THREE-DIMENSIONAL GEOMETRY

Important Points

1. Point on X-axis is (x, 0, 0); Y axis is (0, y, 0) and on Z axis is (0, 0, z)
Point on XY-plane is (x, y, 0); YZ plane is (0, y, z) and on XZ plane is (X, 0, z).
Point in the space is P(x, Y, z).

Distance of P(x, y, z) from XY-plane is z; from YZ plane is x and from XZ plane is y.

Distance of P(x, y, ) from X-axis is \/y?+2%; Y axis is VX?+Z? and Z axis is /X*+V2.
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Distance Formula For two points P (X, Y;,Z;) and Q (X,,Y,,Z,) PQ
= Yo —x%)? +(Y2 _)/1)2 +(Zz -7,)

Angles of Inclination: For a line inclined at angle of ¢, &y to coordinate axes then these angles
are called the angles on inclination.

Direction cosines: For line having angles of inclinations ¢, f&y,1 =008cx, m=008 5, N=00Sy are
its direction cosines and 12 +n? +r¢ =1

Direction ratios: a=rl, b = rm and ¢ = rn are taken as direction ratios. Direction ratios are
denoted by a, b and ¢ and direction rations of line passing through points P (X, Y;,Z;) and Q (

X0, Y0,25) 1S Xo — X1, Yo — Y1, Z2 — Z3.
For a vector r=ai +bJ+ckK a, b, c are direction ratios.

For unit vector =l +mj+nk I, m, n are direction cosines.

Direction cosines of X-axis are 1, 0, 0. Direction cosines of Y-axis are 0, 1, O.
Direction cosines of Z-axis are 0, 0, 1.
Converting D. Ratios into D. Cosines: For direction ratios a, b and c, direction cosines can be

calculated as I:L m:L and n= c

J@+P+c2 @+ +c Ja@+P+¢
STRAIGHT LINE
1. Line passing through point A (P.V. &) and parallel to m is r=a-+Am

Cartesian form: A (X,V;,Z) & a, b, cbe D. R. of vector parallel to line XX _Y-h_ 274

b C
2. A general point on the line is
P( ad+x,bA+y;,cA+Z)
3.  Line passing through two points A (P.V.d) & B (P.V.D) is r:a+ﬂ(6—a)
Z_Zl

. . . X=X _ Y=V _
Cartesian form: For points A (X, V;,Z;) and B (X,,V,,Z = =
p (X0 Y1, 2) (%2, Y2,25) %—% Vo=V -7,

4. For lines having angle & between them

X=X _Y-Yi_2-% . X=X _Yy-%_Z-%4
a b o & b g

[=g +AM, I, =8 +umOR



cog—_ Adthb+ac,  _ mm
Jag +bf +cf Ja§ +b +c  m||m)|
For perpendicular lines m.m,=a a, +b b, +¢ ¢, =0

a_b_¢g
&% b G

For parallel lines ~ m =um, ;

5. Skew lines in space are lines which are neither parallel nor intersecting.
6. Shortest distance between two skew lines.
For two lines T, =& +AMm; I, =&, +um,

X=X o= L4

(@-a)m xm) > b .
s.p.= L2TAM XM 5o 5p =1 2 %
|m x| \/Z‘(ch —bzcl)2
Condition for two lines to intersect [(a2 -a).(m xrrb)] =0
_l@-a)x m

For parallel lines 1, =a,+AMm; r,=a,+um S.D.

m
PLANE
1. General equation of planeisax + by +c z + d. = 0 Here a, b, c is the d. r. of normal

(perpendicular) to plane.

Vector Form  r.n+d=0, here n is normal (perpendicular) to plane.

2. Plane through one point A (X%, VY;,Z;) with p.v. & and normal to vector a|"+kj+d5
(Direction ratios a, b, ¢) aX—x )+bly—y,)+dz—z)=0;(r—a).n=00R rn=an

3. Equation of plane through three points A (X, ¥, 2 ); B (%, ¥, 2,); C (X, Ys,23)

X=X X=X X=X
Y=Y Y:=Y% ¥:-%=0 OR [r-a B-a c-a}0
-7, ,-1, 13-7

4. Equation of plane having intercepts a, b, ¢c on the axes g %’+(_Z: =1
5. Plane perpendicular to unit vector Nand at a distance of p from origir rn=p

Cartesian Form: Ix+my+nz=p, herel, m, nare d. cosines of normal to plane.

6. Equation of plane through a point A (x4, Y4, Z;) and
(a) perpendicular to planesa;x+b,y+c,z+d;=0;ax+b,y+c,z+d,=0o0r
(b) parallel to two vectors with direction ratios & 1 +b J+¢ K a, 1 +b, J+C, K or



(c) parallel to two lines having direction ratios aj, by, ¢; & a,, b, ¢

X=X Y-V -4
a b ¢ =0
a b ¢

7. Equation if plane through two points A (X1, Y1, 21), B (X2, Y2, 2,) and
(a) perpendicular to plane a;x+b,y+c,z+d=0or
(b) parallel to one vector ai +kj+dK or

(c) parallel to line having D.R.’s a, b, ¢

X% Y- I-%
=% Y=Y Z,-2%/=0
a b C

; . . X—X - 1—7Z
8. Equation of plane that -contains the lines ) 1

by C
X—X — 71—17
X=X _y=W% _2-2, § N 1 yblﬁ N 1 i
3, b, C, a b C

X% _YN_2% o X% _Y-N_I-%4

b G A b,

=% Yo=W -1
a b G |=0
3 b, G

Two lines

are coplanar if

. . . X—X - -7
9. Equation of plane that contains parallel lines a1=y N S

b C

X=X% Y=Y 74
is =% Yo=Y Z,—7=0
a b C

X=X _ Y-V _Z71-4
a b C

10. Equation of plane through the line of intersection of planes
7 .ax+by+cz+d =0 & 7, :ax+by+c,z+d, =0 is 7 + Az, =0

11. Distance of a point from a plane:

From point A (p.v. a) From point A (X, V¥4, )
and plane r.n+d=0 and the planeax+by+cz+d=0
lan+d _ |ax, +by,+cz, +d

p= p
n Jaz +b? +¢2



12. Angle between the planes: If & be the angle between the planes
rn+d =0&rn,+d,=0 OR ax+by+cz+d, =0& a,x+b,y+c,z+d, =0
COP= aa, +bb, +cc, _
Jag +b2 +cf g +bE +c3 nyl|n |
For perpendicular planes n.n, =a a, +b b, +¢, ¢, =0;

For parallel planes  m =umn, ; ] :ﬂ _G

&% b G

13. Angle between line and plane: For line r=a+/nm & plane rn+d=0

OR For line X;‘lxl = yglyl =Z;21 & Plane ax+by+c,z+d, =0
Sipg= M _ aa,+hb, +cc,
nim - Ja? +b? +c7 JaZ +bf +c3
For line to be parallel to plane n.m=a, a, +by b, +¢, ¢, =0
a_hb_a

For line to be perpendicular to plane N=um; —==—==
& b ¢
14. Equation of line perpendicular to plane a x + by + ¢ z + d = 0 and passing through the point

X=X _ Y-V 274
(Xla YL Zl) IS a b C




