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Cube

In geometry, a cubell is a three-dimensionalsolid object bounded by sixsquare faces, facets or sides, with three meeting at eachvertex.

The cube is the onlyregular hexahedron and is one of the fivePlatonic solids It has 6 faces, 12 edges, and 8 vertices.

The cube is also a square parallelepiped, an equilateral cuboid and a right rhombohedron It is a regular square prism in three orientations, and a trigonal

trapezohedronin four orientations.

The cube is dual to the octahedron. It has cubical oroctahedral symmetry.
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Orthogonal projections

The cube has four special orthogonal projections centered, on a vertex, edges, face and normal to itvertex figure The first and third correspond to the A,

and B, Coxeter planes
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Spherical tiling

The cube can also be represented as a spherical tiling, and projected onto the plane via a
stereographic projection This projection is conformal, preserving angles but not areas or lengths.

Straight lines on the sphere are projected as circular arcs on the plane.

Orthographic projection

Stereographic projection

Cartesian coordinates

For a cube centered at the origin, with edges parallel to the axes and with an edge length of 2, the

Cartesian coordinatesof the vertices are
(#1, £1, £1)

while the interior consists of all points £, x1, xp) with =1 <x; <1 for alli.

Equation in R3

In analytic geometry, a cube's surface with center &g, yo, zg) and edge length of 2a is the locus of]

all points (x, y, z) such that

max{|:1: —:I}0|, |y_y0|a |z_ zOl} = a.

Formulas

For a cube of edge lengtha:

surface area volume a3

face diagonal space diagonal

a
radius of circumscribed sphere ?a radius of sphere tangent to edges ﬁ
a
2

radius of inscribed sphere angles between faces(in radians) z

As the volume of a cube is the third power of its sides @ X a X a, third powers are called cubes,

by analogy withsquares and second powers.

A cube has the largest volume among cuboids (rectangular boxes) with a given surface area.
Also, a cube has the largest volume among cuboids with the same total linear size
(length+width-+height).

Point in space
For a cube whose circumscribing sphere has radius R, and for a given point in its 3-dimensional

space with distancesd; from the cube's eight vertices, we have?!

2
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Regular hexahedron

(Click here for rotating model)
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Doubling the cube

Doubling the cube, or the Delian problem, was the problem posed by ancient Greek
mathematicians of using only a compass and straightedgeto start with the length of the edge of a
given cube and to construct the length of the edge of a cube with twice the volume of the original
cube. They were unable to solve this problem, and in 1837 Pierre Wantzel proved it to be

impossible because thecube root of 2 is not a constructible number

Uniform colorings and symmetry

The cube has three uniform colorings, named by the colors of the square faces around each
vertex: 111, 112, 123.

The cube has three classes of symmetry, which can be represented by vertex-transitive coloring
the faces. The highest octahedral symmetry O}, has all the faces the same color. The dihedral
symmetry Dy, comes from the cube being a prism, with all four sides being the same color. The
lowest symmetry Doy, is also a prismatic symmetry, with sides alternating colors, so there are
three colors, paired by opposite sides. Each symmetry form has a different Wythoff
symbol.
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Regular Square Rectangular Rhombic Trigonal

Name hexahedron prism cuboid prism trapezohedron
Coxeter
Schlafli {ap{} {¥
symbol 3 rr{4,2) sA24) r{2,2) {2}
Wythoff 3142 422 222
symbol
On Dan D2d Don D3q
Symmetry [4,3] [4,2] [4,21] [2,2] (6,2"]
(*432) (*422) (2*2) (*222) (2*3)
Symmetry 24 16 8 8 12
order
Image
(uniform
coloring)

(111) (112) (112) (123) (112) (111), (112)

Geometric relations

A cube has elevennets (one shown above): that is, there are eleven ways to flatten a hollow cube by

cutting seven edges.[3] To color the cube so that no two adjacent faces have the same color, one L |
would need at least three colors.

The cube is the cell of the only regular tiling of three-dimensional Euclidean space. It is also unique
among the Platonic solids in having faces with an even number of sides and, consequently; it is the

only member of that group that is azonohedron (every face has point symmetry).

The 11 nets of the cube.
The cube can be cut into six identicalsquare pyramids If these square pyramids are then attached to
the faces of a second cube, a rhombic dodecahedron is obtained (with pairs of coplanar triangles

combined into rhombic faces).

Other dimensions

N
The analogue of a cube in four-dimensional Euclidean space has a special name—a tesseract or hypercube. More These familiar six-sided
properly, a hypercube (orn-dimensional cube or simplyn-cube) is the analogue of the cube in n-dimensional Euclidean dice are cube-shaped.

space and a tesseract is the order4 hypercube. Ahypercube is also called ameasure polytope.

There are analogues of the cube in lower dimensions too: point in dimension 0, asegment in one dimension and a square in two dimensions.

Related polyhedra

The quotient of the cube by theantipodal map yields aprojective polyhedron the hemicube.
If the original cube has edge length 1, itslual polyhedron (an octahedron) has edge length /2/2.

The cube is a special case in various classes of general polyhedra:

Name Equal edge-lengths? | Equal angles? | Right angles?
Cube Yes Yes Yes
Rhombohedron Yes Yes No
Cuboid No Yes Yes
Parallelepiped No Yes No The dual of a cube is an
quadrilaterally faced hexahedron | No No No octahedron, seen here with

vertices at the center of the
cube's square faces.
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The vertices of a cube can be grouped into two groups of four, each forming a regular tetrahedron; more
generally this is referred to as a demicube. These two together form a regular compound, the stella octangula
The intersection of the two forms a regular octahedron. The symmetries of a regular tetrahedron correspond
to those of a cube which map each tetrahedron to itself; the other symmetries of the cube map the two to each
other.

One such regular tetrahedron has a volume of % of that of the cube. The remaining space consists of four

equal irregular tetrahedra with a volume 0% of that of the cube, each.

The rectified cube is the cuboctahedron If smaller corners are cut off we get a polyhedron with six octagonal
faces and eight triangular ones. In particular we can get regular octagons (truncated cube). The

rhombicuboctahedronis obtained by cutting of both corners and edgesto the correct amount.

A cube can be inscribed in a dodecahedron so that each vertex of the cube is a vertex of the dodecahedron
and each edge is a diagonal of one of the dodecahedron's faces; taking all such cubes gives rise to the regular

compound of five cubes.

The hemicubeis the 2-to-1
quotient of the cube.

If two opposite corners of a cube are truncated at the depth of the three vertices directly connected to them, an irregular octahedron is obtained. Eight of

these irregular octahedra can be attached to the triangular faces of a regular octahedron to obtain the cuboctahedron.

The cube is topologically related to a series of spherical polyhedra and tilings with orde3 vertex figures.

*n32 symmetry mutation of regular tilings: 4,3}

Spherical Euclidean | Compact hyperb. | Paraco.

Noncompact hyperbolic

{23} {3,3} {4,3} {5,3} {6.3} {7.3} {8,3} {=,3} {12i,3} {91,3} {61,3} {3i,3}
The cuboctahedron is one of a family of uniform polyhedra related to the cube and regular octahedron.
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The cube is topologically related as a part of sequence of regular tilings, extending into tHeyperbolic plane {4,p}, p=3,4,5...
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With dihedral symmetry, Dihy, the cube is topologically related in a series of uniform polyhedra and tilings 4.2n.2n, extending into the hyperbolic plane:

*n42 symmetry mutation of truncated tilings: 4.8.2n

Symmetry Spherical Euclidean Compact hyperbolic Paracomp.
*ntz *242 *342 *442 *542 *642 *742 *842 *042
[nA4] 2] [3.4] [4,4] [5,4] [6.4] 74 | 84l [,4]

Truncated

figures
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n-kis L : 5"‘ $§
figures o 7 5
Nes R
Config. V4.4.4 V4.6.6 V4.10.10 V4.12.12 V4.14.14 V4.16.16

All these figures haveoctahedral symmetry.

The cube is a part of a sequence of rhombic polyhedra and tilings with [n,3] Coxeter group symmetry. The cube can be seen as a rhombic hexahedron
where the rhombi are squares.

Symmetry mutations of dual quasiregular tilingsy(3.ny

Spherical Euclidean Hyperbolic
*n32
*332 *432 *532 *832...
Tiling
Conf. V(3.3)2 V(3.4)2 V(3.5 V(3.6)2 V(3.7)? V(3.8)2 V(3.00)2

The cube is asquare prism:

Family of uniformprisms

e JU OO @@ e

Coxeter | @e® @e® @p® @@ G ® G0 @ G @ G G d @pd Opd

T"‘"Qr-i“..'&h (SR8}
Config. 2.4.4 3.4.4 4.4.4 5.4.4 6.4.4 7.4.4 8.4.4 9.4.4 104.4 | 1144 1244

As atrigonal trapezohedron the cube is related to the hexagonal dihedral symmetry family


https://en.wikipedia.org/wiki/File:Uniform_tiling_432-t0.png
https://en.wikipedia.org/wiki/File:Uniform_tiling_44-t0.svg
https://en.wikipedia.org/wiki/Square_tiling
https://en.wikipedia.org/wiki/File:H2_tiling_245-4.png
https://en.wikipedia.org/wiki/Order-5_square_tiling
https://en.wikipedia.org/wiki/File:H2_tiling_246-4.png
https://en.wikipedia.org/wiki/Order-6_square_tiling
https://en.wikipedia.org/wiki/File:H2_tiling_247-4.png
https://en.wikipedia.org/wiki/Order-7_square_tiling
https://en.wikipedia.org/wiki/File:H2_tiling_248-4.png
https://en.wikipedia.org/wiki/Order-8_square_tiling
https://en.wikipedia.org/wiki/File:H2_tiling_24i-4.png
https://en.wikipedia.org/wiki/Infinite-order_square_tiling
https://en.wikipedia.org/wiki/Dihedral_symmetry
https://en.wikipedia.org/wiki/Orbifold_notation
https://en.wikipedia.org/wiki/Coxeter_notation
https://en.wikipedia.org/wiki/List_of_spherical_symmetry_groups
https://en.wikipedia.org/wiki/List_of_planar_symmetry_groups
https://en.wikipedia.org/wiki/File:Spherical_square_prism.png
https://en.wikipedia.org/wiki/File:Uniform_tiling_432-t12.png
https://en.wikipedia.org/wiki/File:Uniform_tiling_44-t01.png
https://en.wikipedia.org/wiki/File:H2_tiling_245-3.png
https://en.wikipedia.org/wiki/File:H2_tiling_246-3.png
https://en.wikipedia.org/wiki/File:H2_tiling_247-3.png
https://en.wikipedia.org/wiki/File:H2_tiling_248-3.png
https://en.wikipedia.org/wiki/File:H2_tiling_24i-3.png
https://en.wikipedia.org/wiki/Vertex_configuration
https://en.wikipedia.org/wiki/Truncated_octahedron
https://en.wikipedia.org/wiki/Truncated_square_tiling
https://en.wikipedia.org/wiki/Truncated_order-4_pentagonal_tiling
https://en.wikipedia.org/wiki/Truncated_order-4_hexagonal_tiling
https://en.wikipedia.org/wiki/Truncated_order-4_heptagonal_tiling
https://en.wikipedia.org/wiki/Truncated_order-4_octagonal_tiling
https://en.wikipedia.org/wiki/Truncated_order-4_apeirogonal_tiling
https://en.wikipedia.org/wiki/File:Spherical_square_bipyramid.png
https://en.wikipedia.org/wiki/File:Spherical_tetrakis_hexahedron.png
https://en.wikipedia.org/wiki/File:1-uniform_2_dual.svg
https://en.wikipedia.org/wiki/File:Order-5_tetrakis_square_tiling.png
https://en.wikipedia.org/wiki/File:Order-6_tetrakis_square_tiling.png
https://en.wikipedia.org/wiki/File:Hyperbolic_domains_772.png
https://en.wikipedia.org/wiki/File:Order-8_tetrakis_square_tiling.png
https://en.wikipedia.org/wiki/File:H2checkers_2ii.png
https://en.wikipedia.org/wiki/Face_configuration
https://en.wikipedia.org/wiki/Octahedron
https://en.wikipedia.org/wiki/Tetrakis_cube
https://en.wikipedia.org/wiki/Tetrakis_square_tiling
https://en.wikipedia.org/wiki/Octahedral_symmetry
https://en.wikipedia.org/wiki/Coxeter_group
https://en.wikipedia.org/wiki/Orbifold_notation
https://en.wikipedia.org/wiki/Spherical_polyhedron
https://en.wikipedia.org/wiki/File:Uniform_tiling_432-t0.png
https://en.wikipedia.org/wiki/File:Spherical_rhombic_dodecahedron.png
https://en.wikipedia.org/wiki/File:Spherical_rhombic_triacontahedron.png
https://en.wikipedia.org/wiki/File:Rhombic_star_tiling.png
https://en.wikipedia.org/wiki/File:Order73_qreg_rhombic_til.png
https://en.wikipedia.org/wiki/File:Uniform_dual_tiling_433-t01-yellow.png
https://en.wikipedia.org/wiki/File:Ord3infin_qreg_rhombic_til.png
https://en.wikipedia.org/wiki/Face_configuration
https://en.wikipedia.org/wiki/Rhombic_dodecahedron
https://en.wikipedia.org/wiki/Rhombic_triacontahedron
https://en.wikipedia.org/wiki/Rhombille_tiling
https://en.wikipedia.org/wiki/Triheptagonal_tiling
https://en.wikipedia.org/wiki/Trioctagonal_tiling
https://en.wikipedia.org/wiki/Truncated_order-3_apeirogonal_tiling#Dual_tiling
https://en.wikipedia.org/wiki/Prism_(geometry)
https://en.wikipedia.org/wiki/Prism_(geometry)
https://en.wikipedia.org/wiki/File:Yellow_square.gif
https://en.wikipedia.org/wiki/File:Triangular_prism.png
https://en.wikipedia.org/wiki/File:Tetragonal_prism.png
https://en.wikipedia.org/wiki/File:Pentagonal_prism.png
https://en.wikipedia.org/wiki/File:Hexagonal_prism.png
https://en.wikipedia.org/wiki/File:Prism_7.png
https://en.wikipedia.org/wiki/File:Octagonal_prism.png
https://en.wikipedia.org/wiki/File:Prism_9.png
https://en.wikipedia.org/wiki/File:Decagonal_prism.png
https://en.wikipedia.org/wiki/File:Hendecagonal_prism.png
https://en.wikipedia.org/wiki/File:Dodecagonal_prism.png
https://en.wikipedia.org/wiki/Coxeter_diagram
https://en.wikipedia.org/wiki/File:Tetragonal_dihedron.png
https://en.wikipedia.org/wiki/File:Spherical_triangular_prism.png
https://en.wikipedia.org/wiki/File:Spherical_square_prism.png
https://en.wikipedia.org/wiki/File:Spherical_pentagonal_prism.png
https://en.wikipedia.org/wiki/File:Spherical_hexagonal_prism.png
https://en.wikipedia.org/wiki/File:Spherical_heptagonal_prism.png
https://en.wikipedia.org/wiki/File:Spherical_octagonal_prism.png
https://en.wikipedia.org/wiki/File:Spherical_decagonal_prism.png
https://en.wikipedia.org/wiki/Vertex_configuration
https://en.wikipedia.org/wiki/Dihedron
https://en.wikipedia.org/wiki/Triangular_prism
https://en.wikipedia.org/wiki/Pentagonal_prism
https://en.wikipedia.org/wiki/Hexagonal_prism
https://en.wikipedia.org/wiki/Heptagonal_prism
https://en.wikipedia.org/wiki/Octagonal_prism
https://en.wikipedia.org/wiki/Enneagonal_prism
https://en.wikipedia.org/wiki/Decagonal_prism
https://en.wikipedia.org/wiki/Hendecagonal_prism
https://en.wikipedia.org/wiki/Dodecagonal_prism
https://en.wikipedia.org/wiki/Trapezohedron

Uniform hexagonal dihedral spherical polyhedra
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Compound of three cubes | Compound of five cubes

In uniform honeycombs and polychora

It is an element of 9 of 28convex uniform honeycombs
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It is also an element of five fourdimensional uniform polychora
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Cubical graph

The skeleton of the cube (the vertices and edges) form a graph, with 8 vertices, and 12 edges. It is a

special case of thehypercube graph[4] It is one of 5Platonic graphs each a skeleton of itsPlatonic solid

An extension is the three dimensionalk-ary Hamming graph which fork = 2 is the cube graph. Graphs of

this sort occur in the theory ofparallel processingin computers.

See also

Cubical graph
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Named after Q3
Vertices 8
Edges 12
Radius 3
Diameter 3
Girth 4

Automorphisms 48

Chromatic 2
number

Properties Hamiltonian,
regular,
symmetric,
distance-regular,
distance-
transitive, 3-
vertex-
connected,
planar graph

= Tesseract
= Trapezohedron

Miscellaneous cubes

= Cube (film)

= Diamond cubic

= Ldvheim cube of emotion
= Cube of Heymans

= Necker Cube

= OLAP cube

= Prince Rupert's cube

= Rubik's Cube

= The Cube (game show)
= Unit cube

= Yoshimoto Cube

= Kaaba
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