what happens.)
From Statement 2, we get 1

0
 = a , where a is some whole number. This implies that, 1

= 0. But this disproves Statement 1, which states that no whole number is equal to its
successor.

(iii) A false axiom will, sooner or later, result in a contradiction. We say that there is a
contradiction, when we find a statement such that, both the statement and its
negation are true. For example, consider Statement 1 and Statement 2 above once
again.
From Statement 1, we can derive the result that 2 ¹ 1.
Now look at x2 – x2. We will factorise it in two different ways as follows:
(i) x2 – x2 = x(x – x) and
(ii) x2 – x2 = (x + x)(x – x)
So, x(x – x) = (x + x)(x – x).
From Statement 2, we can cancel (x – x) from both sides.
We get x = 2x, which in turn implies 2 = 1.

So we have both the statement 2 ¹ 1 and its negation, 2 = 1, true. This is a contradiction. The
contradiction arose because of the false axiom, that a whole number divided by zero is a whole
number.

So, the statements we choose as axioms require a lot of thought and insight. We must make
sure they do not lead to inconsistencies or logical contradictions.  Moreover, the choice of
axioms themselves, sometimes leads us to new discoveries. From Chapter 5, you are familiar
with Euclid’s fifth postulate and the discoveries of non-Euclidean geometries. You saw that
mathematicians believed that the fifth postulate need not be a postulate and is actually a theorem
that can be proved using just the first four postulates. Amazingly these attempts led to the
discovery of non-Euclidean geometries.

We end the section by recalling the differences between an axiom, a theorem and a
conjecture. An axiom is a mathematical statement which is assumed to be true  without
proof; a conjecture is a mathematical statement whose truth or falsity is yet to be established;
and a theorem is a mathematical statement whose truth has been logically established.
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(ii) ≅⁄úΚôρΚρ ♣ûΩΥô∴ ΚÚιûΘ ∆ûΟΥûΞ ΦτΣƒο ∆ßƒΥôΚ ΒÚχΚÜλ−

ΣΩ ≅⁄úΚôρΚρ ♣ûΩΥσ[ûΞ− ΙÚ ≅⁄úΚôûΖ ùΚôηÓ Τσù[ôÚ ≅⁄úΚôρ
∆ηûΤ  ≅οΩ  ΦτΣûΘ  ♣ì♦χΚΩôλ−  ♦τΞÚλ  ΒςηÓ  Ξôχ€ΥδΚûΖ
ΚΞ±χΚ ≅ûΞ ♣ûΩΥσ[ûΞ ΦτΣûΘ Ρôλ ♣ì♦χΚΩôλ−

Ξôχ€Υλ1: ΦϕΘ ΙÚ ØÝ ΦηÔλ ≅Θτ ≅ÓιΘ Φη∞σÏ ΜΤΤôΚ ΒÚχΚôÕ−

Ξôχ€Υλ2: ΙÚ ØÝ ΦηûΠ 0 Αο ΞÏιΘôο €ûΟκΣÕ ΙÚ ØÝ Φη−

( 0 Αο ΞÏκΣÕ ΦτΣÕ ΞûςΥßχΚ Ø⁄ΥôÕ ΦτΣûΘ Ρôλ ≅°úΞôλ−
Α∴ôο ∆ΘôςΠιƒσÏ 0 Αο ΞÏχΚ Ø⁄Ùλ Φτßλ ΞÏιΘôο Φτ∴ ♣ΚÝλ
ΦτΣûΘ Σσ°Ùλ ΣôνχΚΩôλ)

Ξôχ€Υλ 2 ←ÚϕÕ+  1
0

 = a , ΒδÏ a ΓúΘàλ ΙÚ ØÝ Φη− ≅Õ 1 = 0 Φ∴
Ï°κ♦Ó€[Õ− Ξôχ€Υλ1 Α∴Õ ΦϕΘ ΙÚ ØÝ ΦηÔλ ≅Θτ ≅ÓιΘ
Φη∞σÏ ΜΤΤôΚ ΒÚχΚôÕ Φτ[ ↑ƒχÏ ØςΠô∴Õ−

(iii) ΙÚ ΘΞ[ô∴ úΚôγΣôÓ+ ↑ûς↑ο ≅οΩÕ ♦τ∴ν ΙÚ ØςηΣγΟ ΚÚιƒσÏ
Ξ→ΞÏχ€[Õ− ΙÚ Ξôχ€Υλ ≅οΩÕ ≅Θτ ØςηΣôÓ Ξôχ€Υλ ΒςηÓλ
∆ηûΤ− Α∴ôο ≅ûΘ ØςηΣôÓ Φτ€ú[ôλ− ΦÓιÕχΚôγΟôΚ+ ØΘο
Ξôχ€Υιƒ←ÚϕÕ+ 2 ¹ 1 Φτ[ Ø⁄ûΞ Ρôλ ùΣ[Ωôλ−
x2 – x2 ΦτΣûΘ ΦÓιÕχùΚôρΚ− ΒΘû∴ ♦τΞÚλ ΒςηÓ Øû[Κ↓ο
Κôς∞κΣΣÓιΘΩôλ−
(i) x2 – x2 = x(x – x) Τσßλ
(ii) x2 – x2 = (x + x)(x – x)
ΑΚúΞ+  x(x – x) = (x + x)(x – x).
Ξôχ€Υλ 2 ←ÚϕÕ+ (x – x) ΒÚ×[Øλ ¿χ€∴ôο x = 2x €ûΟχÏλ− ΒÕ 2 = 1
ΦτΣûΘ ΘÚ€[Õ−

ΑΚúΞ+ 2 ¹ 1 Φτ[ Ξôχ€ΥØλ ≅Θτ úΞßΣôÓ 2 = 1 ΦτΣÕλ ∆ηûΤ− ΒÕ ΙÚ
ΚÚιÕ úΞßΣôÓ− ΒÕúΣôτú[ ΙÚ ØÝ ΦηûΠ 0Αο ΞÏιΘôο €ûΟκΣÕ ϑν ØÝ
Φη Φτ[ ΚÚιÕ úΞßΣôÓ úΘôτ°ΥΘτ ΚôςΠλ ΙÚ ùΣôµΥô∴ ≅⁄úΚôρ ΑÏλ−

ΑΚúΞ+ ≅⁄úΚôρΚΖôΚ Ρôλ úΘνϕùΘÓχÏλ Ξôχ€Υλ ≅ƒΚΤôΚ úΥô′ιúΘ
úΘνϕùΘÓχΚκΣΟ úΞηÓλ− ≅ûΞ ♣ûΩΥσ[ ΘτûΤûΥÙλ ΘνχΚ ΚÚιÕ
úΞßΣôÓΚÞχÏλ ΚôςΠΤôµ ΒÚχΚ áΟôÕ ΦτΣƒο Ρôλ ∆ßƒΥôΚ ΒÚχΚ úΞηÓλ−
Ρôλ úΘνϕùΘÓχÏλ ≅⁄úΚôρΚρ ′Ω úΡςδΚ↓ο ×ƒΥ ΚηÓ♦⁄κ×ΚÞχÏ
ΚôςΠΤô€τ[∴− ≅ΩÏ 5 ←ÚϕÕ+ ëχ↓⁄τ ΗϕΘôΞÕ Ικ×χùΚôρûΚûΥÙλ+ ëχ↓⁄τ
≅οΩôΘ Ξ⁄↑Υο ΚηÓ♦⁄κ×ΚûΖÙλ ΚôςΠΤô€τ[∴−

 ≅⁄úΚôρ+ úΘσ[λ+ ≅àΤô∴λ ΒΞσ°σÏ ΒûΟúΥÙρΖ úΞßΣôγûΟ ♣û∴ÜΣÓιƒ
ùΚôηÓ ΒϕΘ ♦↔↑û∴ Ø⁄Ü ùΜµúΞôλ− ≅⁄úΚôρ ΦτΣÕ ΦϕΘ ΙÚ ♣ìΣΠØλ
Βτß ∆ηûΤùΥτß Ικ×χùΚôρΖκΣγΟ ΙÚ Κ∞Θ Ξôχ€Υλ− ≅àΤô∴δΚρ ΦτΣÕ
≅Θτ ∆ηûΤ ≅οΩÕ ùΣôµ Βτàλ ♣ì♦χΚΣΟ↑οûΩ− úΘσ[δΚρ ΦτΣÕ ≅Θτ
∆ηûΤ ΘνχΚÃƒ♠ο ♣ì♦χΚκΣγΟ Κ∞Θ Ξôχ€ΥδΚρ−
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EXERCISE A1.3
1. Take any three consecutive even numbers and find their product; for example,

2 × 4 × 6 = 48, 4 × 6 ×  8 = 192, and so on. Make three conjectures about these products.
2. Go back to Pascal’s triangle.

Line 1 : 1 = 110

Line 2 :  1  1 = 111

Line 3 : 1  2  1 = 112

Make a conjecture about Line 4 and Line 5. Does your conjecture hold? Does your
conjecture hold for Line 6 too?

3. Let us look at the triangular numbers (see Fig.A1.2) again. Add two consecutive triangular
numbers. For example, T1 + T2 = 4, T2 + T3 = 9, T3+ T4 = 16.
What about T4 + T5 ?  Make a conjecture about Tn–1 +Tn.

4. Look at the following pattern:
12 = 1
112 = 121
1112 = 12321
11112 = 1234321
111112 = 123454321

Make a conjecture about each of the following:
1111112 =
11111112 =

Check if your conjecture is true.
5. List five axioms (postulates) used in this book.

A1.5 What is a Mathematical Proof?
Let us now look at various aspects of proofs. We start with understanding the difference between
verification and proof. Before you studied proofs in mathematics, you were mainly asked to
verify statements.

For example, you might have been asked to verify with examples that “the product of
two even numbers is even”. So you might have picked up two random even numbers,



♦τ±ûΠκ× 1

1919 Αλ ΞÏκ× Κ∞Θλ

1. ≅ÓιΘÓιΘ êτß ΒςγûΟ ΦηΚûΖ ΦÓιÕχùΚôηÓ ≅Θτ ùΣÚχÏι
ùΘôûΚûΥ ΚΠχ€ÓΚ− ΦÓιÕχΚôγΟôΚ+ 2 × 4 × 6 = 48, 4 × 6 ×  8 = 192 Τσßλ ΣΩ−
ΒϕΘ ùΣÚχΚο ΣΩτΚÞχÏ 2 ≅àΤô∴δΚρ ≅ûΤχΚÜλ−

2. ΣôυΚο ØχúΚôΠιûΘ ≅ûΤχΚÜλ−

Ξ↔ûΜ 1 : 1 = 110

Ξ↔ûΜ 2 :  1  1 = 111

Ξ↔ûΜ 3 : 1  2  1 = 112

Ξ↔ûΜ 4 Τσßλ Ξ↔ûΜ 5  Η Κ∞ιÕ ΦÝÕΚ− ∆τàûΟΥ Κ∞κ× ùΣôÚϕÕΤô>
Ξ↔ûΜ 6 χÏλ ùΣôÚϕÕΤô>

3. ØχúΚôΠ ΦηΚûΖ (ΣΟλ−A1.2) ΤßΣ⁄Ùλ ΦÓιÕχùΚôρ− ΒςηÓ ≅ÓιΘÓιΘ
ΦηΚ↓τ áÓΘûΩ ΚôηΚ− ΦÓιÕχΚôγΟôΚ+ T1 + T2 = 4, T2 + T3 = 9, T3+ T4 = 16.
T4 + T5  Τƒκ× ΥôÕ>  Tn–1 +Tn  Ï°ιÕ ΙÚ Κ∞κûΣ ΦÝÕΚ−

4. ♦τΞÚλ ≅ûΤκûΣ ΚΞ±−

12 = 1
112 = 121
1112 = 12321
11112 = 1234321
111112 = 123454321

♦τΞÚΞ∴Ξσû[ Κ∞ιÕ ΦÝÕΚ−

1111112 =
11111112 =

∆τàûΟΥ Κ∞κ× Μ↔Υô Φ∴ Μ↔Σôν−

5. ΒκΣôΟκ ×ιΘΚιƒÛρΖ 5 ≅⁄úΚôρΚûΖ ΦÝÕΚ−

A1.5 Κ∞Θ ♣ìΣΠλ Φτ[ôο Φτ∴>

♣ìΣΠιƒο ΣοúΞß ♣ûΩΚûΖ Ρôλ ΚôηúΣôλ− Ρôλ Μ↔ΣôνιΘο (verification)

Τσßλ ♣ìΣΠιƒσÏ (proof) ΒûΟúΥ ∆ρΖ úΞßΣôÓΚûΖ ×↔ϕÕχùΚôρúΞôλ−
Κ∞Θιƒο ♣ìΣΠλ Σσ° Σ⁄κΣΘσÏ Øτ Ξôχ€ΥδΚûΖ Μ↔ΣôνχΚ úΞη⁄
úΚγΚκΣΟΩôλ−

ΦÓιÕχΚôγΟôΚ+ ΒςηÓ ΒςγûΟ ΦηΚ↓τ ùΣÚχÏιùΘôûΚ ϑν ΒςγûΟ Φη

ΦτΣΘû∴ ∆ΘôςΠδΚÞΟτ Μ↔ΣôνχΚ ùΜôοΩΞôλ−

Σ♠σ′  A1.3
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say 24 and 2006, and checked that 24 × 2006 = 48144 is even. You might have done so for
many more examples.

Also, you might have been asked as an activity to draw several triangles in the class and
compute the sum of their interior angles. Apart from errors due to measurement, you would
have found that the interior angles of a triangle add up to 180°.

What is the flaw in this method? There are several problems with the process of verification.
While it may help you to make a statement you believe is true, you cannot be sure that it is true
in all cases. For example, the multiplication of several pairs of even numbers may lead us to
guess that the product of two even numbers is even. However, it does not ensure that the product
of all pairs of even numbers is even. You cannot physically check the products of all possible
pairs of even numbers. If you did, then like the girl in the cartoon, you will be calculating the
products of even numbers for the rest of your life. Similarly, there may be some triangles
which you have not yet drawn whose interior angles do not add up to 180°. We cannot measure
the interior angles of all possible triangles.

, even

At age 8 At age 16

At age 36 At age 86

, even , even

, even



♦τ±ûΠκ× 1

1939 Αλ ΞÏκ× Κ∞Θλ

ΑΚúΞ ¿δΚρ ΒςηÓ ΒςγûΟ ΦηΚΖô∴ 24 Τσßλ 2006 Η ΦÓιÕχùΚôηÓ+ ≅Ξσ°τ
ùΣÚχΚσΣΩτ 24 × 2006 = 48144 ΙÚ  ΒςγûΟ  Φη  Φ∴  ΣôνχΚΩôλ−  úΤÛλ  ΣΩ
ΦÓιÕχΚôγÓΚûΖ ùΚôηÓ ùΜµΥΩôλ−

≅úΘ  úΣôο  ∆δΚρ  ΞÏκ♦ο  ΣΩ  ØχúΚôΠδΚûΖ  ΞûςϕÕ  ≅Ξσ°τ
∆γúΚôΠδΚ↓τ áÓΘûΩ ΚôΠεùΜôο← ΙÚ ùΜΥο ùΚôÓχΚκΣΟΩôλ− ¿δΚρ
≅ΖχÏλ ùΣôÝÕ ∆ηΟôÏλ ′ß ΘΞßΚûΖ ↑γÓ+ ΙÚ ØχúΚôΠιƒο
∆γúΚôΠδΚ↓τ áÓΘο 180° ΦτΣûΘ ¿δΚρ ΚηΟ°ΥΩôλ−

ΒϕΘ Øû[♠ο ∆ρΖ Ïû[ΣôÓΚρ Φτ∴> Μ↔ΣôνιΘο (verification) Øû[♠ο
ΣΩ ♦ςε′û∴Κρ ∆ρΖ∴− ΒÕ ∆δΚρ áσ°û∴ ∆ηûΤ Φ∴ Ρλ×ΞΘσÏ ∆ΘΞΩôλ−
Α∴ôο ≅Õ ΦοΩô ΜΤΥδΚ↓Ûλ ∆ηûΤ Φ∴ ∆ßƒΥôΚ á[Ø⁄ΥôÕ− ΦÓιÕχΚôγΟôΚ+
≅úΡΚ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚο ΣΩτ ΒςγûΟ Φη Φτ[ ♣û∴κ♦û∴ ΘÚλ−
áσ°ο ΦοΩô ΒςγûΟ ΦηΚ↓τ ùΣÚχΚο ΣΩτ ϑν ΒςγûΟ Φη Φ∴ ∆ßƒΥôΚ
ùΜôοΩ Ø⁄ΥôÕ− ≅úΘ úΣôο ΦοΩô ΒςγûΟ Φη ú⊥ô⁄ΚûΖÙλ ùΣÚχ€ ΣôνχΚ
Ø⁄ΥôÕ−  ΒπΞôß ùΣÚχ€ ΣôνκΣùΘτ[ôο •úΨ ∆ρΖ ùΣηû∴κ úΣôτß ∆δΚρ
ΞôθχûΚ♠ο Áƒ ∆ρΖ ΦοΩô ΡôγΚ↓Ûλ ùΣÚχ€χùΚôηúΟ ΒÚχΚ úΞηÓλ−
≅úΘ úΣôο ′Ω ØχúΚôΠδΚ↓τ ∆ρúΚôΠδΚ↓τ áÓΘο  180° ΞςôΤÛλ
ΒÚχΚΩôλ− ΦοΩô ØχúΚôΠδΚûΖÙλ ≅ΖϕÕ ΣôνχΚ Ø⁄ΥôÕ−

8 ΞΥÕ
16 ΞΥÕ

36 ΞΥÕ 86 ΞΥÕ

 ΒςγûΟΦη ΒςγûΟΦη

 ΒςγûΟΦη
 ΒςγûΟΦη
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Moreover, verification can often be misleading. For example, we might be tempted to
conclude from Pascal’s triangle (Q.2 of Exercise A1.3), based on earlier verifications, that 115

= 15101051. But in fact 115 =161051.

So, you need another approach that does not depend upon verification for some cases only.
There is another approach, namely ‘proving a statement’.  A process which can establish the
truth of a mathematical statement based purely on logical arguments is called a mathematical
proof.

In Example 2 of Section A1.2, you saw that to establish that a mathematical statement is
false, it is enough to produce a single counter-example. So while it is not enough to establish
the validity of a mathematical statement by checking or verifying it for thousands of cases, it is
enough to produce one counter-example to disprove a statement (i.e., to show that something
is false). This point is worth emphasising.

To show that a mathematical statement is false, it is enough to find a single counter-
example.

So, 7 + 5 = 12 is a counter-example to the statement that the sum of two odd numbers is
odd.

Let us now look at the list of basic ingredients in a proof:

(i) To prove a theorem, we should have a rough idea as to how to proceed.

(ii) The information already given to us in a theorem (i.e., the hypothesis) has to be clearly
understood and used.

Girls don’t
climb trees.



♦τ±ûΠκ× 1

1959 Αλ ΞÏκ× Κ∞Θλ

′Ω ΜΤΥδΚ↓ο Μ↔ΣôνιΘο ΘΞ[ô∴ Ξ→ΚôγÓλ− ΦÓιΘχΚôγΟôΚ+ (Σ♠σ′ A1.3, Q.2)
ο ∆ρΖ ΣôυΚο ØχúΚôΠιƒτ Σ⁄+ 115 = 15101051 Α∴ôο 115 =161051 ΑÏλ−

ΑΚúΞ+ ′Ω ΜΤΥδΚ↓ο Μ↔ΣôνιΘûΩ Θ↑νιÕ úΞßØû[ ∆δΚÞχÏ
úΘûΞκΣΟΩôλ− Τσù[ôÚ Øû[ Ξôχ€ΥιûΘ ♣ì♦ιΘο ΑÏλ− Κ∞Θ Ξôχ€Υιƒτ
∆ηûΤ♠û∴ ΘνχΚ Ãƒ♠ο ΞôƒγÓ ≅Θû∴ ♣ûΩ ♣ßιÕΞúΘ Κ∞Θ ♣ìΣΠλ
ΑÏλ−

♦↔Ü  A1.2 ο ΦÓιΘχΚôγÓ 2 ο Κ∞Θ Ξôχ€Υλ ùΣôµ Φ∴ ♣ì♦χΚ+ Ιúς ΙÚ
ΦÓιΘχΚôγÓ úΣôÕΤô∴Õ Φ∴ ¿δΚρ ΣôνιÕρÇνΚρ− ΑΚúΞ ΙÚ Κ∞Θ Ξôχ€Υιƒτ
∆ηûΤ ΘτûΤ♠û∴ Α♠ςλ ∆ΘôςΠδΚûΖ úΜôƒιÕ ≅οΩÕ Μ↔ΣôνκΣΘσÏ
ΣƒΩôΚ Ιúς ∆ΘôςΠλ ≅ûΘ ùΣôµ Φ∴ ♣ì♦κΣΘσÏ úΣôÕΤô∴Õ−

ΙÚ Κ∞Θ Ξôχ€Υλ ùΣôµ Φ±ο ≅Θû∴ ♣ì♦χΚ Ιúς ΙÚ ∆ΘôςΠλ úΣôÕΤô∴Õ−

ΑΚúΞ+ 7 + 5 = 12 ΦτΣÕ ΒςηÓ Ισû[ΣûΟ ΦηΚ↓τ áÓΘο ϑν Ισû[ Φη
ΦτΣûΘ ♣ì♦χΚ Ιúς ΙÚ ∆ΘôςΠλ úΣôÕλ−

♣ìΣΠιƒο ΚôΠκΣÓλ ≅⁄κΣûΟ ØΩκùΣôÚγΚûΖκ Σσ° ΣôνκúΣôλ−

(i) ΙÚ Ξôχ€Υιƒû∴ ♣ì♦χΚ+ ΦπΞôß ≅Θû∴ ≅ûΟΞÕ ΦτΣûΘκ Σσ°Υ
úΘôςôΥΤô∴ (rough) ΚÚιÕ úΞηÓλ−

(ii) úΘσ[ιƒο ùΚôÓχΚκΣγΟ ↑ΞςδΚρ Μ↔ΥôΚ ×↔ϕÕùΚôρΖκΣΟ úΞηÓλ Τσßλ
∆ΣúΥôΚκΣÓιΘκΣΟ úΞηÓλ−

ù ΣηΚΖôο
Τςλ Γ[ Ø⁄ΥôÕ
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For example, in Theorem A1.2, which states that the product of two even numbers is
even, we are given two even natural numbers. So, we should use their properties. In the
Factor Theorem (in Chapter 2), you are given a polynomial p(x) and are told that p(a) = 0.
You have to use this to show that (x – a) is a factor of p(x). Similarly, for the converse
of the Factor Theorem, you are given that (x – a) is a factor of p(x), and you have to use
this hypothesis  to prove that p(a) =0.

You can also use constructions during the process of proving a theorem. For example,
to prove that the sum of the angles of a triangle is 180°, we draw a line parallel to one of
the sides through the vertex opposite to the side, and use properties of parallel lines.

(iii) A proof is made up of a successive sequence of mathematical statements. Each statement
in a proof is logically deduced from a previous statement in the proof, or from a theorem
proved earlier, or an axiom, or our hypothesis.

(iv) The conclusion of a sequence of mathematically true statements laid out in a logically
correct order should be what we wanted to prove, that is, what the theorem claims.

To understand these ingredients, we will analyse Theorem A1.1 and its proof. You have already
studied this theorem in Chapter 6. But first, a few comments on proofs in geometry. We often
resort to diagrams to help us prove theorems, and this is very important. However, each statement
in the proof has to be established using only logic. Very often, we hear students make statements
like “Those two angles are equal because in the drawing they look equal” or “that angle must be
900, because the two lines look as if they are perpendicular to each other”. Beware of being
deceived by what you see (remember Fig A1.3)! .

So now let us go to Theorem A1.1.

Theorem A1.1 : The sum of the interior angles of a triangle is 180°.

Proof : Consider a triangle ABC (see Fig. A1.4).

We have to prove that Ð ABC + Ð BCA + Ð CAB = 180° (1)

Fig A 1.4



♦τ±ûΠκ× 1

1979 Αλ ΞÏκ× Κ∞Θλ

ΦÓιÕχΚôγΟôΚ+ A1.2 ο ΒςηÓ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚοΣΩτ ϑν ΒςγûΟ
Φη Φ∴ ùΚôÓχΚκΣγÓρΖÕ− ΑΚúΞ ≅Ξσ°τ Ση×ΚûΖ ΣΥτΣÓιΘ
úΞηÓλ− Κôς∞ úΘσ[ιƒο+ ΣοÛßκ×χúΚôûΞ p(x) Τσßλ p(a)  =  0   Φ∴
ùΚôÓχΚκΣγÓρΖÕ− ΒΘû∴ Ρôλ (x – a)  ΦτΣÕ p(x) τ ΙÚ Κôς∞ ΦτΣûΘ
♣ì♦χΚ ΣΥτΣÓιΘ úΞηÓλ− ≅úΘ úΣôο Κôς∞ úΘσ[ιƒτ ΤßΘûΩ♠ο
(x – a)  ΦτΣÕ p(x) τ ΙÚ Κôς∞ Τσßλ p(a) = 0 Φτß ♣ì♦χΚ ΣΥτΣÓιΘ
úΞηÓλ−

úΘσ[ιƒû∴ ♣ì♦χΚ Ρôλ ≅ûΤκ×ΚûΖ ΣΥτΣÓιΘΩôλ− ΦÓιΘχΚôγΟôΚ+
ØχúΚôΠιƒτ áÓΘο 180° Φ∴ ♣ì♦χΚ ØχúΚôΠιƒτ ΙÚ ∆ε′♠ο ≅Θτ
ΦƒνΣχΚιƒσÏ ΒûΠΥôΚ ΙÚ úΡνúΚôÓ ΞûςϕÕ ΒûΠ úΚôÓΚ↓τ
Ση×ΚûΖχ ùΚôηÓ ♣ì♦χΚΩôλ−

(iii) ùΘôΟνε′Υô∴ Κ∞Θ Ξôχ€ΥδΚûΖχ ùΚôηúΟ ♣ìΣΠλ ≅ûΤχΚκΣÓ€[Õ−
ΙπùΞôÚ Ξôχ€ΥØλ ΘνχΚ Ãƒ♠ο ≅Θτ ØϕûΘΥ Ξôχ€Υιƒ←ÚϕÕ ≅οΩÕ
≅⁄úΚôρΚ↓←ÚϕÕ ΚÚƒ ΚηΟ°ΥκΣÓ€[Õ−

(iv) ùΘôΟνε′Υô∴ Κ∞Θ ∆ηûΤ Ξôχ€ΥδΚ↓τ Ø⁄Ξô∴Õ ΘνχΚ Ãƒ♠ο Μ↔Υô∴
Ξ↔ûΜ♠ο+ ΦΘû∴ Ρôλ ♣ì♦χΚ úΞηÓúΤô+ ≅ΘôΞÕ úΘσ[λ ΦΘû∴
∆ηûΤ Φτß áß€[úΘô+ ≅Õ Ξûς♠ο ùΚôηÓ ùΜοΩ úΞηÓλ−

ΒϕΘ ∆γùΣôÚγΚûΖ ×↔ϕÕχùΚôρΖ+ úΘσ[λ A1.1 Η ΣÏιΘ°ΥΩôλ− ¿δΚρ ØτúΣ
ΣôΟλ 6 ο ΒϕΘ úΘσ[ιûΘκ Σ⁄ιÕρÇνΚρ− ♣ìΣΠιƒο ∆ρΖ ΙπùΞôÚ Ξôχ€ΥØλ
ΘνχΚ Ãƒ♠ο ≅ûΤχΚκΣγΟÕ− »»ΒςηÓ úΚôΠδΚρ ΣôνκΣΘσÏ Ιúς Τôƒ↔ΥôΚ
ΒÚκΣΘôο ≅ûΞ ΒςηÓλ ΜΤλµµ ≅οΩÕ  »»ΒςηÓ úΡνúΚôÓΚρ ΙτßχùΚôτß
ùΜδÏιΘôΚ ΒÚκΣΘôο úΚôΠλ 90° ΑÏλµµ. úΣôτ[ Ξôχ€ΥδΚûΖ ΤôΠΞνΚρ
≅⁄χΚ⁄ á[ úΚγ⁄Úχ€ú[ôλ− ¿δΚρ ΣôνκΣûΘχ ùΚôηÓ ΓΤôσ[κΣΟΩôλ ΦτΣûΘ
ΚΞ∴ιƒο ùΚôρΖ úΞηÓλ− (ΣΟλ A1.3 Η ♣û∴↑ο ùΚôρΚ)!

Ρôλ ΒκùΣôÝÕ úΘσ[λ A1.1χÏε ùΜοΩΩôλ−

úΘσ[λ A1.1 :  ØχúΚôΠιƒτ ∆ρúΚôΠδΚ↓τ áÓΘο 180°.

♣ìΣΠλ : ABC Φàλ ØχúΚôΠιûΘ ΦÓιÕχùΚôρ− (ΣΟλ A1.4 Η ΚΞ±).

Ð ABC + Ð BCA + Ð CAB = 180° Φ∴ ♣ì♦χΚ úΞηÓλ− (1)

ΣΟλ A 1.4
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Construct a line DE parallel to BC passing through A. (2)
DE is parallel to BC and AB is a transversal.
So, Ð DAB and Ð ABC are alternate angles. Therefore, by Theorem 6.2, Chapter 6, they are
equal, i.e. Ð DAB = Ð ABC (3)
Similarly, Ð CAE = Ð ACB (4)
Therefore,  Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE (5)
But  Ð DAB +Ð BAC + Ð CAE = 180°, since they form a straight angle. (6)
Hence,  Ð ABC + Ð BAC+ Ð ACB = 180°. (7)
Now, we comment on each step of the proof.
Step 1 : Our theorem is concerned with a property of triangles, so we begin with a triangle.
Step 2 : This is the key idea – the intuitive leap or understanding of how to proceed so as to be
able to prove the theorem. Very often geometric proofs require a construction.
Steps 3 and 4 : Here we conclude that Ð DAE = Ð ABC and Ð CAE = Ð ACB, by using the fact
that DE is parallel to BC (our construction), and the previously proved Theorem 6.2, which
states that if two parallel lines are intersected by a transversal, then the alternate angles are
equal.
Step 5 : Here we use Euclid’s axiom (see Chapter 5) which states that: “If equals are added to
equals, the wholes are equal” to deduce

Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE.
That is, the sum of the interior angles of the triangle are equal to the sum of the angles on a
straight line.
Step 6 : Here we use the Linear pair axiom of Chapter 6, which states that the angles on a
straight line add up to 180°, to show that Ð DAB +Ð BAC + Ð CAE = 180°.
Step 7 : We use Euclid’s axiom which states that “things which are equal to the same thing are
equal to each other” to conclude that Ð ABC + Ð BAC + Ð ACB = Ð DAB +Ð BAC + Ð CAE
= 180°. Notice that Step 7 is the claim made in  the theorem we set out to prove.
We now prove Theorems A1.2 and A1.3 without analysing them.
Theorem A1.2 : The product of two even natural numbers is even.
Proof :   Let x and y be any two even natural numbers.
We want to prove that xy is even.
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×ρ↓ A ο BC χÏ ΒûΠΥô∴ úΚôÓ DE Η ΞûςΚ− (2)
DE ΦτΣÕ  BC χÏ ΒûΠ Τσßλ AB ΙÚ ÏßχÏùΞγ⁄−

ΑΚúΞ+ Ð DAB Τσßλ Ð ABC ΦτΣûΞ Ιτß↑γΟ úΚôΠδΚρ− ΑΚúΞ úΘσ[λ 6.2,

ΣôΟλ 6 τ Σ⁄+ ΒχúΚôΠδΚρ ΜΤλ− Φ∴úΞ+ Ð DAB = Ð ABC (3)
≅úΘ úΣôο+ Ð CAE = Ð ACB (4)
ΑΚúΞ+  Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE (5)
Α∴ôο Ð DAB+Ð BAC+Ð CAE=180°, Γù∴±ο ≅ûΞ úΡνúΚôγûΟ ∆ÚΞôχÏ€τ[∴−(6)
Φ∴úΞ+  Ð ABC + Ð BAC+ Ð ACB = 180°. (7)
ΒκùΣôÝÕ+ ♣ìΣΠιƒτ ΙπùΞôÚ Σ⁄ûΥÙλ ΑςôµúΞôλ−

Σ⁄ 1: ΡΤÕ úΘσ[λ ØχúΚôΠιƒτ Ση×ΚúΖôÓ ùΘôΟν× ∆ûΟΥÕ− ΑûΚΥôο Ρôλ
ØχúΚôΠιƒο ΒÚϕÕ ùΘôΟδΚΩôλ−

Σ⁄ 2: ΒÕ Øχ€Υ úΥôΜû∴− ΒϕΘ úΘσ[ιûΘ ♣ì♦χΚ ΦπΞôß ùΘôΟδÏΞÕ ΦτΣûΘ
úΥô′χΚ úΞηÓλ− Ξ⁄↑Υο ♣ìΣΠδΚÞχÏ ΡΤχÏ ΞûςΘο / ≅ûΤκ× úΘûΞκΣÓλ−

Σ⁄Κρ 3 Τσßλ 4: úΤÛλ DE ΦτΣÕ BCχÏ ΒûΠ (≅ûΤκ×) Φτ[ ΚÚιûΘ ùΚôηÓ
Ρôλ Ð DAE = Ð ABC Τσßλ Ð CAE = Ð ACB Φ∴Ωôλ− ØτúΣ ♣ì♦ιΘ úΘσ[λ 6.2ο
á°ÙρΖ Σ⁄+ ΒςηÓ ΒûΠúΚôÓΚûΖ ΙÚ ÏßχÏùΞγ⁄ ùΞγÓλúΣôÕ ∆ηΟôÏλ
úΚôΠδΚρ ΜΤλ−

Σ⁄ 5: Ρôλ ëχ↓γ ≅⁄úΚôρ+ ≅ΘôΞÕ ΜΤΤô∴ûΞΚûΖ ΜΤΤô∴Ξσú[ôÓ áγ⁄∴ôο
€ûΟχÏλ ùΤôιΘØλ ΜΤλ ΦτΣûΘχ ùΚôηÓ+

Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE Φ∴ ΦÝΘΩôλ−

≅ΘôΞÕ ØχúΚôΠιƒτ ∆ρ ú∴ôΠδΚ↓τ áÓΘο úΡνúΚôγ⁄τ ÁÕρΖ
úΚôΠδΚ↓τ áÓΘÛχÏ ΜΤλ−

Σ⁄ 6: ΒδÏ ΣôΟλ 5 ο ∆ρΖ ≅ÓιÕρΖ úΚôΠδΚρ ≅⁄úΚôûΖχùΚôηÓ+ ≅ΘôΞÕ
ΙÚ úΡνúΚôγ⁄ο ≅ûΤÙλ úΚôΠδΚ↓τ áÓΘο 180° ΦτΣûΘχ ùΚôηÓ
Ð DAB +Ð BAC + Ð CAE = 180° Φ∴ ΦÝΘΩôλ−

Σ⁄ 7: Ð ABC + Ð BAC + Ð ACB = Ð DAB +Ð BAC + Ð CAE = 180° Φ∴ ΦÝΘ+ ëχ↓⁄τ
≅⁄úΚôρ ≅ΘôΞÕ ΒÚ ùΞπúΞß ùΣôÚγΚρ Ιúς ùΣôÚÞχÏ ΜΤΤô∴ôο ≅ûΞ
ΒςηÓλ ΙτßχùΚôτß ΜΤλ ΦτΣûΘ ΣΥτΣÓιΘΩôλ−

ΒκùΣôÝÕ A1.2 Τσßλ A1.3 úΘσ[δΚûΖ ΑςôΥôΤο ♣ì♦χΚΩôλ−

úΘσ[λ A1.2 : ΒςηÓ ΒςγûΟ ΒΥο ΦηΚ↓τ ùΣÚχΚσΣΩτ ϑν ΒςγûΟ Φη−

♣ìΣΠλ :   x Τσßλ y ΦτΣ∴ ΓúΘàλ ΒςηÓ ΒςγûΟ ΒΥο ΦηΚρ ΦτΚ−

                        xy ΦτΣÕ ϑν ΒςγûΟ Φη Φ∴ ♣ì♦χΚκΣΟúΞηÓλ−
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Since x and y are even, they are divisible by 2 and can be expressed in the form
x = 2m, for some natural number m and  y = 2n, for some natural number n.
Then xy = 4 mn. Since 4 mn is divisible by 2, so is xy.
Therefore, xy is even.

Theorem A1.3 : The product of any three consecutive even natural numbers is divisible by
16.
Proof : Any three consecutive even numbers will be of the form 2n,  2n +  2  and
2n + 4, for some natural number n. We need to prove that their product
2n(2n + 2)(2n + 4) is divisible by 16.
Now, 2n(2n + 2)(2n + 4) = 2n × 2(n +1) × 2(n + 2)
= 2 × 2 × 2n(n + 1)(n + 2) = 8n(n + 1)(n + 2).
Now we have two cases. Either n is even or odd.  Let us examine each case.
Suppose n is even : Then we can write n = 2m, for some natural number m.
And, then 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16m(2m + 1)(2m + 2).
Therefore, 2n(2n + 2)(2n + 4) is divisible by 16.
Next, suppose n is odd. Then n + 1 is even and we can write n + 1  = 2r, for some natural number
r.
We then have :2n(2n + 2)(2n + 4) =8n(n + 1)(n + 2)

= 8(2r – 1) × 2r × (2r + 1)
= 16r(2r – 1)(2r + 1)

Therefore, 2n(2n + 2)(2n + 4) is divisible by 16.
So, in both cases we have shown that the product of any three consecutive even numbers is

divisible by 16.
We conclude this chapter with a few remarks on the difference between how mathematicians

discover results and how formal rigorous proofs are written down. As mentioned above, each
proof has a key intuitive idea (sometimes more than one). Intuition is central to a mathematician’s
way of thinking and discovering results. Very often the proof of a theorem comes to a
mathematician all jumbled up. A mathematician will often experiment with several routes of
thought, and logic, and examples, before she/he can hit upon the correct solution or proof. It is
only after the creative phase subsides that all the arguments are gathered together to form a
proper proof.

It is worth mentioning here that the great Indian mathematician Srinivasa Ramanujan used
very high levels of intuition to arrive at many of his statements, which
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x Τσßλ y ΦτΣûΞ ΒςγûΟ Φη Φ±ο ≅ûΞ 2 Αο ΞÏΣÓλ− ΓúΘàλ ΙÚ ΒΥο
Φη m χÏ x = 2m, Τσßλ ΓúΘàλ ΙÚ ΒΥο Φη n χÏ y = 2n Ξ⁄↑ο ùΞ↓κΣÓιΘΩôλ−

≅κùΣôÝÕ  xy = 4 mn ΦτΣÕ 2 Αο ΞÏΣÓλ− Φ∴úΞ+ xy ΦτΣÕλ 2 Αο ΞÏΣÓλ−

Φ∴úΞ+ xy ΦτΣÕ ΒςγûΟ Φη ΑÏλ−

úΘσ[λ A1.3 : ΓúΘàλ êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ 16 Αο
ΞÏΣÓλ−

♣ìΣΠλ: ΓúΘàλ ΙÚ ΒΥοΦη n Φ±ο+ ≅ÓιΘÓιΘ êτß ΒΥοΦηΚρ 2n, 2n +2
Τσßλ 2n + 4 Φτ[ Ξ⁄↑ο ΒÚχÏλ− ΒΞσ°τ ùΣÚχΚσΣΩτ 2n(2n + 2)(2n + 4)
ΦτΣÕ 16 Αο ΞÏΣÓλ Φτß ♣ì♦χΚ úΞηÓλ−

ΒκùΣôÝÕ+  2n(2n + 2)(2n + 4) = 2n × 2(n +1) × 2(n + 2)
= 2 × 2 × 2n(n + 1)(n + 2) = 8n(n + 1)(n + 2).

ΒκùΣôÝÕ Ρλ♥Ολ ΒςηÓ Ξ→Κρ ∆ρΖ∴− Ιτß  n ΦτΣÕ Ισû[ Φη ≅οΩÕ
ΒςγûΟ Φη− ΒςηûΟÙλ Μ↔ΣôνκúΣôλ−

n ΦτΣÕ ΒςγûΟ Φη Φ±ο+ m χÏ n = 2m Φ∴ ΦÝΘΩôλ−

úΤÛλ+ ≅κùΣôÝÕ 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16m(2m + 1)(2m + 2).
ΑΚúΞ+ 2n(2n + 2)(2n + 4) ΦτΣÕ 16 Αο ΞÏΣÓλ−

♦[Ï+  n ΦτΣÕ ϑν Ισû[ Φη Φ±ο n+1 ΦτΣÕ ϑν ΒςγûΟ Φη− úΤÛλ ΒΥο
Φη r χÏ n+1=2r Φ∴ ΦÝΘΩôλ−

ΑΚúΞ+ 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2)
= 8(2r – 1) × 2r × (2r + 1)
= 16r(2r – 1)(2r + 1)

Φ∴úΞ+    2n(2n + 2)(2n + 4) ΦτΣÕ 16 Αο ΞÏΣÓλ−

ΑΚúΞ+ ΒςηÓ Ξ→Κ↓Ûλ êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ
16 Αο ΞÏΣÓλ Φ∴ ♣ì♦ιúΘôλ−

Κ∞Θ ΞοÛ∴νΚρ ΦπΞôß Ø⁄ûΞ ΚηΟ°ϕΘôνΚρ Τσßλ ΦπΞôß ♣ìΣΠιûΘ
ΦÝƒ∴ôνΚρ ΦτΣΘσÏλ ΒûΟúΥ ∆ρΖ úΞßΣôγ⁄û∴ Σσ°Υ ′Ω Ï°κ×ΚÞΟτ
ΒϕΘ ΣôΟιƒû∴ Ø⁄χΚΩôλ− úΤúΩ Ï°κ♦γΟΣ⁄+ ΙπùΞôÚ ♣ìΣΠØλ ΙÚ Øχ€Υ
Ï°κ×  (Ιτû[↑Ο ≅ƒΚΤôΚ) ∆ηÓ− ΙπùΞôÚ Κ∞Θ ΞοÛΡνΚ↓τ ′ϕƒχÏλ Ξ→
Τσßλ Ø⁄ÜΚûΖ ΚηΟ°Θο ÑΥ ≅°ûΞ ≅⁄κΣûΟΥôΚ ùΚôηΟÕ− Κ∞Θ
≅°ΝνΚÞχÏ ♣ìΣΠλ Θô∴ôΚ €ûΟιΘΘôÏλ− ΙÚ Κ∞Θ ≅°Νν ΘτàûΟΥ
Ø⁄ûΞ ≅οΩÕ Μ↔Υô∴ ♣ìΣΠιûΘ ≅ûΟΞΘσÏ ΣΩ Ξ→Κ↓ο ′ϕƒχΚúΞηÓλ−
ΘνχΚ Ãƒ♠ο úΥô′χΚ úΞηÓλ− ∆ΘôςΠδΚρ ΣΩΞσû[ ′ϕƒχΚ úΞηÓλ− ΦοΩô
↑ΞôΘδΚÞλ Ιτ[ôΚ úΜνϕÕ ΙÚ ×ƒΥ ♣ûΩ úΘôτßΘúΩ ♣ìΣΠλ ΑÏλ−
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he claimed were true. Many of these have turned out be true
and are well known theorems. However, even to this day
mathematicians all over the world are struggling to prove
(or disprove) some of his claims (conjectures).

EXERCISE A1.4

1. Find counter-examples to disprove the following statements:
(i) If the corresponding angles in two triangles are equal, then the triangles are

congruent.
(ii) A quadrilateral with all sides equal is a square.
(iii) A quadrilateral with all angles equal is a square.
(iv) For integers a and b, 2 2a b+  = a + b
(v) 2n2 + 11 is a prime for all whole numbers n.
(vi) n2 – n + 41 is a prime for all positive integers n.

2. Take your favourite proof and analyse it step-by-step along the lines discussed in Section
A1.5 (what is given, what has been proved, what theorems and axioms have been used,
and so on).

3. Prove that the sum of two odd numbers is even.
4. Prove that the product of two odd numbers is odd.
5. Prove that the sum of three consecutive even numbers is divisible by 6.
6. Prove that infinitely many points lie on the line whose equation is y = 2x.

(Hint : Consider the point (n, 2n) for any integer n.)
7. You must have had a friend who must have told you to think of a number and do various

things to it, and then without knowing your original number, telling you what number you
ended up with. Here are two examples. Examine why they work.
(i) Choose a number. Double it. Add nine. Add your original number. Divide by three.

Add four. Subtract your original number. Your result is seven.
(ii)Write down any three-digit number (for example, 425). Make a six-digit number by

repeating these digits in the same order (425425). Your new number is divisible by
7, 11 and 13.

Srinivasa Ramanujan
(1887–1920)

Fig. A1.5
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×ΚθùΣσ[ ΒϕƒΥ Κ∞Θ ≅°Νν β♣ΞôΜ
ΒςôΤôàΜ↔τ ΣΩ áσßΚρ ∆ηûΤ Φ∴
á[κΣγΟûΞ− ≅ûΞ ≅ΞÚχÏ úΘôτ°Υ
∆ρÞΠν↑∴ôúΩ á°ΥûΞ ΦτΣûΘ Ρôλ á[
ùΣÚûΤκΣΟúΞηÓλ− ≅χáσßΚρ ≅û∴ιÕλ
∆ηûΤ Φτßλ+ ×ΚθùΣσ[ úΘσ[δΚρ Φ∴Üλ
Τô°ΥûΞ+ ∆Ω€ο ∆ρΖ Κ∞Θ ≅°ΝνΚρ Βτßλ
≅ΞÚûΟΥ ΚÚιÕχΚûΖ ♣ì♦χΚÜλ (≅οΩÕ ùΣôµ
Φτß ♣ì♦χΚÜλ ) úΣôςô⁄ ΞÚ€[ôνΚρ−

1. ♦τΞÚλ Ξôχ€ΥδΚûΖ ùΣôµ Φ∴ ♣ì♦χΚ Φƒν ∆ΘôςΠδΚûΖ ΘÚΚ−
(i) ΒςηÓ ØχúΚôΠδΚ↓τ ΙιΘ úΚôΠδΚρ ΜΤλ Φ±ο+ ≅ϕΘ

ØχúΚôΠδΚρ ΜνΞ ΜΤλ−
(ii) ΦοΩô ΣχΚδΚÞλ ΜΤΤôΚ ∆ρΖ ΡôσΚςλ ΙÚ ΜÕςλ−
(iii) ΦοΩô úΚôΠδΚÞλ ΜΤΤôΚ ∆ρΖ ΡôσΚςλ ΙÚ ΜÕςλ−
(iv) ùΤµùΥηΚρ a Τσßλ b χÏ 2 2a b+  = a + b
(v) ØÝ Φη n ≅û∴ιƒσÏλ 2n2 + 11 ΦτΣÕ ΙÚ ΣΚô Φη ΑÏλ−
(vi) ΦοΩô ♥ûΚØÝ n χÏλ  n2 – n + 41 ΦτΣÕ ΙÚ ΣΚô Φη ΑÏλ−

2. ∆∴χÏ ↑ÚκΣΤô∴ ♣ìΣΠιûΘχùΚôηÓ+ ♦↔Ü A1.5 ο á°ÙρΖ ΙπùΞôÚ
Ξ↔ûΥÙλ ΑµÜ ùΜµΚ− (ùΚôÓχΚκΣγΟÕ ΦÕ> ♣ì♦χΚúΞη⁄ΥÕ ΦÕ> ΦϕΘ
≅⁄úΚôρΚρ Τσßλ úΘσ[δΚρ ΣΥτΣÓιΘκΣγÓρΖ∴ Τσßλ ΣΩ).

3. ΒςηÓ Ισû[ ΦηΚ↓τ áÓΘο ΙÚ ΒςγûΟ Φη Φ∴ ♣ì♦−
4. ΒςηÓ Ισû[ ΦηΚ↓τ ùΣÚχΚσΣΩτ ΙÚ ΒςγûΟ Φη Φ∴ ♣ì♦
5. êτß ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ áÓΘο 6 Αο ΞÏΣÓλ Φ∴ ♣ì♦−
6. y = 2x Φτ[ ΜΤτΣôγ⁄σΚô∴ úΡνúΚôγ⁄τ ÁÕ ΦηΠσ[ ×ρ↓Κρ ∆ρΖ∴−

(Ï°κ×: ΓúΘàλ ΙÚ ØÝ n χÏ+  (n, 2n)  Φτ[ ×ρ↓ûΥ ΦÓιΘχùΚôρΚ)

7. ∆τàûΟΥ ΡηΣτ+ ∆τû∴ ϑν ΦηûΠ ♣û∴ιÕχ ùΚôρΖε ùΜôο←+ ΣΩ
ùΜΥοΚûΖ ùΜµΥε ùΜôο←+ ¿ ♣û∴ιΘ ΦηûΠ ≅°ΥôΤúΩ+ ΚûΟ′♠ο ¿
ùΣσ[ ↑ûΟûΥχ áßΞôτ− ΒδÏ ΒςηÓ ΦÓιÕχΚôγÓΚρ ∆ρΖ∴− ≅Ξσû[
Μ↔Σôν−
(i) ϑν ΦηûΠ ♣û∴ιÕχùΚôρ− ≅Θû∴ ΒÚΤΟδΚôΚ Τôσß− ΙτΣûΘ áγÓ−

¿ ♣û∴ιΘ ΦηûΠχ áγÓ− êτ[ôο ΞÏ+ ΡôτûΚ áγÓ+ ¿ ♣û∴ιΘ

ΦηûΠ Κ→− ∆τàûΟΥ ↑ûΟ ΓÝ ΑÏλ−

(ii)ΓúΘàλ êτß ΒΩχΚ ΦηûΠ ΦÝÕ− (ΦÓιÕχΚôγΟôΚ+ 425). ≅úΘ ΦηûΠ

ΒςηÓ Øû[ ΦÝƒ+ Αß ΒΩχΚ ΦηΠôΚ Τôσß(425425). ∆τàûΟΥ

×ƒΥΦη7,11 Τσßλ 13 Αο ΞÏΣÓλ−

Σ♠σ′  A1.4

β♣ΞôΜ ΒςôΤôàΜλ
(1887–1920)
ΣΟλ. A1.5
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A1.6 Summary

In this Appendix, you have studied the following points:

1. In mathematics, a statement is only acceptable if it is either always true or always false.

2. To show that a mathematical statement is false, it is enough to find a single counter-example.

3. Axioms are statements which are assumed to be true without proof.

4. A conjecture is a statement we believe is true based on our mathematical intuition, but which
we are yet to prove.

5. A mathematical statement whose truth has been established (or proved) is called a theorem.

6. The main logical tool in proving mathematical statements is deductive reasoning.

7. A proof is made up of a successive sequence of mathematical statements. Each statement in
a proof is logically deduced from a previouly known statement, or from a theorem proved
earlier, or an axiom, or the hypothesis.
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A1.6 ùΘôÏκ×

 ΒϕΘ ♦τΒûΠκ♦ο Ρôλ ♦τΞÚλ ΚÚιÕχΚûΖ Σ⁄ιÕρúΖôλ−

1. Κ∞Θιƒο Ξôχ€Υλ ≅οΩÕ áσß ΦτΣÕ ΦκùΣôÝÕλ ∆ηûΤ ≅οΩÕ
ΦκùΣôÝÕλ ùΣôµΥôΚ ΒÚϕΘôο ΤγÓúΤ ΓσßχùΚôρΖκΣÓλ−

2. Κ∞Θ Ξôχ€Υλ ΦτΣÕ ùΣôµ Φ∴ ♣ì♦χΚ Ιúς ΙÚ Φƒν ∆ΘôςΠλ úΣôÕλ−

3. ≅⁄úΚôρΚρ ΦτΣûΞ Φπ↑Θ ♣ìΣΠ♥τ° ∆ηûΤ Φτß ΓσßχùΚôρΖκΣγΟ
áσßΚρ−

4. ΚÚÕúΚôρΚρ ΦτΣûΞ ΡΤÕ ∆ρÞΠν↑∴ôο ∆ηûΤ Φτß ΡλΣκΣγΟ Βτàλ
♣ì♦χΚκΣΟôΘ Ξôχ€ΥδΚρ−

5. ∆ηûΤ Φτß ♣ì♦χΚκΣγΟ Κ∞Θ Ξôχ€ΥúΤ úΘσ[λ Φ∴κΣÓλ− ∆ηûΤ
♣ì♦χΚκΣÓΞúΘ úΘσ[λ−

6. Κ∞Θ Ξôχ€ΥιûΘ ♣ì♦χΚ ∆ΘÜλ ΘνχΚØû[ ÕκΣ°Ùλ ΣÏιΘ°Ü−

7. ùΘôΟνε′Υô∴ Κ∞Θ áσßΚûΖχ ùΚôηúΟ ♣ìΣΠλ ≅ûΤ€[Õ− ♣ìΣΠιƒτ
ΙπùΞôÚ Ξôχ€ΥØλ ØτúΣ ≅°ϕΘ Ξôχ€ΥδΚ↓←ÚϕÕ+ ØτúΣ ♣ì♦χΚκΣγΟ
úΘσ[δΚ↓←ÚϕÕ ≅οΩÕ ≅⁄úΚôρΚρ ≅οΩÕ ΚÚÕúΚôρΚ↓←ÚϕÕ ΦÝΘκΣγΟÕ−
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APPENDIX 1

ANSWERS/HINTS

EXERCISE 1.1

1. Yes. 0 0 0
0

1 2 3
= = =   etc., denominator q can also be taken as negative integer..

2. There can be infinitely many rationals betwen numbers 3 and 4, one way is to take them

3 = . Then the six numbers are .

3. . Therefore, five rationals are : 

4. (i) True, since the collection of whole numbers contains all the natural numbers.

(ii) False, for example – 2 is not a whole number.

(iii) False, for example  is a rational number but not a whole number..

EXERCISE 1.2

1. (i) True, since collection of real numbers is made up of rational and irrational numbers.

(ii) False, no negative number can be the square root of any natural number.

(iii) False, for example 2 is real but not irrational.

2. No. For example,  = 2 is a rational number..

3. Repeat the procedure as in Fig. 1.8 several times. First obtain  and then .
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APPENDIX 1

↑ûΟΚρ / Ï°κ×Κρ

Σ♠σ′ 1.1

1. Αλ− 
0 0 0

0
1 2 3

= = =   úΤÛλ ΣΩ. ΣÏƒ q Η Φƒν∋Ïû[( ØÝΦηΠôΚ ùΚôρΖΩôλ−

2. 3 Τσßλ 4 χÏ ΒûΟúΥ Ø⁄↑Ωô ↑€ΘØß ΦηΚρ ∆ρΖ∴−

3 =   Φ±ο 6 ΦηΚρ .

3. . ΗϕÕ ↑€ΘØß ΦηΚρ : 

4. (i) Μ↔− Γù∴±ο ØÝΦηΚ↓τ úΜνκ× ΦτΣÕ ΒΥοΦηΚûΖ ùΚôη⁄ÚχÏλ−

(ii) ΘΞß− ΦÓιÕχΚôγΟôΚ – 2 ΦτΣÕ ΙÚ ØÝΦη ≅οΩ−

(iii) ΘΞß− ΦÓιÕχΚôγΟôΚ  ΦτΣÕ ↑€ΘØß Φη Α∴ôο ØÝ Φη ≅οΩ−

Σ♠σ′ 1.2

1. (i) Μ↔− ↑€ΘØß ΦηΚρ Τσßλ ↑€ΘØ[ô ΦηΚ↓τ ùΘôÏκúΣ ùΤµùΥηΚρ−

(ii) ΘΞß− ΦϕΘùΞôÚ ΒΥο Φη∞τ ↑€ØßΞνχΚêΩλ Φƒν ΦηΠôΚ
    ΒÚχΚôÕ−

(iii) ΘΞß− 2 ΦτΣÕ ùΤµùΥη Α∴ôο ↑€ΘØ[ô Φη ≅οΩ−

2. ΘΞß− ΦÓιÕχΚôγΟôΚ  = 2 ΦτΣÕ ΙÚ ↑€ΘØß Φη−

3. ΣΟλ 1.8 ο ùΚôÓχΚκΣγΟ Øû[♠ο ÁηÓλ ÁηÓλ ùΜµΘôο ØΘ←ο  ♦τ×
€ûΟχÏλ−
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EXERCISE 1.3

1. (i) 0.36, terminating. (ii) 0.09 , non-terminating repeating.

(iii) 4.125, terminating. (iv) 0.230769 , non-terminating repeating.

(v) 0.18  non-terminating repeating.(vi) 0.8225 terminating.

2. 2 12 0.285714,
7 7

= ´ =  3 13 0.428571,
7 7

= ´ =  4 14 0.571428,
7 7

= ´ =  5 15 0.714285,
7 7

= ´ =

 6 16 0.857142
7 7

= ´ =

3. (i) 2
3  [Let x = 0.666. . . So 10x = 6.666. . . or, 10x = 6 + x or , x = 6 2

9 3
= ]

(ii) 43
90 (iii) 1

999

4. 1 [Let x = 0.9999. . . So 10 x = 9.999. . . or, 10 x  = 9 + x or, x  = 1]

5. 0.0588235294117647

6. The prime factorisation of q has only powers of 2 or powers of 5 or both.

7. 0.01001000100001. . ., 0.202002000200002. . ., 0.003000300003. . .

8. 0.75075007500075000075. . ., 0.767076700767000767. . ., 0.808008000800008. . .

9. (i) and (v) irrational; (ii), (iii) and (iv) rational.

EXERCISE 1.4

1. (i) Irrational (ii) Rational (iii) Rational (iv) Irrational

(v) Irrational

2. (i) 6 3 2 2 3 6+ + + (ii) 6 (iii) 7 2 10+ (iv) 3

3. There is no contradiction. Remember that when you measure a length with a scale or any
other device, you only get an approximate rational value. So, you may not realise that either
c or d is irrational.

4. Refer Fig. 1.17.

5. (i) 7
7

(ii) 7 6+ (iii) 5 2
3
- (iv) 7 2

3
+
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Σ♠σ′ 1.3

1. (i) 0.36 Ø⁄Üß ΘΜΤ Φη (ii) 0.09 , Ø⁄Ü[ô ÑΨο ΘΜΤ Φη

(iii) 4.125, Ø⁄Üß ΘΜΤ Φη (iv) 0.230769 , Ø⁄Ü[ô ÑΨο ΘΜΤ Φη

(v) 0.18  Ø⁄Ü[ô ÑΨο ΘΜΤ Φη (vi) 0.8225 Ø⁄Üß ΘΜΤ Φη

2. 2 12 0.285714,
7 7

= ´ =  3 13 0.428571,
7 7

= ´ =  4 14 0.571428,
7 7

= ´ =  5 15 0.714285,
7 7

= ´ =

 6 16 0.857142
7 7

= ´ =

3. (i) 2
3  [ x = 0.666. .  ΦτΚ−ΑΚúΞ10x = 6.666. .≅οΩÕ 10x = 6 + x ≅οΩÕ x = 6 2

9 3
= ]

(ii) 43
90 (iii) 1

999

4. 1 [ x = 0.9999. . ΦτΚ−ΑΚúΞ 10 x = 9.999. . ≅οΩÕ 10 x  = 9 + x ≅οΩÕ x  = 1]

5. 0.0588235294117647

6. q τ ΣΚô Κôς∞Κρ Βςη⁄τ ≅ÓχÏΚ↓úΩô ≅οΩÕ 5 τ ≅ÓχÏΚ↓úΩô
≅οΩÕ Βςη⁄ÛúΤô ΒÚχÏλ−

7. 0.01001000100001. . ., 0.202002000200002. . ., 0.003000300003. . .

8. 0.75075007500075000075. . ., 0.767076700767000767. . ., 0.808008000800008. . .

9. (i) Τσßλ (v) ↑€ΘØ[ô (ii), (iii) Τσßλ (iv) ↑€ΘØß

Σ♠σ′ 1.4

1. (i) ↑€ΘØ[ô Φη (ii) ↑€ΘØß Φη   (iii) ↑€ΘØß Φη

(iv) ↑€ΘØ[ô Φη (v) ↑€ΘØ[ô Φη

2. (i) 6 3 2 2 3 6+ + + (ii) 6 (iii) 7 2 10+ (iv) 3

3. ΦϕΘ↑Θ ØςηΣôÓλ €ûΟΥôÕ− ¿δΚρ ¿ΖιûΘ ≅ΖÜúΚôο ≅οΩÕ úΞß ΓúΘàλ
ΚÚ↑ûΥ ΣΥτΣÓιƒ ≅ΖϕΘôο ∆δΚÞχúΚ úΘôςôΥΤô∴ ↑€ΘØß Φη €ûΟχÏλ−
ΑΚúΞ c ≅οΩÕ d  ↑€ΘØß Φη Φ∴χá[ Ø⁄Ùλ−

4. ΣΟλ 1.17 Η Ικ♦ÓΚ−

5. (i) 7
7

(ii) 7 6+ (iii) 5 2
3
- (iv) 7 2

3
+
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EXERCISE 1.5

1. (i) 8 (ii) 2 (iii) 52.(i) 27 (ii) 4 (iii) 8 (iv) ( )
1 1

3 –13 31 (125) 5 5
5

- -é ù
= =ê ú

ë û

3. (i)
13
152 (ii) 3–21 (iii)

1
411 (iv)

1
256

EXERCISE 2.1

1. (i) and (ii) are polynomials in one variable, (v) is a polynomial in three variables,

(iii), (iv) are not polynomials, because in each of these exponent of the variable is not a
whole number.

2. (i) 1 (ii) –1 (iii)
2
p (iv) 0

3. 3x35 – 4; 2 y100 (You can write some more polynomials with different coefficients.)

4. (i) 3 (ii) 2 (iii) 1 (iv) 0

5. (i) quadratic (ii) cubic (iii) quadratic (iv) linear

(v) linear (vi) quadratic (vii) cubic

EXERCISE 2.2

1. (i) 3 (ii) –6 (iii) –3

2. (i) 1, 1, 3 (ii) 2, 4, 4 (iii) 0, 1, 8 (iv) –1, 0, 3

3. (i) Yes (ii) No (iii) Yes (iv) Yes

(v) Yes (vi) Yes

(vii) 1
3

-  is a zero, but 2
3

 is not a zero of the polynomial (viii) No

4. (i) –5 (ii) 5 (iii) 5
2

- (iv) 2
3

(v) 0 (vi) 0 (vii) d
c-

60 D 70 D

80 B
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Σ♠σ′ 1.5

1. (i) 8 (ii) 2 (iii) 52.(i) 27 (ii) 4 (iii) 8 (iv) ( )
1 1

3 –13 31 (125) 5 5
5

- -é ù
= =ê ú

ë û

3. (i)
13
152 (ii) 3–21 (iii)

1
411 (iv)

1
256

Σ♠σ′ 2.1
1. (i) Τσßλ (ii) ΙÚ Τô°ûΥ ùΚôηΟ ΣοÛßκ×χ úΚôûΞΚρ (v) 3 Τô°ûΥ ùΚôηΟ

ΣοÛßκ×χ úΚôûΞΚρ

(iii), (iv) ΣοÛßκ×χúΚôûΞΚρ ≅οΩ− Γù∴±ο Τô°♠τ ≅ÓχÏ ØÝΦη ≅οΩ−

2. (i) 1 (ii) –1 (iii)
2
p (iv) 0

3. 3x35 – 4; 2 y100 (úΤÛλ ΣΩ ΣοÛßκ× úΚôûΞΚûΖ ΤôßΣγΟ ÏΠΚδΚρ ùΚôηÓ
ΦÝΘΩôλ)

4. (i) 3 (ii) 2 (iii) 1 (iv) 0

5. (i) ΒÚΣ⁄ (ii) ØκΣ⁄ (iii) ΒÚΣ⁄ (iv) ΙÚΣ⁄

(v) ΙÚΣ⁄ (vi) ΒÚΣ⁄ (vii) ØκΣ⁄

Σ♠σ′ 2.2

1. (i) 3 (ii) –6 (iii) –3

2. (i) 1, 1, 3 (ii) 2, 4, 4 (iii) 0, 1, 8 (iv) –1, 0, 3

3. (i) Αλ (ii) ΒοûΩ (iii) Αλ (iv) Αλ

(v) Αλ (vi) Αλ

(vii) 1
3

-  ΦτΣÕ éϖ≥Υλ Α∴ôο 
2
3

 ΦτΣÕ ΣοÛßκ×χúΚôûΞ♠τ éϖ≥Υλ

≅οΩ−

(viii) ΒοûΩ

4. (i) –5 (ii) 5 (iii) 5
2

- (iv) 2
3

(v) 0 (vi) 0 (vii) d
c-

60 D 70 D

80 B
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EXERCISE 2.3

1. (x + 1) is a factor of (i), but not the factor of (ii), (iii) and (iv).

2. (i) Yes (ii) No (iii) Yes

3. (i) –2 (ii) ( )2 2- + (iii) 2 1- (iv) 3
2

4. (i) (3x – 1) (4x – 1)(ii)(x + 3) (2x + 1) (iii) (2x + 3) (3x – 2) (iv)
(x + 1) (3x – 4)

5. (i) (x – 2) (x – 1) (x + 1) (ii) (x + 1) (x + 1) (x – 5)

(iii) (x + 1) (x + 2) (x + 10) (iv) (y – 1) (y + 1) (2y + 1)

EXERCISE 2.4

1. (i) x2 + 14x + 40(ii) x2 – 2x – 80 (iii) 9x2 – 3x – 20

(iv)y4 – 9
4

(v) 9 – 4x2

2. (i) 11021 (ii) 9120 (iii) 9984

3. (i) (3x + y) (3x + y)(ii)(2y – 1) (2y – 1)(iii) 10 10
y yx xæ ö æ ö+ -ç ÷ ç ÷

è ø è ø

4. (i) x2 + 4y2 + 16z2 + 4xy + 16yz + 8xz

(ii) 4x2 + y2 + z2 – 4xy – 2yz + 4xz

(iii) 4x2 + 9y2 + 4z2 – 12xy + 12yz – 8xz

(iv)9a2 + 49b2 + c2 – 42ab + 14bc – 6ac

(v) 4x2 + 25y2 + 9z2 – 20xy – 30yz + 12xz

(vi)
2 2

1
16 4 4 2
a b ab ab+ + - - +

5. (i) (2x + 3y – 4z) (2x + 3y – 4z)  (ii) ( ) ( )2 2 2 2 2 2x y z x y z- + + - + +

6. (i) 8x3 + 12x2 + 6x + 1       (ii) 8a3 – 27b3 – 36a2b + 54ab2

(iii)  3 227 27 9 1
8 4 2

x x x+ + + (iv) 
2

3 3 28 42
27 3

xyx y x y- - +
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  1. (x + 1) ΦτΣÕ (i) τ Κôς∞−  (ii), (iii) Τσßλ (iv) τ Κôς∞ ≅οΩ

2. (i) Αλ (ii) ΒοûΩ (iii) Αλ

3. (i) –2 (ii) ( )2 2- + (iii) 2 1- (iv) 3
2

4. (i) (3x – 1) (4x – 1)   (ii) (x + 3) (2x + 1) (iii) (2x + 3) (3x – 2) (iv)
(x + 1) (3x – 4)

5. (i) (x – 2) (x – 1) (x + 1) (ii) (x + 1) (x + 1) (x – 5)

(iii) (x + 1) (x + 2) (x + 10) (iv) (y – 1) (y + 1) (2y + 1)

Σ♠σ′ 2.4

1. (i) x2 + 14x + 40  (ii) x2 – 2x – 80 (iii) 9x2 – 3x – 20

(iv)y4 – 9
4

(v) 9 – 4x2

2. (i) 11021 (ii) 9120 (iii) 9984

3. (i) (3x + y) (3x + y)  (ii) (2y – 1) (2y – 1)   (iii) 10 10
y yx xæ ö æ ö+ -ç ÷ ç ÷

è ø è ø

4. (i) x2 + 4y2 + 16z2 + 4xy + 16yz + 8xz

(ii) 4x2 + y2 + z2 – 4xy – 2yz + 4xz

(iii) 4x2 + 9y2 + 4z2 – 12xy + 12yz – 8xz

(iv)9a2 + 49b2 + c2 – 42ab + 14bc – 6ac

(v) 4x2 + 25y2 + 9z2 – 20xy – 30yz + 12xz

(vi)
2 2

1
16 4 4 2
a b ab ab+ + - - +

5. (i) (2x + 3y – 4z) (2x + 3y – 4z)  (ii) ( ) ( )2 2 2 2 2 2x y z x y z- + + - + +

6. (i) 8x3 + 12x2 + 6x + 1       (ii) 8a3 – 27b3 – 36a2b + 54ab2

(iii)  3 227 27 9 1
8 4 2

x x x+ + + (iv) 
2

3 3 28 42
27 3

xyx y x y- - +

Σ♠σ′ 2.3
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25 cm
Lamp

30 cm

7. (i) 970299 (ii) 1061208 (iii) 994011992

8. (i) (2a + b)(2a + b)(2a + b) (ii) (2a – b)(2a – b)(2a – b)

(iii) (3 – 5a)(3 – 5a)(3 – 5a) (iv)(4a – 3b)(4a – 3b)(4a – 3b)

(v) 1 1 13 3 3
6 6 6

p p pæ öæ öæ ö- - -ç ÷ç ÷ç ÷
è øè øè ø

10. (i) (3y + 5z) (9y2 + 25z2 – 15yz) (ii) (4m – 7n) (16m2 + 49n2 + 28mn)

11. (3x + y + z) (9x2 + y2 + z2 – 3xy – yz – 3xz)

12. Simiplify RHS.

13. Put x + y + z = 0 in Identity VIII.

14. (i) –1260. Let a = –12, b = 7, c = 5. Here a + b + c = 0. Use the result given in Q13.

(ii) 16380

15. (i) One possible answer is : Length = 5a – 3, Breadth = 5a – 4

(ii) One possible answer is : Length = 7y – 3, Breadth = 5y + 4

16. (i) One possible answer is : 3, x and x – 4.

(ii) One possible answer is : 4k, 3y + 5 and y – 1.

EXERCISE 3.1

1. Consider the lamp as a point and table as a plane.
Choose any two perpendicular edges of the table.
Measure the distance of the lamp from the longer
edge, suppose it is 25 cm. Again, measure the distance
of the lamp from the shorter edge, and suppose it is
30 cm. You can write the position of the lamp as (30,
25) or (25, 30), depending on the order you fix.

390 x, x+2 and x+2
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7. (i) 970299 (ii) 1061208 (iii) 994011992

8. (i) (2a + b)(2a + b)(2a + b) (ii) (2a – b)(2a – b)(2a – b)

(iii) (3 – 5a)(3 – 5a)(3 – 5a) (iv)(4a – 3b)(4a – 3b)(4a – 3b)

(v) 1 1 13 3 3
6 6 6

p p pæ öæ öæ ö- - -ç ÷ç ÷ç ÷
è øè øè ø

10. (i) (3y + 5z) (9y2 + 25z2 – 15yz) (ii) (4m – 7n) (16m2 + 49n2 + 28mn)

11. (3x + y + z) (9x2 + y2 + z2 – 3xy – yz – 3xz)

12. RHS Η ÑÚχÏΚ−

13. Øσù[ôÚûΤ VIII ο  x + y + z = 0 Φ∴ ♦ςƒ♠ÓΚ−

14. (i) –1260 , a = –12, b = 7, c = 5 ΦτΚ− ΒδÏ a + b + c = 0. ↑∴ô13 ο ∆ρΖ ↑ûΟûΥ
∆ΣúΥô€−

(ii) 16380

15. (i) ΙÚ ΜôιƒΥΤô∴ ↑ûΟ+ ¿Ζλ = 5a – 3, ≅ΚΩλ = 5a – 4

(ii) ΙÚ ΜôιƒΥΤô∴ ↑ûΟ+ ¿Ζλ = 7y – 3, ≅ΚΩλ = 5y + 4

16. (i) ΙÚ ΜôιƒΥΤô∴ ↑ûΟ+ 3, x Τσßλ x – 4.

(ii) ΙÚ ΜôιƒΥΤô∴ ↑ûΟ+ 4k, 3y + 5 Τσßλ  y – 1.

Σ♠σ′ 3.1

1. úΤûΜûΥ ΘΖλ Φτß ΚÚƒ+ ↑ΖχûΚ ×ρ↓
Φτßλ ùΚôρΚ− úΤûΜ♠τ ΒÚ ùΜδÏιÕ
Øû∴ΚûΖ ΦÓιÕχùΚôρΚ− ¿ΖΤô∴
Øû∴♠←ÚϕÕ ↑ΖχÏ ∆ρΖ çςιûΘ
≅ΖχΚÜλ− ≅Õ 25 ùΜ−Á− ΦτΚ− ÁηÓλ
Ïû[Ξô∴ ¿Ζλ ∆ρΖ Øû∴♠←ÚϕÕ ↑ΖχÏ
∆ρΖ çςιûΘ 30  ùΜ−Á− ΦτΚ−  ↑Ζχ€τ
ΒΟιûΘ (30,25) ≅οΩÕ (25,30) Φ∴ ¿δΚρ
ΦÓιΘχùΚôηΟ Ξ↔ûΜ♠ο ΦÝΘΩôλ−

25 cm
Lamp

30 cm

390 x, x+2 and x+2
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CW

S

N

Street 1
Street 2
Street 3

St
re

et
 1

St
re

et
 2

St
re

et
 3

St
re

et
 4

St
re

et
 5

E

Street 4
Street 5

2. The Street plan is shown in figure given below.

Both the cross-streets are marked in the figure above. They are uniquely found because of
the two reference lines we have used for locating them.

EXERCISE 3.2

1. (i)The x - axis and the y - axis (ii) Quadrants (iii) The origin

2. (i)(– 5, 2) (ii) (5, –5) (iii) E (iv) G (v) 6 (vi) – 3 (vii) (0, 5) (viii) (–3, 0)

EXERCISE 4.1

1. x – 2y = 0

2. (i) 2x + 3y – 9.35  = 0; a = 2, b = 3, c = – 9.35

(ii) x – 5
y  – 10 = 0; a = 1, b = 1,

5
-  c = –10

(iii) –2x + 3y – 6 = 0; a = –2, b = 3, c = –6

(iv)1.x – 3y + 0 = 0; a = 1, b = –3, c = 0

(v) 2x + 5y + 0 = 0; a = 2, b = 5, c = 0

(vi)3x + 0.y + 2 = 0; a = 3, b = 0, c = 2

(vii) 0.x + 1.y – 2 = 0; a = 0, b = 1, c = –2

(viii) –2x + 0.y + 5 = 0; a = –2, b = 0, c = 5

50 (B)
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2. ùΘÚ↑τ ≅ûΤκ× •θχΚηΟΞôß ∆ρΖÕ−

ΒςηÓ ÏßχÏι ùΘÚχΚÞλ (cross-streets) ΣΟιƒÛρΖΞôß Ï°κ♦Οκ ΣγÓρΖ∴−
ΒûΞ Θ±ιÕ ΚôΠκΣÓ€τ[∴− Γù∴±ο ≅Ξσû[ Ï°κ♦Ο ΒςηÓ úΚôÓΚρ
ΣΥτΣÓιΘκΣγÓρΖ∴−

Σ♠σ′ 3.2

1. (i)x - ≅εÑ Τσßλ y - ≅εÑ (ii) Κôο ΣÏƒΚρ (iii) Αƒκ×ρ↓

2. (i)(– 5, 2) (ii) (5, –5) (iii) E (iv) G (v) 6 (vi) – 3 (vii) (0, 5) (viii) (–3, 0)

Σ♠σ′ 4.1

1. x – 2y = 0

2. (i) 2x + 3y – 9.35  = 0; a = 2, b = 3, c = – 9.35

(ii) x – 5
y  – 10 = 0; a = 1, b = 1,

5
-  c = –10

(iii) –2x + 3y – 6 = 0; a = –2, b = 3, c = –6

(iv)1.x – 3y + 0 = 0; a = 1, b = –3, c = 0

(v) 2x + 5y + 0 = 0; a = 2, b = 5, c = 0

(vi)3x + 0.y + 2 = 0; a = 3, b = 0, c = 2

(vii) 0.x + 1.y – 2 = 0; a = 0, b = 1, c = –2

(viii) –2x + 0.y + 5 = 0; a = –2, b = 0, c = 5
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EXERCISE 4.2

1. (iii), because for every value of x, there is a corresponding value of y and vice-versa.

2. (i) (0, 7), (1, 5), (2, 3), (4, –1)

(ii) (1, 9 – p), (0, 9), (–1, 9 + p), 9 , 0
p

æ ö
ç ÷
è ø

(iii) (0, 0), (4, 1), (– 4, 1), 12,
2

æ ö
ç ÷
è ø

3. (i) No (ii) No (iii) Yes (iv) No (v) No
4. 7

EXERCISE 5.1

1. (i) False. This can be seen visually by the student.
(ii) False. This contradicts Axiom 5.1.
(iii) True. (Postulate 2)
(iv) True. If you superimpose the region bounded by one circle on the other, then they

coincide. So, their centres and boundaries coincide. Therefore, their radii will
coincide.

(v) True. The first axiom of Euclid.
3. There are several undefined terms which the student should list. They are consistent,

because they deal with two different situations - (i) says that given two points A and B,
there is a point C lying on the line in between them; (ii) says that given A and B, you can
take C not lying on the line through A and B.
These ‘postulates’ do not follow from Euclid’s postulates. However, they follow from
Axiom 5.1.

4. AC = BC
So, AC + AC = BC + AC(Equals are added to equals)
i.e., 2AC = AB (BC + AC coincides with AB)
Therefore, AC = 1

2
 AB

5. Make a temporary assumption that different points C and D are two mid-points of AB.
Now, you show that points C and D are not two different points.

6. AC =            BD    (Given) (1)

AC =            AB + BC(Point B lies between A and C) (2)

BD =            BC + CD(Point C lies between B and D) (3)
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Σ♠σ′ 4.2

1. (iii) Γù∴±ο x τ ΙπùΞôÚ Τƒκ♦σÏλ ùΘôΟν×ûΟΥ y τ Τƒκ× ∆ηÓ− ≅úΘ
   úΣôο y τ ΙπùΞôÚ Τƒκ♦σÏλ ùΘôΟν×ûΟΥ x τ Τƒκ× ∆ηÓ−

2. (i) (0, 7), (1, 5), (2, 3), (4, –1)

(ii) (1, 9 – p), (0, 9), (–1, 9 + p), 9 , 0
p

æ ö
ç ÷
è ø

(iii) (0, 0), (4, 1), (– 4, 1), 12,
2

æ ö
ç ÷
è ø

3. (i) ΒοûΩ (ii) ΒοûΩ (iii) Αλ (iv) ΒοûΩ (v) ΒοûΩ

4. 7
Σ♠σ′ 5.1

1. (i) ùΤµΥοΩ. ΤôΠΞνΚΖôο ΚηΠôο ΣôνχΚ Ø⁄Ùλ−

(ii) ùΤΥµοΩ. ≅⁄úΚôρ 5.1 χÏ ØςηΣôΟô∴Õ−

(iii) ùΤµ. (ΦÓúΚôρ 2)
(iv) ùΤµ− ΒςηÓ ΞγΟδΚΖôο ãΨκΣγΟ ΣÏƒûΥ Ιτ°τ ÁÕ Ιτß ûΞιΘôο

≅ûΞ Ιτú[ôÓ Ιτß ùΣôÚϕÕλ− ΑΚúΞ ≅Ξσ°τ ûΤΥδΚρ Τσßλ
ÑσßΣÏƒ ùΣôÚϕÕλ− ΑΚúΞ ≅Ξσ°τ ΑςδΚρ ùΣôÚϕÕλ−

(v) ùΤµ− ëχ↓⁄τ ØΘο ≅⁄úΚôρ−

3. ΤôΠΞνΚΖôο ∆ÚΞôχΚκΣγΟ Σγ⁄♠ο ΞûςΥßχΚκΣΟôΘ ΣΩ ∆ßκ×Κρ ∆ρΖ∴−
≅ûΞ ♣ûΩΥô∴ûΞ− Γù∴±ο ≅ûΞ ΒςηÓ ùΞπúΞß ãθ♣ûΩΚûΖ
ùΚôηÓρΖÕ− (i) ×ρ↓ C Α∴Õ ùΚôÓχΚκΣγΟ ΒςηÓ ×ρ↓Κρ A Τσßλ B
χÏ ΒûΟ♠ο ≅ûΤÙλ Φ∴χáß€[Õ− (ii) ×ρ↓ C Α∴Õ ùΚôÓχΚκΣγΟ ΒςηÓ
×ρ↓Κρ A Τσßλ B χÏ ΒûΟ♠ο ≅ûΤΥôÕ Φ∴χáß€[Õ−

ΒϕΘ ΦÓúΚôΖô∴Õ ëχ↓⁄τ ΦÓúΚôρ 5.1 Η ♦τΣσß€[Õ−

4. AC = BC
ΑΚúΞ AC + AC = BC + AC (ΜΤΤô∴ûΞ ΜΤΤô∴ΞσßΟτ áγΟκΣγÓρΖÕ)
Φ∴úΞ                 2AC =AB (BC + AC R AB Φ∴ ùΣôÚϕÕ€[Õ)
ΑΚúΞ+ AC = 1

2
 AB

5. C Τσßλ D ΦτΣûΞ  AB τ ΒςηÓ ùΞπúΞß ûΤΥκ×ρ↓Κρ Φàλ ΘσΚô←Κ
Κ∞κûΣ ùΚôρΚ− C Τσßλ D ΦτΣûΞ ùΞπúΞß ×ρ↓Κρ ≅οΩ Φ∴χΚôγÓΚ−

6. AC =           BD    (ùΚôÓχΚκΣγΟÕ) (1)
AC =            AB + BC ( B ×ρ↓ A Τσßλ C χÏ ΒûΟ♠ο ≅ûΤÙλ ) (2)

BD =           BC + CD ( C ×ρ↓ B Τσßλ D χÏ ΒûΟ♠ο ≅ûΤÙλ ) (3)
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Substituting (2) and (3) in (1), you get

AB + BC = BC + CD

So,  AB = CD (Subtracting equals from equals)

7. Since this is true for any thing in any part of the world, this is a universal truth.

EXERCISE 6.1

1. 30°, 250° 2. 126° 4. Sum of all the angles at a point = 360°

5. Ð QOS = Ð SOR + Ð ROQ and Ð POS = Ð POR – Ð SOR. 6. 122°, 302°

EXERCISE 6.2

1. 126° 2. 126°, 36°, 54° 3. 60° 4. 50°, 77°

5. Angle of incidence = Angle of reflection. At point B, draw BE ^ PQ and at point C, draw
CF ̂  RS.

EXERCISE A1.1
1. (i) False. There are 12 months in a year.

(ii) Ambiguous. In a given year, Diwali may or may not fall on a Friday.
(iii) Ambiguous. At some time in the year, the temperature in Magadi, may be 26° C.
(iv) Always true.
(v) False. Dogs cannot fly.
(vi) Ambiguous. In a leap year, February has 29 days.

2. (i) False. The sum of the interior angles of a quadrilateral is 360°.
(ii) True (iii) True (iv) True
(v) False, for example, 7 + 5 = 12, which is not an odd number.

3. (i) All prime numbers greater than 2 are odd.
(ii) Two times a natural number is always even. (iii) For any x > 1, 3x + 1 > 4.
(iv) For any x ³ 0, x3 ³ 0.
(v) In an equilateral triangle, a median is also an angle bisector.

80 A """"""90"B
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(2) Τσßλ (3) Α€ΥΞσû[ (1) ο ♦ςƒ♠γΟôο+

AB + BC = BC + CD

Φ∴úΞ+             AB = C D (ΜΤΤô∴ûΞ ΜΤΤô∴Ξσ°←ÚϕÕ Κ→ιΘο)

7. Γù∴±ο ∆Ω€ο ΦϕΘ ΣÏƒ♠Ûλ ΦοΩôΞσ°σÏλ ΒÕ ∆ηûΤ− ΒÕ
≅ηΟιƒσúΚ ∆ηûΤ−

Σ♠σ′ 6.1

1. 30°, 250° 2. 126° 4. ΙÚ ×ρ↓♠ο ΦοΩô úΚôΠδΚ↓τ áÓΘο = 360°

5. Ð QOS = Ð SOR + Ð ROQ Τσßλ Ð POS = Ð POR – Ð SOR.6. 122°, 302°

Σ♠σ′ 6.2

1. 126° 2. 126°, 36°, 54° 3. 60° 4. 50°, 77°

5. ΣÓúΚôΠλ R ↑ΩÏ úΚôΠλ− ×ρ↓ B ο BE ^ PQ ∆ρΖΞôß BE Η úΤÛλ
×ρ↓ C ο CF^ RS ∆ρΖΞôß

 

CF ΗÙλ ΞûςΚ−

Σ♠σ′ A1.1
1. (i) ùΣôµ+ ΙÚ ΞÚΟιƒσÏ 12 ΤôΘδΚρ

(ii) ùΘ↓Ξσ[Õ: ùΚôÓχΚκΣγΟ ΞÚΟιƒο ¾ΣôΞ↓ ΞςΩôλ− ΞςôΤο úΣôΚΩôλ−
(iii) ùΘ↓Ξσ[Õ: ΞÚΟιƒο: ′Ω ΜΤΥδΚ↓ο ΤôΚ⁄♠τ ùΞκΣ♣ûΩ 26° C ΑΚ

ΒÚχΚΩôλ−

(iv) ΦκùΣôÝÕλ ∆ηûΤ−
(v) ùΣôµ− ΡôµΚΖôο Σ[χΚ Ø⁄ΥôÕ−

(vi) ùΘ↓Ξσ[Õ: Äκ ΞÚΟιƒο ♦κςΞ↔ ΤôΘιƒο 29 ΡôγΚρ ΒÚχÏλ−

2. (i) ùΣôµ− ΡôσΚςιƒτ ∆ρúΚôΠδΚ↓τ áÓΘο 360°.
(ii) ∆ηûΤ (iii) ∆ηûΤ (iv) ∆ηûΤ

(v) ùΣôµ− ΦÓιÕχΚôγΟôΚ 7 + 5 = 12 ΦτΣÕ Ισû[ΣûΟ Φη ≅οΩ

3. (i) 2 Η ↑Ο ùΣ↔Υ ≅û∴ιÕ ΣΚô ΦηΚÞλ Ισû[ΣûΟ ΦηΚρ−

(ii) ϑν ΒΥο Φη∞τ ΒÚΤΟδÏ ΦκùΣôÝÕλ ΒςγûΟΣûΟ Φη−

(iii) x > 1 Φ±ο x τ ΦϕΘ Τƒκ♦σÏλ  3x + 1 > 4 ΑÏλ− 

(iv) x ³ 0 Φ±ο x τ ΦϕΘ Τƒκ♦σÏλ  x3 ³ 0 ΑÏλ−

(v) ΜΤΣχΚ ØχúΚôΠιƒτ ΡÓχúΚôÓ ΦκùΣôÝÕλ úΚôΠδΚ↓τ ΒÚΜΤùΞγ⁄−

80 A """"""90"B
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EXERCISE A1.2

1. (i) Humans are vertebrates. (ii) No. Dinesh could have got his hair cut by anybody
else. (iii) Gulag has a red tongue. (iv) We conclude that the gutters will have to be
cleaned tomorrow. (v) All animals having tails need not be dogs. For example, animals
such as buffaloes, monkeys, cats, etc. have tails but are not dogs.

2. You need to turn over B and 8. If B has an even number on the other side, then the rule has
been broken. Similarly, if 8 has a consonant on the other side, then the rule has been
broken.

EXERCISE A1.3

1. Three possible conjectures are:
(i) The product of any three consecutive even numbers is even. (ii) The product of
any three consecutive even numbers is divisible by 4. (iii) The product of any three
consecutive even numbers is divisible by 6.

2. Line 4: 1 3 3 1 =113; Line 5: 1 4 6 4 1=114; the conjecture holds for Line 4 and Line
5; No, because 115 ¹ 15101051.

3. T4 + T5 =25 = 52 ; Tn – 1 + Tn = n2.
4. 1111112 = 12345654321 ; 11111112 = 1234567654321
5. Student’s own answer. For example, Euclid’s postulates.

EXERCISE A1.4

1. (i) You can give any two  triangles with the same angles but of different sides.
(ii) A rhombus has equal sides but may not be a square.
(iii) A rectangle has equal angles but may not be a square.
(iv) For a = 3 and b = 4, the statement is not true.
(v) For n = 11, 2n2 + 11 = 253 which is not a prime.

(vi) For n = 41, n2 – n  + 41 is not a prime.
2. Student’s own answer.
3. Let x and y be two odd numbers. Then x = 2m +1 for some natural number m and

y = 2n + 1 for some natural number n.
x + y = 2 (m + n + 1). Therefore, x + y is divisible by 2 and is even.

4. See Q.3. xy = (2m + 1)(2n + 1) = 2 (2mn + m + n) + 1.
Therefore, x y is not divisible by 2, and so it is odd.



↑ûΟΚρ/ Ï°κ×Κρ

2239 Αλ ΞÏκ× Κ∞Θλ

Σ♠σ′ A1.2
1. (i) Τ±ΘνΚρ Σôíγ⁄Κρ (ii) ΒοûΩ− ƒú∴ω Υô↔Ολ úΞηÓΤô∴ôÛλ Ø⁄ûΥ

ƒÚιƒχ ùΚôρΖΩôλ (iii) ÏΩôχ ′Ξκ×♣[ ΡôχûΚ ùΚôη⁄ÚχÏλ (iv) Ξ⁄ΚôοΚρ
ΡôûΖ ÑιΘλ ùΜµΥκΣÓλ Φτ[ Ø⁄↑σÏ ΞςΩôλ (v) ΞôûΩχ ùΚôηÓρΖ
ΦοΩô ♥ÚΚδΚÞλ ΡôΥôΚ ΒÚχΚ úΞη⁄ΥƒοûΩ− ΦÓιÕχΚôγΟôΚ ΦÚÕ+
ÏςδÏ+ éû∴ úΣôτ[ûΞ ΞôûΩ ùΚôη⁄ÚϕΘôÛλ ≅ûΞΚρ ΡôµΚρ ≅οΩ−

2. ¿δΚρ B Τσßλ 8 ≅γûΟΚûΖ ƒÚκΣ úΞηÓλ− B ♠τ ΤßΣχΚλ ΒςγûΟΣûΟ
Φη ΒÚϕΘôο ↑ƒ ΘΞ[ôÏλ− ≅úΘ úΣôο 8 τ ΤßΣχΚλ ùΤµùΥÝιÕ ΒÚϕΘôο
↑ƒ ΘΞ[ôÏλ−

Σ♠σ′ A1.3
1. êτß ≅àΤô∴δΚρ ∆ρΖ∴−

(i) ΓúΘàλ 3 ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ ϑν ΒςγûΟ
(ii) ΓúΘàλ 3 ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ 4 Αο ΞÏΣÓλ−
(iii) ΓúΘàλ 3 ≅ÓιΘÓιΘ ΒςγûΟ ΦηΚ↓τ ùΣÚχΚσΣΩτ 6 Αο ΞÏΣÓλ−

2. 4ΞÕ Ξ↔ûΜ : 1 3 3 1 =113; 5ΞÕ Ξ↔ûΜ : 1 4 6 4 1=114;  ≅àΤô∴λ 4ΞÕ
Ξ↔ûΜ Τσßλ 5ΞÕ Ξ↔ûΜχÏ ùΣôÚϕÕλ− Γù∴±ο 115 ¹ 15101051

3. T4 + T5 =25 = 52 ; Tn – 1 + Tn = n2.
4. 1111112 = 12345654321 ; 11111112 = 1234567654321
5. ΤôΠôχΚνΚ↓τ ÑΥ ↑ûΟΚρ− ΦÓιÕχΚôγΟôΚ ëχ↓⁄τ ΦÓúΚôρΚρ−

Σ♠σ′ A1.4
1. (i) ΜΤΤô∴ ΣχΚδΚρ Τσßλ ΤôßΣγΟ ΣχΚδΚρ ∆ρΖ ΓúΘàλ ΒςηÓ

ØχúΚôΠδΚρ

(ii) ΜôµΜÕςιƒτ ΣχΚδΚρ ΜΤλ− Α∴ôο ≅Õ ΜÕςΤôΚ ΒÚχΚ úΞη⁄ΥƒοûΩ−

(iii) ùΜπΞΚιƒτ úΚôΠδΚρ ΜΤλ− Α∴ôο ΜÕςΤôΚ ΒÚχΚ úΞη⁄ΥƒοûΩ−

(iv) a = 3 Τσßλ b = 4 Φτ[ Τƒκ♦σÏ áσß ∆ηûΤΥοΩ−

(v) n = 11 Φ±ο 2n2 + 11 = 253 ΦτΣÕ ΣΚô Φη ≅οΩ−

(vi) n = 41 Φ±ο n2 – n  + 41 ΦτΣÕ ΣΚô Φη ≅οΩ−
2. ΤôΠΞνΚ↓τ ÑΥ Σƒο−
3. x Τσßλ y ΦτΣûΞ  ΒςηÓ Ισû[ ΣûΟ ΦηΚρ ΦτΚ− x = 2m +1. m ΦτΣÕ

ΙÚ ΒΥο Φη−  y = 2n + 1 n ΦτΣÕ ΙÚ ΒΥο Φη−
x + y = 2 (m + n + 1). x + y ΦτΣÕ 2 Αο ΞÏΣÓλ Τσßλ ϑν ΒςγûΟΣûΟ Φη−

4. ↑∴ô Φη 3 Η ΣôνχÜλ− xy = (2m + 1)(2n + 1) = 2 (2mn + m + n) + 1.
x y ΦτΣÕ »2µ Αο ΞÏΣΟôÕ− ΑΚúΞ Ισû[ΣûΟ Φη−
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5. Let 2n,  2n + 2  and  2n + 4 be three consecutive even numbers. Then their sum is
6(n + 1), which is divisible by 6.

7. (i) Let your original number be n. Then we are doing the following operations:

n ® 2n ® 2 n + 9 ® 2 n +  9 + n = 3n + 9 ®  
3 9

3
n +  = n + 3 ®  n + 3 + 4 = n + 7 ®

n + 7 – n = 7.
(ii) Note that 7 × 11 × 13 = 1001. Take any three digit number say, abc. Then

abc × 1001 = abcabc. Therefore, the six digit number abcabc is divisible by 7, 11
and 13.
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5. 2n, 2n + 2 Τσßλ 2n + 4 ΦτΣûΞ êτß ≅ÓιΘÓιΘ ΒςγûΟΣûΟ ΦηΚρ ΦτΚ−
≅Ξσ°τ áÓΘο  6(n + 1) ΦτΣÕ »6µ Αο ΞÏΣÓλ−

7. (i) ∆δΚÞûΟΥ ∆ηûΤ Φη n ΦτΚ− ♦[Ï •θχΚηΟ ùΜΥοΚûΖ ùΜµΥΩôλ−

n ® 2n ® 2 n + 9 ® 2 n +  9 + n = 3n + 9 ®  
3 9

3
n +  = n + 3 ®  n + 3 + 4 = n + 7 ®

n + 7 – n = 7.
(ii) 7 × 11 × 13 = 1001 ΦτΣûΘ ΚΞ±− ΓúΘàλ 3 ΒΩχΚ Φη abc ΦÓιÕχ

ùΚôρΚ−  abc × 1001 = abcabc ΑΚúΞ »6µ ΒΩχΚ Φη abcabc Α∴Õ 7, 11
Τσßλ 13 Αο ΞÏΣÓλ−
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